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 PREFACE TO THE FIRSTEDITION Thisbookis mainlyintended to beusedas a textbookby fzst-yeargraduatestudents aadadvanced seniorsin physiœ anden#neering. lt is built, however, in suc,h a waythat it em.nalsoserve as a reference bookfor professiolals whoworkon advanced topicsof magnetism, but want to relesh their previousstudies, or lookmore deeply1to thebasisofwhattheyare doing.It isbased on a coursethat 1used to teac.hin the F'einberg Graduate Scàool ofthe Weizmann lnstituteofScience, whichhms beenwidened here, maixlyin tûe part denlêng with micromagnetics. The.emphasis is on explaining thebmsic principles,withoutgoingtoo deeply into anyofthespecialîeldswhichare normallydiscussed in diFerent in themagnetism conferences. prallelsessions Theideaksto Tvebeginners sizeof one book,and as muchcoverage as is possible withina reasonable to havematureresearcàers in one Zeldhaveat leasta glimpse into what otherEeldsare a11 about.Onlyin the particularfeld of micromagnetics into the state-of-the-art did 1 allowmyselfto go somewàat of some more advanced topics,mainlybecause thereis no comprehemsive treatisewhich coversthis sublect, or even anypart of it. 1ztsome ways,tkis bookis nisxn meactto besuc.h an advanced reviewof micromagnetics. But even for 'this I triedto concentrate on theb'msis, andavoidmostof the technical subject detailswhic.h belong in suc,h a treatise.Themore advanced partsare usuzly to thelkterature) whichshouldhelpreseircAers v-ithout #venas references confusing thestudents. This bookis theoretical, but it is by no meansmeantto bereadolly bythosewhowast to become theorists. I havetried to keepin minda11 thosepractisingen#neers andexperimental phydcistswhoonlytoo oflen dogoodexpedmental work,withoutuderstandingihe theorybehsnd it. Theyusuallylookup, andwith too highrespect,to the theozistswhose mainlybecause thesepapersare writtenin paperstheyare unableto read., ac incomprehensible lMguage. 1 hopetheywill beableto readthksbook, asdto flndout that in manycasesthereis nothin.g behindthat obscure presentation, acdthetheoristsonly pretendthat theyknowwhattheyaze doing-Forthîs purpose,theemphasis is alwayson thedisadvantages and the drawbacks of eachtheory,more thanon its advantages, whichin my mindare self-eddent. In particular, Tkeeppointingout the appvowimations whic,h some theorists ignore,or even.try to Mde,clalmlngthat a particular calculation, is ermet. or a prticular resui, that thereader Ttismssumed hasalready takenan undergraduate course on âelds,andis fnmêliarwith Maxwell's equations,andthewaythey are
 
 PREPACE
 
 dedved. Some(batdesnitdynot a11) of that subjed matterksrepeated here,aadpr-nted 1oma de'erentangle,andwhha more maturepointof q'iew.I iope thatthisrepetitionwill helpestablish a betterunderstanding of the ma>etostatics thanksposWble in a typicaluadergraduate course, wlkich rushes to cove'rtNemzrriclzlum, with no time leftto understand it. However, even in ths mostilask mavetostatics,I = mostTy tryiag to to buildthethecayom rathertlun to givethestudenta goodfoundation cocer a lot of ground,or to gointo tàeEnedetus of particularproblems. M%t of this bookusœ chssiGphysicsoaly,because it LsHprwsa-ble to dott otherwise. In spiteof somecblmqbysomeenthusîasts, thue is no quantum-mehanical theoryof magnetsqm whichcoversmore thana minor little cozmerof the subject, and even tlïat is doneby usîagver.rrough I madea spem.1pointto discuss tlle Bohr-van appremations. Leeuwen in section1.3,because it Lsquotedmuchtoo oftenby quantumtheorem, mechaniœ spedœl-les, wholookdownon everybody else,andclpl'mtttat theirsis the onlytmle physics. Thox maaetidanswho do not develop a.a Oerioritycomplex fromtàeseaTgttmenis mar sldpthe detailsof that section. Nobody evertellsthequantum-mechaaical expertsto avoidcertain appremationsusedia their theozy, and.if told,theycouldnot care less.I am tryingto eatourage the classical-mechaniœ theoriststo havethesame a:œtude. Ia theFeberg Graduate School, atl students are rmuiredto takea.a âdvanced coursein Qaantum Mebanics, on whichI couldbaildmy course. is aiypical,a'ndix othe pla- manystadents, mostly TMscmse,howevez, in ensneezlng, schoolwtthoutever beingexposed tm-acà a graduate to aay Forthe beneftof thesestudents, quantummehanics. 1 collectuall the quantlzm-meehnm'cal dismeoninto chapter3. Tke rest of the bookis writtenwitkoutanyessential reference to thisGapter,ande.xn befollowed evemif nhxpter3 is omitted.Tkose whoHow sometkiag 'aboutquantum mechanics shoaldbe ableto beneft from thepreenutioaof the lumic principles in that Gapter.But thosewhodonotknowquantummechanics can easGy do'witkoutit. 1haveIZSH aa unonventional orderof thesubject matter,startingfrom excxaage, tkenaddingtoit theauisotropy, aadindudingtlmeeects,wlzie.k aze usuallystudied withoutany refereace to tàe magnetostatics aayway. Themagnetostalk interactions comeonlyafterthesuperparmagndism. I believe that thisorderis pnqierto followby students thantheorderwkich mostof my colleagues wottldhaverecommended, aadthat R àeelps to grasp theprindplebekndtheequations. Thereferen- are onlymeaatto indicatewherethe reuer mayînd more informatiol whichis relevant to somepoints.Theyare not meaatto mentioawho hebwrite the Mstoryof the subjed,althougà1 sometimes strted that lineofresearch. Therefore, theolderpapeze are not mentioned if they are quotedin newer one, unlessthe olderones contain(='tG
 
 PREFACB
 
 information whichc=not befoundin newer ones.1never couldunderstand thepointofthosewhodtetheoriginalworkofMaxwell, forexnmple, which nobodybothersto look up anmay.I havealsorestdcted a1lcitationsto only.Some students were required to haveat papersin English yearsago-all leasta workngknowledge of otherlpmaages,but thesedaysare passed, andI see no reason to put a list whic,hnobodywill even lookat. It is ratherstrangeto discuss theworksofNéelwithoutcitinganyofhisorigiaal works,or even to discuss theDöringmassin section10-4with no mention ofDöring.But 1preferto doit tkis way,andaaybody wkowaptsto read thepapersofNéelin Frenc,h can easily fnd the necessary references ia the I dte. Afterall,I xrn not dtingall tkeolderpapersin English paperswhic,h either,whic,hcouldeasilymakea list of manythousands. I was tempted modelofeqn to makea,nGceptionizzthe case ofthe DietzeandThomas wilic,k1 discuss in muchdetail)butthenI deddedagainstit. (8.1.1) It maynot seemso to thosewhoare usedto textbooks with hardlzany references at all, but 1tlied to keeptheirnumber as smallas possible, and it is,aftera11, alsoa aide to reseœcllers. Iu as muc,h as po>ible,I nlncjtried to referto reviewsfor broaderaspects ofthe topicdiscussed in thetext, or whic,hare rathe.r to semi-popular artidesi.nPhysicsToday, eas'yto beread to, aadin manycasesthere by beginnersThisnzleis not alwaysadhered is nothingbesides the ozi#nal, anddiëcult-to-read, aiticles.Occasionally 1mayhaveaISO beencarriedaway,anddtedsomemore advanced articles; wkickare deânitely not on theintended levelofthe book.But it shouldbe borneiztmindthat the beginner is not eoectedto reada11 thosearticles, andsomeoftlwmare onlyintended for practisingresearchers whowant to gointo somemore detail. I tried to avoidcitiz.gconference proceedings whicha2enot part of a andalsojoulmals wàichare not easilyavailable in manylibraries, journal, unlesslothing more appropriateis available. For examplea beforeBrown the full accountof what1 referto hereas (171)1 hepublished a published shortversionin 2963Z Appl..JW:>., 34, 1319-20Thereis nothingin the latter whichcannotbefoundin (171), andthereLsno reason to mention it. 'PhenBrowndid the s=e with (508), a short versionof whic,hwas frst published as (50z4. But in this case, the h!11paperis published in an in this case1 alsodted obscure wàicknot manyhave.Therefore, journal, the skortversion(50:1, so that thosewho Onnot :nd (5081 caa at least readsomething.
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 TO THE SECOND EDITION PREFACE Research nowadays advances vez'y1st, and onlya fewyearsafter this bookhadbeenpublished, of micromagnetics had partsofthepresentation alreadybecome obsolete, andcalledfora revision.Themajor chaages, however, azemostlyconceatrated izltwosections ofchapters 9 and11.Thepart that is intended to be useda,sa te-xtbook andMmostalt thedismzssions of theolder,andmore established, theoretical magnetism remainessentially 'a few unchanged. Mostof therevisionin thispart consistsof correcting typographical errors that1havefailedto noticeeven'inpreparingthesecondprîatingof thefrst edition,or some minorrephrasing. Thereare also several mostlyin updatesandreviseddiscussions of somenew references, topics,suchas resonaacesrthatwere on theborderof thescopeof thefrst ' edition. Ofthetwo majorchanges in micromagnetics, one addresses thesearch for a Qhirdmode''of nudeationin a perfectprolatespheroid. It was a,n unsolved problem at thetime, andits presentation in theprgdousMition s'zasnecessarily cautiousandunbinding. Thezeader was warnedthat the popularsearch forsucha tstllirdmcde':was mostprobablyfutile,butlhad to admitthat therewas no proofthat it couldnot efst. The proofwas published in 1997,andnow thepresentation in section9.4is single-valtted, with a clearercondusion: thereis no point ilz lookingfor sucha 'fthird mode''because it caanotpossibly efstThe second change dealswith theproblemof usingsharpcoMers in computational micromagnetics. lt îseven more dramaticthanthefrst one, because this'question hasbeenhighlycontroversial for more than40years. lt wmsfnally settledlastyearin a satisfactozy muner, by tke late Ale,x Eubertandhis collaborators. reêects tllss Thenew formof section11.3-5 drasticc'hange that Lsgoingto infuencestronglyall micromagnetics rein thecomhgyears. search
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 INTRODUCTION )1t $1 Nomenclature It 'idMownfromexperiment that everymaterialwhichis put in a magnetic feld,H, acquizes a maretic moment.The dipolemomentperunit volume defnedas themagnetization, andvdll bedenoted hereby thevectorM11b V mostmaterials M is proportional to the applied freld) H. The relation '
 
 ù thenwritten as
 
 M = xH, andx kscalledthe magnetic awuscegtfàdlïtp of the material. Maxw-ell's equations are usuallywrîttenfor thevector B = Jzc (H+ %M),
 
 insteadof M. Herertn is a notationintroduced by BrownI1)to include dlfferent systems of units.ln pariicular,% = 1 for theS1uztits,whîchaa.e popularin textbooksr while% = 47 for titeGaussian, cgsunits,whichare .mostpopularamongmagneticians: andforwhichp,o= 1. If ecn (1.1.1) is 'Vllilled, it is alsopossible to revite eqn(1.1.2) as B = ;&n,
 
 where = Jttp,r + '/BX) p = p*(1 (1.1.4) ib knoqqz as the magnetic germecàïlït:?. Thematerialis clx--fledmsCparar magnedc' if x > 0, f.6.ys > 1, andas4diamagnetic' if x < 0, i.e. p. < 1. Thereare, howmrerj some mateziats whichdonot ft this classif.cation, in thesematerials the mawetization because M is not proporkonal to tie feld, H. lt maybe,forexmple,non-zero at H = 0.Actually,L6,1 in xpplied is not even a one-valued of H, andits valuedepends jhesematerials fmnction on thehistoryof the applied ûeld.A typicalcaseis shownin Fig. 1.1,which plots$hecomponentof M in the directionof the appliedfeld, MJJ,as a 'function of themagnitude of that feld-Theoutermostloopis knownas the limitingàpstereyf.s c'u'rt)c,andis obtained by applyinga suEciently Iarge deldin one direction,decreasing it to zero, andthenincremsing it to a large valuein the opposite direction.Thecurve is reproducible in .consecutive cyclesof the appliedîeld.
 
 2
 
 DITRODUCTION alplf';rdr S T z'
 
 l
 
 /
 
 Htt
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 I
 
 FIG- 1-1. SGematic representation of the limitinghysteresis curve (or of a typical ferromagnetîc matezial, displaying also the virgin loop) cuz've(dashed), acdone minorloop.Also shownare the remanence, Mrt the saturation Ms?andthe coercivity, Hc. maaetization, Thecurve whichstartsat theoriginisknownas theuivginznc-kn6tïzction curne,ande-anonlybetraced once aler demagnetizing the swple,nxmely bringingit to a stateiztwhichM = 0 at H = 0. Thisdemagnetization may be acMeved by heatingthe snmpleto a hightemperature,andcooling it in zero Eeldjor by cyclingthe appliedfeld with steadilydecrea-sing
 
 then decwreased beforethe limiting amplitudes. Iï the feld is increased, hysteresis cuz'veis reaGed, ar.dthenthe îeldis reversed, a so-called rrànor hysteresis Je@J Lstraced.Oneexaapleof mzc,b a cuzve is shownin Fig. 1.1,but thereis actuallya wholecontinuumof them.With an appropriate historyof the appliedfeld, one can therdoreendat aay point insidethe ltmitinghysteresis loop.J.nparticular,it is possible to reachH = 0 with of MH betweea -l% and mMr,whereMr i.sthe valueof MH any p-alue on tke ll-msting hysteresis cuzwe,at H = O (see Fig. 1.1). It is calledthe or the remanent rncgnetfzctïtm. remanômce It is possible) althoughnot rtuxy necessary, to defnepfarrne-ability for ferromagnetic materials,in orderto pretendthat theyare similazin some mateaiisxay to panmagnetic thereqn(1.1.1) nor eqn (1-1-2) is G'l6lledin fenomagnetic materials.Nevit is quitemlstomaryto introduce permeability at eohezless, some 6.Tctin6 a particularwlueof the applied Eeld,H, as
 
 'WrslssDOMATNS
 
 3
 
 OBHI8II, of Ih a,s or, over a certainrangeof Nalues
 
 (1.$.5)
 
 LBHILII.
 
 (1.1.6)
 
 Jzqff=
 
 ltes =
 
 J.ueithercase:it is possible to a certainapprofmationto applyMaxwell's equations to ferromagnetic materialsin the same way theyare nsedfor materials, withtidseFective hereMis paramagnetic permeabzityHowever, not a constantaiit is in paramagnetic materiaks the whole and formulation ) is at bestusable at a particularappliedfeld. Twootherimportanttermsare azsodefnedon the limitinghystercis curve in Fk.1.1.Oneis the coerci6sy or coertbt)e jbrce,Hctwhic,hLsthe valueof H for whic,hMs = 0: andis actuallya magnetlc fe-ldaadnot a force-Theotheris the satnrationmcpnetïzcfïon, or spontane@'as t'ncgneàïzationtMs,whickwill bedeinedfor themeantimeas thevalueof Ms , or the magnitude of M, ja a vezylargefeld. Thisdefnitionis not accurate, andw'illbemodifedin section 4.1,but it shoulddo for nowThkssatm-ation magnetization is an htrinslc propertyof the material, of thesample, lf properlymeasured. It is a fundion of andis independent temperature, a typicalform of whichis plottedin Fig. 1.2aIn this fgure, Msis normczedwithrespectto its valueat zero temperature.Thetemwith rcpect to theso-called Tc, peratureis normalized C'urïetemperatnret of the materlal, whic.h is the temperatare at whir,hMsbecomes 0 tzfzero cmlbed in this wqsy, the cun'es for diferentferro$eld.Whennozmalized aze verynearlythe same msin Fig- 1.2..X11 ferromaaetsbecome magmets regularpazamagnets at temperatures aboveTc; andas suchtheyhavea non-zero magnetization in the presence of the feld whichis usedfor the mea-surcent.Thisbeaviouris emphasized in Fig. 1.2whichshowsthe curve as aduallymeasured in a smallappliedfeld, at which2)G doesnot Speecexmerimental mlrves for Ni go to zero at the CurietemperatnzeandFecxn beseen,for ava.mple,in Fig.9 of Potterr2).
 
 1.2 WeissDomnins In principle,anytheozyof ferromavetism shouldaddress bothof thaseunusualphenomena, whichare not encountered in othermaterials. It should thus erplainthe hysteresis displpyed in Fig. 1.1 qnd the temperaturedependence of Fig. 1.2,even thoughmost theoreticians workonlyon one andiaore the other.Theydoit evenwhentheycomparethe resultswith azt w'tperiment) whichalmaysinvolves both. It is inevitable, because the generalLuuantitatine problemis too complicated for the presentstate of Howledge. bothphenomena are understood to a certxin extent due Qualitatively, to a,aexplanation alreadygivenbyWeiss in 1907. Weissasumedthat there
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 nG. 1.2. SpontanYus magnetization, Ms,of a ferromaaet as a functiou of the temperature, T, normnlized to tlkeCurietemperature, Tc.The applied.feld is Msumed to be small,but 5:111,e, msit is in realm-nxm.ements.
 
 Lsa certaininternal(orCmolnruxlar') Eeldin Terromagnetic materials, which trie to alignthemaretic Gpoles oftheatomsagahstthermalfuctuations whicàprefera œmplete disorderof thesedipolœ. As will besœn ia the nextchapter, sucha molecularseld is suRdent to explain thetemperaturo dependence asplottedin Fig. 1.2,andtheparamagnetisan ibovethe Curie 1.hz.-R temperature. However, modelleadsto a cdntdczàà maoetizationM at any sventemperature belowQ. ln orde to explainthe unusual felddependence in Fig. 1.1,WeissMsumed that ferromagnets are madèout of Esmb of thesedomxsns is magnetized to thesaturationvalue' m=y domains. as i!z Fig. 1.2, but the diration of lhe magnetization vectorvazies Ms(T) 1omone domaiuto the other.Themeasured valueof themagnetization is theaverageover thex domains, whic,hcatl be zero in any particue
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 diredionwhenthereisan equalnumber of domains pazallel andantiparallel It ca.calsohavea,non-zero value, to thatdiredion. numericazy lessthazt if thisnumberof dominsis not equal.Theappliedmagnetic feld Ms(T), rotatesthema>etizationof theindi'ddtzaldomains intoits own direction, andwhenthisfeld is sulcientlylargeto aligna1ldomains, the measured value beœmes Without going into fne details, it shouldbe average Ms(T)quiteclearthat thisassumption issuëcientto eolain theGeld-dependence '' in Fig. 1.1,at leastqualitatively. . Weissdid not justifyanyof his two azbitrar.g %sumptions, andcould not explaintheoriginof themolecula,r fieldor theefstenceof thedomains. Therewere alsoseveraldiëculti%in implementing his principles for any quantitative estimations. In pazticulasr, usingtheexperlmental valueofthe Curiepoint in sucha theozy,themagnitude of the molccular feld i.tlkron turas out to beof the orderof 106Oe.lt takesa êeldof theorderof 1Oe to rearrange thedomains in ixon,and103Oeto elp'rnlnn.te themaltogether. Howcome that a feld of 106Oeis not suscientto alignclf the magnetic momentsof iron, arzdit takesa.u extra feld of only 103Oeto do ît? And howis it that.even a 1Oeîeld can contributeso verysfgnl-ficantly towards a taskwhic,h a 106 Oefcld Lsnot suëdentto accomplish? theassumpIn spiteof thesedisculties(which v'itl beaddressed later) tionsof Weissazeactuallyvalidaadsound,andcontainthe basicunderstandingof ferromagnetism. The molecularfeld is lmownnow to be a certainapprofmationto a couplingforcebetween spins,whichcan bedehereat diferentlevels. rivedâom more basicprindples, as will beshown in dferentdiredions,is not-evenan TheHstenceof domains, magnetizcd assumption havebeenobseredby several techany more. Th%edömains niques,outzined ia section4.1,andtheir Hstenceis now an established eoerimentallbct.Theonly diference is that they aze lmownnow to be magnetized alongcertaindirections; andare not a-srnndomly orientedas Weisfthought. However, thdr Gstencebeingan experimental factshould not stop us fzomentuizing'tnlqthesedomains e-xist,andan appreciable partof this bookq'i.1l bedcvoted to answerkng thisquestion, a-swellas the questionof whya 106Oeîeld cannotdowhata 1 Oe6e1d can. Eventhoughthebasicproperties of ferromagnets are quantummechanat' a icalby nature:mostof the treatmentherewill use dassical physics) levelwhickcan befollowed by engineering students whodidnot takeany in college. lt is not onlythe choice for thisbook.Most quantummechaakcs ofthe development ofthetheoz'y of ferromagnetism was doneusingclassical concepts only,even in recentyearswhenevezybody knowsthat a classical theorycan at bestbeonly aa approfmationto the true quantumtreatment, eneciallyin magnetism. The reason is that purequantumtheozy hasnot Mvanced yet beyond simplecasu whichare ofverylittle practtcal application. However, beforeadopting tMsclassical approach to ferromap netism,it is necessazy to consider a famousandofken-quoted theoremof
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 to whichcl%sical physic cannotpossiBohrandvan.Leeuwen, accordhg blyleadto magnetism, because in pureclnMical physics the electrons in a mat-rlltldo not interactwith a.n appliedmagneticield.
 
 1.a The Bohr-vazzLeeuw-en Theorem Consider a claôsicai syste,m of N electrons. Theyhave3.6rdegreeof 1e0. dom,andare thereforedescibedby their 3wV coordinates, qq,andtheir electronhasa (negative) chargejd = -!:g1Iu cgs 3N momenta,pé.Eac,h = cv, and units)aa electron whose velodtyis v createsa curzentdensityj a magnetic moment . m =
 
 a
 
 (t
 
 e
 
 ygrx J= sr
 
 (1.3.7)
 
 x v,
 
 at thepositionr in space,wherec is thevelodtyof light. Theimportaat featureisthat this m isa Iinqarfanction ofthevelocityv ofeachpazticular electron. lt mpltnsthat whatever the patteM ofmotionof a11 theeledrons ks,the total magnetkmomentis alsoa linecrfunctionof all the electron velodtiesTherefore, the a-componeat of the total magnetic pomeatof all theelectrons must bea funaionof the form 3N
 
 T)l>=
 
 J
 
 GL(çz , - - - , q'nr )q-i, 2=1
 
 /1.3.8) k
 
 a derivative with respectto timej andwherethe wherethedot designates coeëdents, a(,are functionsof all the coordinates %, but do not depend On R.
 
 Thecanonical etpationsof a classical motionaze J>f
 
 ié= opi,
 
 = 3%
 
 -
 
 &/f
 
 (1.3.9)
 
 t'kï
 
 where
 
 (1.3.10) is the Hnm-lltonian, m. is theelectronmassj A is the vector potential of ' themagnetic feld, andc7 is thepotentialeneroe. Substituting eqn(1.3.9) in e1n(1.3.8)j 3N
 
 = 'rn,.'s
 
 tz'; (ç17, :3.N') aPi - - -
 
 f=z
 
 -
 
 (1-3-11)
 
 If k'Bis Boltxann'sconstant,T is thetemperaturez and
 
 /3=
 
 1
 
 *T
 
 ,
 
 (1.3.12)
 
 TI'IEBOM-VANLEELTWEN TROREM
 
 the dassical statisticalaverage whic'hwill bemeasured Ls
 
 Mz =
 
 ) pue-Rdqz Je-sdqï
 
 ..
 
 . ..
 
 .dqsxdps . . . dpzx . . . dqsxdpï . dpsx
 
 (1.3-13)
 
 Accordingto eqn(1.3-11): the numeratorin eqn(1.3.13) is a sum of terms,eachof whichis proportional to O
 
 #7Y-rté = t'?py Ti
 
 -c -

 
 X hv
 
 Q 0.4
 
 r/me FIG.2.1. An approkmate shapeof thesolutionof eqn(2.2.33) for the case lb= 0.Thetemperature: T, is normalized to $heCuriete'mperature, Tc, ' abovewhic,htheonlysolutionof this equationis p = 0. approfmation25! to the shapeof this solution, whic,hcxn be particularly usefulwhenthe molecular feld cuzvehasto becomputedmanytimes,az a part of more comple,x computation, for exxmplein avera#ng over some parameter. Usingthenotadon 'm' =
 
 t = r/zc, /,'(T)/?z(0),
 
 (2.2.34)
 
 the xnxlyticapprolmationLs
 
 (2.2.35) Herea and b are adjustable paraceters,the bestvaluesfor whichare in Table2.1,and tabulated c
 
 =
 
 1+
 
 1 . + 1) 4SLS
 
 (2.2.36)
 
 deviationof the analyticupressionfrom Table2.1lkstsalsothe maMmum theexactsolutionofeqn(2.2.33). Thisaccuracyksadequate for mostpracticalpurposes, espedazly sincethernxxn'mnm of thedeviationalways occurs fozrathersmallvazues of @:forwhichthe accuracyLsusuallylessimportant.
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 MOLECTJLAR FIELDAPPROXLMATION Table 2.1.Theparameters c andbwhic.b should be usedin eqn(2.2.35), andthe matmumrelav tive deviation, D, of tlds equation'homthe solutionof themolecular feld theoretical relation,eqn for diferent N?alues of the sph, S. (2.2.33),
 
 .6'
 
 a
 
 1 -1 *0182x 10-2 ; 1 7.7521 x 10-3 (. 4.5249x 1O-S 2 1.1241 x IO-S 1 2 -7.9838x 10-4 3 -1.5270x 10-3 1 -1.4780x 10-3
 
 b D (%) O*26166 0.695 0.19270 0.708 0.14825 0.519 0.11229 0.277 0,080979 0.356 0.052860 0.535 0.027221 0.677
 
 of As hasbeenmlptioned in section1.2,the temperature-dependence t:e magnethation in zerofeld,asexpressed byeqn(2.2.35) or as plottedin Fig.2.1,isexpected to bevalidi.atheinfzrforof tkernngnetic domains. In practice,measurements are donein suKciently highfelds asazenecessary to remove thosedomains, andare thenextrapolated to H = Oin orde,r to with the theoretical curves, such as the one plottedin Fig.2.1. compare Detailsof thhsprocv *1 beTvenin chapter4. Actually,if H = 0,thereisno directionin spacewhichcxn des.ne thezizïthe6mt place. In reM axiswhichhasbeenusedfor deriving ew (2.2.33) ferromagnets thereis no dilculty, because theyare anisotropit,aadhave a buîlt-inpreferred spindirection.However, for readers whomay wonder aboutit azready at tlsisstage,it is suëcient to assumethat thecaseH = O is theendof a processin whicha inite feld is applied,andthenslowly reduced tozero. Such a process is quiteclose to whatisdoneexperimentally anyway.
 
 2.3 Aotiferromagnetism Theexchange integralsJï.fwere assumed in tke predoussectionto be podtive,so that spinstendto align parallelto e>h other.TllLspositsve valueLsessentiaz for havinga ferromagnetic order,but it is not necessadly so in al1materiazs, andexchxmge htegralsmayalsobenegative. Actually, negativeexchange couplingoccurs in nature more ofienthana positive one. Whentheexchange integralbetween nearestnehghbours is negative, to eathother,which it tendsto align the neighbouring spinsantiparallel can SSO giveriseto a certainorderat lowtemperatures. Suchmaterials.do
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 ezdstjandare cazedantfevromagnets.
 
 Thethcoryof this phenomenon was preseated byL. Néelevenbefore
 
 it was 6.rstobserved e-xpezimemally; see the historyas described in hks Nobellecture($.He con<dered material,madeout of two a coestalline in suc.ha waythat the nearestneighsublattices, whichare constructed bourof rw-vhspinbelongs t,othe otbersublattice, with whic.h it interacts by a.n antifen-omagnetic exchangc coupling,-J, with J > 0. Interactions qrithhrther-away spinshavealsobeenaddedin later studies,butherewe consider onlya relativelysimplecasewhichis only a slightgeneralization of theoriginalNéelassumption ofinteractionbetwee.n nearestneighbours only.Weassumethat,besides thep nearestneighbours in theothersublattice,e.ac.h spinJtlqclinteractswithp' neighbours withinthesame sublattice by a ferromagnetic couplîng? -FJJ.Eowever, in orderto maintaân a basicallyantiferromagnetic case:we alsoassumethat T ps.à.f 31-,a:2-.-
 
 (2.5.59)
 
 + 1) = S2(Sa (Sca) 2pJ(Szz)) (2-5-60) aksz Lg1#BH -
 
 .
 
 Usingthe notations
 
 ci
 
 =
 
 + 1) :2/4 -f- SjLsj --, .
 
 3:s
 
 e;
 
 =
 
 2pJ
 
 + 1), j sqls.
 
 (2.5.61)
 
 for ï = 1j 2, theseequations become T J$S....o) + 0-1LSaz ),=
 
 CïH , #-x liB
 
 h,. 0-c (S'jz%) + T(Sz z =
 
 L'-CZ':J . (2-5.62) 9211,1.4
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 Thesolutionof this pairof equations is %.pe(&) = T-z
 
 S QT o yag
 
 CzC;O1Ozh,
 
 -
 
 y
 
 (2.5.63)
 
 for i = 1,2, wherethe index% hasbeenomittedfor simplidty:it being tmdezstood that the averages are thoseof the z-components. Therdore, the(initial) susceptibility is x
 
 =
 
 2. 2 + C1)T - 2 C,: C,0-10-2' ! = (C$ gLp.sj%.? H z.= 1 Ta - o.z o-a .
 
 -
 
 (2.5.64)
 
 Thissusceptibility diverges at T = Tc:where Tc
 
 =
 
 v' -----0 l O2! '
 
 (2 5 65) . .
 
 xs is the cxasein ferromagnetsHere,as in ferromagnets, Tc is the Cnrie temperature) above whic,hthemagnetimtion is zero i!l z,e1-0applied f eld. Thelattercan beseen,as in thepredoussedion,bylook-ing for a non-zero
 
 solutionof eqns(2.5.62) withH = 0,the condition for whic,h is Tc 0-l 0-a Tc
 
 =
 
 Oj
 
 (2-5-66)
 
 whosesolutionis eqn (2.5.65). It is =ot a coincidence. Thedivergence of the suscepfibility, in ferromagnets or in fezrimagnetsj oziginates fzomthe vanishingof the same determinant in the denominator whichappearsin thesolutionof thesimultaneous linearequations. the temperature Tcis caxedthlfAzvi7zzcybe movedto theleftof 7Q'. Integratingover thecoordinates in thoseterms,the integralvanishes according to theorthogonality assumption in eqn(3.2.5), of all the unlessthe determinaat of w:,containsthecomple.x conjugates termsof pk whichwe movedto theleftof '>ff.Thereis one andonlyone suchterm in detlrglzj for evezyterm of detlwk) whidt fuKlsthiscondition andall theothertermsintegzate to zero. Usually, determinant termsmay be positîveor negative, but hereeachsuchterm in one determinaut is multipliedby thesameterm in theotherdeterminant, so that theproduct is always poàitive. Theintegration over thetermsmovedto theleft is then 1,according to eqn (3.2.5), andwe are thuslefLwîththeintevationover In otherwords, to therightof ?Qpo whichis theonlytermwhichremains Si is madeout of a sum of X! terms,eachof wikic.k hastheJérr?z . e ï Vk (sVï j, tjy. : ' Wkt #i h z r.t,.j
 
 Forgivenk and ï, the functionvkLpj) appearsin LN- 1)!termsof the determinant of eqn(3.2.4)Htegrationof eachof themleadsto identical resultsbecause it doesnot makeany diference whkhof the otlterfunctîons integrates to 1.Therefore, thewholedetnrmînant izteqn(3.2.10) leadsto
 
 (3-2.13) Forreaders whofnd it ratherdilcult to followtheaboveargument: 1 recommend themto wozkout as aa illustrationthe caseof a second-order for which determinant, ,-
 
 -
 
 wztpz)gz,(sa ,t- .,-,,)j ),.:;((,,-,), wwj((,,--), (pa(#z) ! j (('),)) j
 
 ,
 
 oa.14)
 
 whichleadsto
 
 G
 
 =
 
 'ztz(n(pz) 'Hzwz(p1)) dn + (p;(pz) )j kwl(p1)
 
 ,
 
 (3.2.1 5)
 
 aad similarlyfor Sz. Themore general case should thenbe clearer.
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 Theindexi ia eqn(3-2.13) ksthat of theargumentpqin the integraad. Afterthehtegradon the resultclnnot depend on tYs over thismdable, Ntkular f. Wemay as Aell lxke anyone of theseindices,for tavxmple the fizstone, andwzite J.
 
 *5J
 
 Q = '-''?a .2%
 
 â= l
 
 w-k (Jh )'Hzw,(/;)d'p-:
 
 (3.2.16)
 
 wkic,h Geadyshows that the novmn3l-zation factortakenin eqa(3.2.3) ks Orrect. because the reult ks1 if Nz is replaced by 1. The sum over ï is tims N
 
 x
 
 F! & = N% = i=1
 
 k=k
 
 dn = w*,(#z)>f, wk(#z)
 
 s. >
 
 (3.2.1 Ij
 
 wlzic.h is theenergyof theseelectrons whenthey are separated fromeach . otheranddonot interad. WheathesameMndofalgebra is repeated for khj,it is seemthat the coordinateof iwo electrons are involved in vg = lr#- r#l.Therefore, for eachterm of detgtkoé theaeare two termsin detlfglz! wkichdonot hteconditionof eqn(3.2.5). The grateto rmo by applyingthe orthogonality non-zero termsvzilltims bemade out ofpklpgj andwv (%)andtheircomahmt repeating plexconjugates. Theprevious argument theszme integrals that (N- 1)!la'rnesapplieseqllallywellhere,andso dœstheconclusion theintegraks donot depead on thepaeticular choice of theindicesï andj, whiclkmay as wellbereplazed by 1 and2. Eence ,%bt*'
 
 z*sf''
 
 l'' S'j 2iI.f=Q j
 
 (,2 1 ',2 t ..bv k rx j jo p !wk, (pr))j:)dvj ga 2 kxk/uul ?*ïj
 
 ::z. -
 
 -
 
 1 -v ' 2 i:11-' =l -
 
 eg
 
 -' v'%(,1)e-&-' rpz d'''-2(pa)rv.fbs'z.''bt7ns'ok' ... . (3-2.181 '' s . nr''r'.t
 
 Now, leIl@â(n)I2 is the probability that thereis an electronat the coordinates theîrst sumkstheCoulomb intcactionbetweea pï. Therefore, a pair of electrons, summed over all thepairs.Thesecond sumaatbnof integralscannotbegivensucha simpleclassical intarpretadon. It is clear, however, that it somehow comesout of the Coulomb potentialbecause of theuse of a determinaut, wluich meansthat it is dueto the Pau)iprinciple. It rnxythusberegarded as a Mndof korrectîon' to theclassical Coulomb interadionof thefrst sumvnxdom wlzic.h doesnot takeSntoaccouatthe Paaliprindple.Accordingto tltîs prindple,two electrons that havethe
 
 EXCHANGEINTERACTION sitrne spincaanotbein thesitrne position,so that their overlapis smaller thanthat ofclassjcal electrore. Thettegralswhichappearin theseccnd summation of eqn (3.2.18) are calledezchange ïntlrtzlo. The sum itselfis calledtheezchange enerr termlt maybeworthnotingthat theintegralsin theenerr termsthus0btainedherecan beevaluated onlyif atl theftmctions' are known) lpkLpzq whic.his hardlyever the cmse.It is more common to ûnalnate the functionsvklpï)by minimlcingthe total enerr obtainedwhentheseenerr termsare substituted in eqn(3.2.9). Thereare diferenttedmiques for the actualuseof thismethodthatmostlyrh'1m'by certainsimplifbng assumptionswhic.hare introduced beforetheenergyminsml'zation. Theyare a21 knownbythegeneralnaztteof theIlartree-Fcok ThueVII not be method. here. described summationin eln (3.2.18), Consider thesecond whichhasjus'tbeen ducribedastheexchaage Theimportantfeature ofthisenergyterm energy. isthattheintegzations in it containalsosummation over thespinflznctionsSince thesefunctions aa'eorthogonal to eachother,theintegralvrillvanish if the spinsare not parallel. Therefore, this term actuallyrepresents the beiween thestateoftwo parallelspins,audthestatewhen energydigosnmoe W'hen theyare antiparallel. one isinterested onlyin themagneticproperties of thematerial,tMstermmay justmswell bereplaced by a Hitrniltonian whichtriesto holdthespinsparallel(orantiparallel, depending on thesign oftheappropriate to eachother. integral) .Inorderto statethesubstitution of a Hamiltonian more precisely, 1et11: bethewavefunctions of thesystfem of electrons of theM atoms,whenthey are at a very largedistauce fromeachother,nitrnelya certaincombination oftheflznctions of a singleatom (orion). Let + bethetrue eigenfunctions of thesystemwhentheatomsare put closertogether, so that theyinteract meckly, in sucha waythat thedegenerate enerr levelsare split,but not rnz'ved beyondrecognition. It is le#timate to assamethat it is possible to havesome SOI'tof a one-to-onecorrœpondence between 9 and%for this case-M a substitute forthetrue Hamiltonian, '7'f,we wouldliketo havean effective Hamiltoniam, '/fesjso that its matrixelements withrespectto the P'swill bethesxrne msthematrtxelements of theori#nalHamiltonian , with respectto theg's?nitrnely = ('1z1!7.f1ïIJ'k?)- (3-2.19) ('Akl-/ïeel#kr)
 
 parallelandantiparallel spins Obviously, if the enerr drereacebetween is goingto be theabove-mentioned exchange inteval,something that containsthe sum of terms whichare proportionalto sL . sy can do thejob, it is not convenientto wheresy are the spinof eac,helectron.However, andit is bettert,osum fzst over all the dealwithear'helectronseparately, electrons of eachatom (orion)at a latticepoint. Some care in gout
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 tlsissummation in some cases,the 6nedetailsofwhjc.h maybe ne cambefoundiu the thetreatiseof Herring(21), andwill not berepeated here-Thefnal resultis whatis intùtiyelyfelt to bethe =e, namely tkat 'Ha =
 
 JéjSï - s.f,
 
 -
 
 (3.2-20)
 
 i,#=$.
 
 where z
 
 e s q = 2 ,-t,7. dr1dra Z,J? ? k'Jl' (r:)$7;('r2) rà ral (rg/wyfurt./ '
 
 --
 
 -
 
 .
 
 (3.2.21)
 
 The conventson is to keepthe miuussignas in eqn (3.2.18), so that positiveAj mears a ferromMnetic couplingthat tendsto align spini parallelto e,arxk other,whilea negativeAj means an antiferromagnetic coupliug.It shouldbenotedthat in the presentHamiltonlxnSç. Sycan havevaluesbetween -9 and SZ,whereasthe appropriatepari in eqn +4:1,:1% between 0 andLSZ,wllichintroduces an e'xtrafaztorof 2 (3.2.18) in thede6nitionofKn (3.2.21). It shouldalsobenotedthat S: is the t/tll spinof a11the electrons boundto theatom, or ion, at the latticesitei. Foran insulator,thespinis thatof a.lltheelectrons. Fora metal,onlythe electrons of the iunershellsare counted, whichusuallymeansjustthe d electrons in the metals electrons ofa metal NkCo,andFe.Theconduction wanderaroundthe wholecrystalanddonot belongto anylatticesite,and the icnermœt electmnsare takenas one entity together with the nucleus. Sincethe Coulomblteraction is a scalar?the efectiveHnmiltonian must containthescalarproducts of theappropriate spins.Howeverp i.t doe not necessadly mean that eqn(3.2.20) is the onlypossibility. In someway it may beregazded the n%t as only a Ast-orderterm in an expansion, term of whichbeing a
 
 lvI
 
 - S,)2 ..726 ) :,.1(S,J
 
 ét/=l
 
 andevenhigherordersmay beaddedi'aprindple.Ashasalreadybeenmentionedin secdon2.6,thehigher-order term is indeedencountered in some nothingbeyond the îrst term ca!kgenerally physicalsituations.Howeverp beincludedin a quantum-mechanical calculation. is,thus,thejustifcation, TheS'ciscnierp E'amiltordon ofeqn(3.2.20) at a deeper level,for the a%umption ofa forcewhichtriesto alignneighbouringspins.RR>e.U the spi'aoperatorsare replaeed thiR by their eigenvalues, . Hltetiltoni= 10-* to, andjustifes, the &st enera term of eqn(2.2.25). Jt is thusthe baaisfor the theoz.y of the Weiss'molecvlarf eld' apmo-'dmationthat hasbeenttseêthroughout chapter2, andthe bx--Kfor most of the rest of this book.In càapter2 it was alsomssumed that only the
 
 EXCHANGB WTBGMLS interactionis usuallyimportaat,andthis part can also nearest-neighbour bereadilyseenftomeqnrs3.2.21). Sincethe integralinvolvesthe overtap of the wavefanctiopit is quiteclear,even withoutdetailedcomputationsj that its mluemust decreaevezyrapidlywith increui'agdistaace between theions.In particular,J must benegligible for electrons on fartheratoms. Therefore, it is usuallysulcientto consider the exchange interactionbetwee.nnearestneighbours only,as hasbeendonein càapter2It may alsobeaddedthat the treatment hererefezred specifcallyto the so-called Idirect'exchange coupling.H manyof the fezzites discussed in section2.5,thereis no suchdirectcouplingbetween the magnetic' ions, thereLsan antiferzomagnetic couplingbetween thespinof e.g.Fe.Instead, theiron andthat of aa oxygenion?andanotherantiferromagnetic coupling that oxvgenandthespinof anotheriron in the.samemolecule. between This coupling,knownas a s'upevneltange, still tziu to alignthe spinsof thosetwo iron ionsparallel to eachother,a'adis egeetiveky the sxme as a directferzomagnetic interaction. At thelevelofthisbook,it isnot necessary to distinguish between the two. Theintegralin eqn (3.2.21) is symmetricto interchanging t; andj. Therefore, oka= h,izandit Lssulcientto takeonlyhalfthe sum of eqn Thisfeatureallowsus to write theHeisenberg Hamiltonian in its (3.2.20)' moze common form,as
 
 'lfeg= -2
 
 J'lJç,yS:S.y -
 
 i>j
 
 .
 
 (3.2-22)
 
 3.3 'RvthaageHtegrnlq lf the fundionsyq are orthogonal to eachother,addinga tezmwithez/rza r-qn beoected to conkibute a podtivevalue.Thisis indeedthe c%e for electronsin the same atom. In an un6lledshelk electronstendto have parazelspinsas longas that is allowedfor the sxme shell:thuscyeating a largetotal spinS for theshell.Whenthe fanctions are not orthogonal, @j a roughestimation of theackangeintegralJ usuallyleadsto a negative value.Fora problemlikethe hydrogen molecule, thisnegative exGange is of theCoulomb bya simplephysîcal argument: because easyto understand attraction,the two electrons wouldpreferto becloseto b0thnuclei,which theytnn doif theysharethe sameorbit that goesaroundthe tloonuclei. Accordingto the Pauliprindple:the orbit sharingis posdbleonly if the spinsof the twoelectrons are antiparallel. Therdore, thisantiparallel state haxs e1.One a lowerenera thanthe svte in whichthetwo spinsaTe can thusexpect the exchaage electrons integralJçj,for interactionbetween in diferentatoms,to begenerally 1om negatlve. Andindeedcomputations for almostanyreasonable assumption aboutthe functionswo eqn(3.2.21)) integral. leadto a nmatineexcàaage However, h is knownfrom experimentthat Fb, CoaadNi landsome
 
 THEYLSENBERG HASXTONIAN are ferromaaets, andtheexchn.nge integrabforthemmust be earths) pcitive; unh-ke a similartrnmsition metal,e.g.Cujfor whichtheeigenfuncm tions(p4are neazlythesarne, but in whic,hthat integri must benegative. Ttusedto bestated(24) that nobodyhasbeenableto computea positive exchange integralfor Fe.anda negative one for Cu,because ratherlarge positiveandnegativecontributions subtractto a smaller valuethat Lsvery Moremoderncomputations sensitiveto the computational accuracy. (22) of the computed exchange alleadyhavethe zightMgn,but the mannitltde iategralstill difersconsiderably 9om the experimental value.Improving the techniques (23, 24)keps improvingthe results,but not suëcientlyyet. Theaccuracyis certainlynot suëdentto afcountfor the possibilitythat Cumaybecome ferromagnetic undercertainconditions. (25) It is,thus,not possible thevalueof the exdonge inteyet to determine gralin theferromagnetic metalsfrombasicplinciples.Onecan justassnmc theHnxsltonian of eqn(3.2.20), andtakeJu asa parameterwhose valueis obtnsn edby ftting thetheoryto a certainexperimental value(usually the Cuzietemperature). Thetheoretical situationis clearerin thecase of.JerrJrztunE-ls, disc'tussed in section2-5.There,J < %andthebasicinteractionis antiferromaaetic, butthe momentsof the two sublattices donot subtract to zero because they are not equal.The net momentis then Kectively ferromagnetic, in spiteof thenegativeexchange. Thetheoryis alsoquite in the previous clearfor thecaseof theindirectsuperexchaage, mentgoned section. 1n.thoseferrites,one Feionis coupled antiferromagnetically to an to Mother Feion. O itm wiic,hin turn is couplWautifeerromagnetically ksa ferromagnetic couplingbetween thetwo Feions,butthe Thenet eFec't iniegralsare b0thnegaihe. of the However, even tnthesecases)thevalues exchange integralshaveto betaken1omexpeziment, because the theory is not suëciently welldeveloped to yieldreliablevalues. rare
 
 3.4 DelocallzedElectrons The wholeconceptof intezactionbetween electronswîich az'e loi-mlimzo on ionsat latticesitesis at bestvery muchoversimplifed. Afler all, a strongecchange coupling impliesalatgespatial overlap oftheelectron wave fnnctions,whic.h cannotbe reAliz-dif these electrons are strictlyloczllezad. at leasti.athe metalsFe,Co andNi?conduction Moreover, electrons are movingaround, andtheymustalsohteract5.nsomewaywiththe electrons at the latticesites.The pictureis cleare.r whentwo ferromagnetic layers are separated by a non-ferromagnetic metal)andan exchange interaction is carried(26, electrons of the latter. But even in z7lby ihe conduction the ferromagnet itself,some interactionLscarriedby mobileconduction electronsJathecse metals,the3d.ban.d is overlapped ix energyby a much wider4sbaad,anddncebandsare flled to theFemn'' level)the eledrons ;heconduction bandare not a21omthe whicheachatom contribt 4s baad,andare partly the numberof d Le3d band.Thezefore)
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 electrons in the case of rare earths) contributing per atom (orf electrons to the bulkmagnetization is n:f an integralnumber, whichis indeedan ex-perimezt' tal fact.lkhrom theexperîmental saturationmagnetization of these metals) the numberof Bohrmn.gaetons peratomis 0.6for Ni, 1.7for Co! and2.2for Fe.Besidu,themeuuredspecifcheatat 1owtemperatures ia thesematerials showsa biggercontribution fromtheelectrongasthanr-qn bepossibly accounted for by valence electrons (4sin Fe,CoandNi)The theoretical studywkicll is basedon the Heisenberg Exmiltonian, as used throughouttherest ofthisbook,igaores thesedllculties,andjust puts a nondntegral numberofBohrmagnetons at the lattlcesites.Therefore,anothertheoryhasbeendevdoped in parallel,whichassume (28) a completely delocallzed: Fee-electron gas,movingin the prcenceof the fxed background of thepositivelycàarged ionsat the latticesites.Calculatingtheactualenerprb-ds of theseelectrons can accountfor theactual speciâc heat,andcan yieldtheoretical valuesfor the saturationmagnetization%'s.temperaturecurves, likethe one plottedin Fig. 2.1,az wella.s for othertransportandmagaeticproperties in metals. Thistheoryis called eollnctine elecàzrn or itinerantelecfrnn ferromagnetism, ierromagnttism. Theitinerantelectron ferromagnetism iselegant, andsomeofits results for examare easyto followcven wîthoutdetazed computations. Consider p1eCu,with 11electrons are suëcient to fII the peratom.Th%eelectrons 3dshell,anda fdledshelldoesnot haveanynet magnetic moment,because thereis art equalnumberof electrons with spinup andwith spindown.ln the4sshelltheexchange interactionisratherlow,andthedistance between neighbouring levelsis too large.Therefore, Cudoesnot haveanymagnetic moment.In Ni,thereare 10electrons whichhaveto besubdivided between the 3dand4sshells. In.a gasof freeatoms)thereare 8 electrons in 3d,and 2 electrons in 4s-In a solid,because of the ' of bandsup to the same it can beconcluded fromthe eoerimcntalmagnetic enerprleves (Yermy) datathat 9.4electrons peratom azein 3d:and0.6electrons per atomin 4s.ln theunfqled3dshellthe spinsarenot balanced, because theexchange interactionwithinthe atom causesmore spinsto beup than down.The exchaage for the energy enerr galnis more than sulcientto compensate lossdueto theelectrons beingraised to higherlevels in theb=d whenthey cannotuse thelowerones that can onlybe occupied by thosewith an oppositespinto the electrons that are alreadythere.Thedxerence between the moments givesriscto a net magnetic momentof 0.6Bohrmagnetons peratom. Thema-dmum possibleimbalrce in 3diswhen5out of the10electrons enterthê halfb=d with spinup, andthe othez5 splitbetwenthe other half bandwith spindownaadthe 4s.For zLezecwtrons per atom, out of whichz are in 4sandzL- z in 3d)at most5 rztn bewith spinup1leaving zL- z - 5 in 3d with spindown.Thenet magaetic momentis then
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 y'n =
 
 (5 (n -
 
 -
 
 z
 
 -
 
 sljos= i10 (p, zll#s. -
 
 -
 
 (3.4.23)
 
 value TnNi, zt = 10andtr = 0.6,whichLsconcluded 9omtheexperimental of lln = O.6/Is,as hasbeenmentioned alreadyIgnoringthe change in the bandstructureia alloysof Ni with othermetals,andassuming that 0-6 electrons per atom st111 go to the 4s bandin thesealloys,their magnetic momentshouldbe (3-4.24) P,H= (10.6 njpnt whicbagrees quite wellwith experiment for Ni alloys.For example, in alloyingNi with Cu,whichhazJ1electrons the saturation atom, per magnetlzntiondecreases more or lYslinerly with încreasing concentratîon of Cujreanhlmg zero at about60% Cu,in accordance withthis simple relation: Sa'rnsliA.r estimations for the metalitself)andthe efectof some alloying, workwellenough for Co.J.nFethere'are deviations of about2O% Somthe e'xperimental value,whichis not surprisingbecause the assumptionthat the enera bandstructure doesnot change between one element andthe otheris oversimplised. But a lineazrelationstizlworksforsomeironalloys andit Lsofïenpossible to account.fortheexperlmental resultsin some E29), others(30) by very simplemodels. For Mn this argumentbreaksdowm Continuing momentof Mn (withn = 7)should msbefore,the magnetic belargerthanthat of Fe;but actuallythe momentis 0. PureMn is not ferromagnetic, the exchange iu Mn is not strongenoughto raise because electrons to higherenerpe levelsin the band,leavingthelowerenerpe ones whichbecome forbidden(bythe Pauliexclusion for electrons principle) wsththe same spin.After all, eqn (3.4.23) givesthe mcmimnm moment, whichem'n only beachieved for a stvtmgexchange coupling.However, in alloyswithmaterialssuchas Al or Bi, the d-istance thetween the1$4n atoms decreases sulcientlyto incremse theexchange integral,andthesealloysare ferromagnetic. It shouldbequiteclMrfromthisoutlinethat theitinerantelectronthecalculations of theenera ory)with more detGedandmore sppkisticated bands,r-qn beverysuccessfal in interpreting experimental data.For mauy exitrnple) alreadycomputadons whichwouldl:e conddered ratherprimitivetoday(311 showed, as later confrmed by more elaborate ones(22) 32J, contninvezy sharpandnarrow peaks. that the enera bandssometimes in somepropertie maybe encountered whena Therefore, a sharpchange particularcomposition of an alloypasses a certainpeakin theenergy baxtd. Also,transportpropertia,in pazticula,r thegiantmcnetoresistance efect, practicallyonly by the'itiner=t electronpkture) can be interpreted 133) . even thoughlotoliz.xdon doesplay(34) a certainréle. Generally speaking) theitinerantelectrontheoryis quite successful in withthewholecr-gstal. However, it Lsquiteclearthat sucha theory dealing cannothanclle vaziationsin the magnetization, for the simple any sppcàicl
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 Flc. 3.1. Themagaeœaton distributionia a llnit cellofbccPe,as tseen' bz neutrons.Reprodute*om Fig. 3 of (37) by permission. reuonthatthe energyband calmzvonis independent of spàce.Therefore, is the s=e in an amitinerantmodel mustmsslzmethat themagndtiMation thewholespace,whilethereis strongexpezimental evidence to the contrary, namely that themagnetization in a crystalis a functionofspRe.1.u. partictllar,bulk ferromagnets %vebœnshownl)y w.ry manyt-hm'ques wfll bediscussed in section4.1)to besubdivideia* (II-H in (wbich whichthe magnetizadon pointsin derent diruions. 'I'h- eFects, aad the wholeconceptof hysterisks in a.a as ren jn Fkg.1.1,mustbeignored atldtinmnt thmry. Bvenbesidœ tzhe subdivisîon into domains thereis strongexpea'mental evidence agninKtthe itineraatelectrozz theory,some of whicilàasbeen lite'zvlin a popularreviewofS--%MK alongwiththe eezimentalevî(35j, denceagnm.' ';:ha tlzeory' electrons. thatassumespurelylocalized She(35, 36j tried to outljnea combined pictme,in wikichm'rt èf the 3d electrons Ls localized, tàe ot:er part beingidneraat.An even clearerpictureeAn be seenfromFig.3 of (371, reproduced asFig. 3.1here.lt plotsther-ltz of shooting neutronsteough an izoncrystal.Sincetlzeneueonbnx a magnetk moment,it interactswit.hthe moetic EeldwVe passic through thecrystal.TH fgttre kterpretstheexperimemtal neutrondatain termq of themagneticîeld Groughwhie.h thoseneutronsp=. lt is quiteobWous frt)mthe flgurethat some of the maretizxtionis locoed at the lattke site, but it is alqnclearthat this maaetic momentis verymuchsmeared voundth- sitas.ThemaaeticVld distrîbutionis complicated, aadthe
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 pictuzecaanottheeven roughlyapprotmatcd by thenaiveassumption of a pointmaDeticcharge at thelatticesites.Some detailsofthisfgurewere somewhat moeed later(381, buttheydonot change its generalpropertiu. Thereis thusno doubtin anybody's mindthat neitherthe itinerant electrontàeor.vnor the loc-ql:-med eluron one rAn beconsidered to be a complete reality;andthat theyshouldbothbecompictureof thephysical bine into one theorpSucha combined approach maycome somekimey but the presentsituationis that it hnAnot beenseriously tried, on atv dunt quaqtivtivelevek beauseit is justtx diEcult.Workersîn magnetismstickto one theoryor theotherjustbecause tàeyare unableto do thereare still of theseapproaches aay better.Actually,evo withiaeac,h too manyrhimplifyiog assumptions andapmemationswhichare msbadms ignoringthe otherapproach, andare acœpted for lackof anything better. H tMsbook1 Gooseto usetheassumption of laob-vzxd maoeticmoments Rxmz-ltonl-zm on latticesitœ,and theHeisenberg msderived in sedion3.2, because it is theonlywayto includethe variationof themagnetization in is the maintopicof tltis book-It meansusinga non-integral spMe,whic.h nnmberofBohrma&etonsperatom,whichisphysirltny strange butcmmbe zmderstood 1omthe forego-mg Oncesuc.h a non-integral valueis argttment. accepted thereis nothhgwrong	 in chapter%onlythereS were chssicalvectors, whereas heretheydesignate the spinoperators. Thejustlcation mxynot bemsgoodas maybeeetM butit isthebœtwe haveat tbâsstageofthe theory,whichleavea 1otto bedesked. In a way,it is not muchmore than kowever, an nmmmption, to beadopM1om now om It is hoped: that the foregoing for adoptingthisassumption, argumentis suhdentlyczmvincing
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 wàichat leastis not justan arbitrary,ad hocazsumption as is the Weiss tmolecular feld' usedj.uchapte.r 2. It is customazae to replace the operatorsh@)andSt'/h z by the operators
 
 s+ z
 
 s@)+ j#F) :
 
 =
 
 z
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 s-d
 
 ,g(=)- jsLN? '
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 4.5.26)
 
 :
 
 for whichthe Hamiltonian becomes
 
 (a; + h-b''') + h(z)5'z, -.V Jzz. j1 gxv &-', q .f,,d/ ?
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 (3-5-27)
 
 Asisknownfromquantummechanics, forspinsat the aamelatticesite, theoriginalcomponents of thespinSforthesame.4f-.1l'9l thecommutadon relations
 
 r,j.atzl ç&,gg(l) ; gsjv) : : jhspt j(m) stvlj s'jzljjjj,jvjml; k sz(2lj =
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 (3.5.28)
 
 whilethesecomponents commutefor spinsat diferentlatticesites,anda1l thesecommutation relationsmnishfor,4# .é/. Usingtheserelations; and the defnitions in eqn(3.5-26),
 
 sçz)s.j-= z z = =
 
 =
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 (3.5.30)
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 symboljwhichis 1 if whereé'zz, is theKronecker Similarlyz ïfzs z & z = -h%z',5-z+.
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 (3-5.31)
 
 Tocomplete the transformation it is necessary to consider also , sz'z (q$k+ q=
 
 ) ''') i + ï / 2) s,( )1+ gs-zt'') syt'') .s$j g,s,zC*') ,sj lz11 g-s-zt''z 1 -aa) (a.-5. ,
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 Herethefrst andthelastterm obvriously vanish,andthetwo in themidflle can bceqraluated by substituting fz'oz!i leadingto eqn (3.5.28), + , S-j zz = zôzkz, S/) LS.t -
 
 (3.5.33)
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 relations Actually,thecommutation are not ttsaallywrittenin tbis fo'rm in booksor paperson tbis problem.It Lscastomaryto.writethemin the special(units'in whichh,= 1)andtherefore omit h. It savessomeink to writeequationsin thiswas but in principleit hasa majordisadvantage if andwhenthe resultLsto be exprerxsed in terms of 'realunits.J.fat the qnantity'that one endof the Ypulationthe resultis a tertasameasurable wantsto comparewitheeeriment,it is not always veryclearwhetherthat resulthasto bemultiplied by>.)or dividedby :.21or whateve'r. lt is always machexsierto substitate theparticularvalue>,= 1 if tt is wantedthanto to beginwith.Asa matterofhct, ,patin anothervalueif h'= 1 is assumed theories whichuse A= 1 (orothernon-physical untts,sachas the velocity enn ezstonlyin feldsin whichtheorists of lightc = 1,etc-) comparetheir resultswith eachother's,andthe experiment is far removed. It em'nnever happenin thenormaltrendof physicsl in whichtheoryandexperiment are it is alwaysa betterpolicyto keep erpected to gohandin hand.Therefore) ô,in the equations. Consider now, at eachlatticepoint, aaother operatordefnedas
 
 @), N4 = Sh - .Sz
 
 (3.s.34)
 
 whereS is thespinnnmber ofthe atom (or) rather,the ion) at that lattice site.SinceS5 is the largesteigenwlae of htO, the eigenvalaes nqhof the * . operatorNz e-xpress the digkrence between the mn.rmum possible value, andthe actualvalue,of the z-component of the spinat the latticesite,4. at thelatticepoint Therefore, the nllrnbea's nz are calledthespindedc,titm.& z. Tuet Tru denotetheeigenstate for whichthe spindeviationis zzonnmely
 
 'rtnli Tru
 
 Nzèaz=
 
 (3-5-35)
 
 .
 
 In principlethis eigenstate is a fuactîonof the spjncoordinates at cJJthe latticesites,bat suchan operatorwith a pavticulav vatueof,4operatesonly on thecoordinates whichapplyto tllis patticularf. lt is readilyverifledthat the snmn e kknzis abo an eigenstate of the tX), w hoseeigenvalae operatorSz is h(S-zu). Indeed, byusingthedeânition of eqn(3.5.34), andsubstitating fromeqn(3.5.35), v (z)Ta, = Se tlrvz:=
 
 (SCz,5:)
 
 ;;(S zulllI?w. .
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 (3-5-36)
 
 Forotherpropertiesofthis function,consider the expression
 
 sgçz' Jz+ q,.
 
 =
 
 + ss-bsgçzt (/j# ,5'zj ).Ir ,
 
 a ,.
 
 Substitating for the frst tel'min the curly bracketfzomeqn(3.5.30), and for the second term 1omeqn(3.5.36), this relationbecomes
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 (3.5.37)
 
 whichmp-qnsthat 5+% of Sçtl : w is alsoalz eigenstate z . H fact) it is the eigenstate whichhasthe eigenvalue Sincethelatteris the h(S (7u :t)J. eigenvalue of kzaz-l, thestateSg-bqçvu mustleproportional to 9a.-,. Similvly, it r-qn beshownthat the operatorSz-transforms kbnzto something proportional to Taaz. Thebehaviour of theoperatorsSz-arzd&z+ is)thus:similarto thatofthe creationanddestraciion Theycreateor destroyspin(fetlictbtlns. operators. However, thereis a big diference in that thecomautationrelationof the conventional creationanddestruction operatorsis (a, c*q= 1.If therighth=d sideof eqn(3.5.33) wmsa numbevt and Szcouldbenormnlized S/ to makethe commutation relaionequalto 1)but that right-handsideis a'aoperatorandnot a number. Thebestwhichcztn bedoneis to defnethe operators 1 1 s + = cz = S.+ ap Sg: (3-5.38) * , 25h 25h for whichKn (3.5.33) become,s t'Fz z k' .a. %) 1 k'g hz, tzz'q, - = ss z f
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 (3-5.39)
 
 Nevertheless, it has become customaryto use the apmmimation in tO on the right-han.d whichthe operatorSz sideof eqn(3.5.39) is rephced byits eùenvalue is (39J that repbzu-m by Sh.Thejustifcation gthat operator its eigenvalue is correctto a Ez'st ordeaandintroduces onlya secoad-order error, at 1owtemperatures. Thebasicassumption ksthat in %he regionof interest,almostal1thespinsare parallelto z, andthedevlations are small on the average, namely
 
 z'Jz (O)- -%% (T,.n'),z ,&z? + (qtuzl + (S g.s ((uc1, jy z,.f -
 
 ggBS,H (S cltul JR' d -
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 clc,tl(S (zlzazz )) -
 
 (3.5.44)
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 Forf # d, the operatorscommute,andalarmaythereplaced by czzcl. TJ the names of f andZ are theninterchanged in the summation, thesecond te'cmin eqn(3.5.44) becomes identicalto thefrst one. A similarargument of that equaappliest,othe temnqlinearin S whenopeningthe brackets tion.Theterm wbic,h contalns theproductof foaraz operators isneglected, to eqn(3.5.42) it isa,productoftwo spiudeNiation because according operatorsNz.At lowtemperatures mostofthespinsaze azigned, thedevia,tions from the fully alignedstateare small,andsecond-order termsare negligible.Thisargument can pnltily be made more quantitatîve. Onee-an (39) even add(40) the neglected second-order term as a pertérbation, andf nd oui the raageof validityofthis approimation.It shouldbenoted,though, that unlikethedropping of thesecond-orderterm, the approdmation which hasalreadybeenmadeih replacingeqn(3.5.39) by eqn(3.5.40) cannotbe madequantitative, andthereis not muchpointiu qu=titzing one without the other.Thercsultis : z, ttzl(uzG(ul+ J'lgIJBD,Ha)aA, (3.5.45) 2&jYJ L,t .d
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 andN is the totalnumber of ion sites,namely Ez. Thebasicassumption is that the groundstatefor a ferrcmagnet is the (l) statein whichall thespinsare alignedabngz. In that state,everySz hasîts max-imum eigenmlue, andthereazeno spindeviationd. Therefore, no cz operatorcan destroyauy deviation ln thisstate,whichis denot. ed by To. ln otherwords,if cz operates on thisstate, Ta,therKult Lszero. Andsinceall the terrns i'a nqn(3.5.45), exceptfor C, havean az on the right-hand sidey (7Y Cjgc = 0(3-5-47) Therefore, = C%tO, Stherlargefor an cponent.This whie,h valueimpliesthat replacing theBriilouinzone by thewholespace is a good for iron below,andprobablyup to?room temperature. approzmation The integrationover the anglesin eqn(3.5.69) is stralghtforward. H theintegralover q thexadableisreplaced byz = Z$VSJAZV. Also? f or a bccthe volumecan bewritten as F' = NX2/2, andthe numberof atomsr r-q.rltheeliminated a%*3 by usingeqn(3.5.62) xsfc=
 
 = g;&BItSN, J.G(t))
 
 (3.5.70)
 
 to leading
 
 JG(T)= zG(0)
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 Thus,to a frst orderat lowtempeatures thedeviationof themagnetizaat T = 0 is proportional tionfromits Nalue to T3/2l whichis kztown as the Blochlaw.It its e'xperiment for all knownferromagnets. ThisBlochlaw hasbeenderivedhereonly for the particularcase of bcc,but the derimtionis essentially thesame (40) for fccor for simplecubiccrystals, andthe
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 rœultsdiseronlyi)ya numerical factor.A11thesethreecubiccasesinvolve the scae integra: * vrz gz = W=. 3 t /3.5.72) z- y e .-st.l r t p where('Lsthe Riemaun zetafunction.1.apriadple,the e.xchange integral, Jt cAn beevaluated fromthe Gperimental valueof thecoeRcient of T3/2. this methodnever yieldsthe samevalueof J as that whichis Howevert obtainedfzomtheferromagnetic or the paramaveticCurietemperature, as mentioned is not surprising, because these inchapter2. Thediscrepancy measurementsare doneat dferenttemperatures, azldthereis no reazon to believethat J is independent of the temperature.Evenif thereis no theraioeapansion otheresect) certainlychaages the àisttmabetween the atomswitil changing temperature.Andit is obvious fromthe theozythat the exchange integral,whichdepends on theoverlapof thewave fanctions, must be nery sensitivet,o this distance.It hasalsobeendemonstrated experimentally that b0th J obtainedfrom Tc andJ obtained*om the coesdentoftheT3/2term change considerably whenthed''gtnncesamong atomsare changed'by hydrostatic pressure(43, 44)or byoiherj45jmeans. Pressure is alsoknown(461 to afectthd h e fteldof the Mössbauer effect. cAn be(and ThistheozyoftheSrst-order term at lowtemperatures has exetended to Mgher-order terms, as haz been memtioned duringthe been) foregoing derivation. H particular,Dyson(401 continued the powerseria Gpansion ofeqn(3.5.65) andintroduced themagnon interactionas a Grstorderperturbatioâ,to check whichpowerof T it Gects.Ei's resultis
 
 (3.5.73) with speecexpressions given(40) aj in all three for all thesecoeëdents typesof cubiccrystals. lt is even possible(4$to remove someof the approyimations of Dysonby the use of Greea f4:. nctions,and obtainwhai shouldbein prindplea higheraccuracy.Thediscultyis that the exprsionin eqn(3.5.73) doœnot f.t expezriment. Acmzrate datar-qn befl.tted bettereitàerwith an empiricaldependence of J in on T, (48j eqn(3.5.71) or w1tha term with T2 before(49) the TS/2term. Thedetalâed empirical expression for themagnetization ofironwhiskers ihatîts thewholerange, 9omlow temperatures andup to the Curiepoint (50j, T)1=
 
 wheret =
 
 Mz(T)= A&(0)
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 pt + Atjjy Cfyyz, -
 
 (3.5.74)
 
 T/Tc,andp, .,4.and.f are constants,expandsto (3.5.75)
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 at 1owtemperatures. h hasbeensuggested that theT2term originates (49) fzomcontributions of thecollective electronfromagnetism,andthis idea was made(511 more quantitative later.Therdore, in thiscase, as in many others? theitinerantandlocalized electrontheories mustbe combined togethez beforeextending eithertheoryto a highaccuracy. Also,measuring andctrapolating it to zero tzrliedjèsld is notalwaysvezyaccurate, Ma(T) H somecasestheaccuracyof theerperiespecially at 1owtemperatures. mental datais not even susdentto go beyondthef rst TV2term of the terms are mostlyof interestto theorists Bloch1&,w, andhi.gher-order who their resultswith eprt% other'sandnot with experiments., compare Forantijerromagnets thesituationis muchmore complicated, because even theground stateiànot assimpleandas clearcut asin thecaseof a ferApprozmations mustbeintroduced already for tlœcalculation romagnet. of thespinwaves at the groundlevel,andthe excitationsaze hopelessly complicated. Thereare no conclusions that can becompared witha simple expe-riment, or any obviousimprovement on the molecular feld.approximationpresented in chapter2. Therefore, this wholetheoretical f e1dis beyond thescopeof thisbook. Othertheorieswhichuse theHeisenberg Hamztonian of eqn(3.5.25) are not includedin this chapterbecause theyeitheruse classical physicsj or at lewst can beo'atlined withoutspecifc mentionofquantum-mechanical techniquu.Oneksthemolecular 6eldapprolmation,alreadydescribed in chapter2. Theotherswill beconsidered in the next chapter.Howevar, beforeconcluding thisdiscussion of spinwaves,thereis one importaatconclusionfromtheabovetreatmentthatxmustbeemphasized. The integral in eqn(3.5.69) contxinsthefactorq2in thenumeratoronlyin threedime' nsions.ln two dimensions In thiscxase thefactordq wouldhavebeenqdqdo. theintegrandwith ez - 1 in thedenomlnator will (orin one dimension) dinerge i.!l thevininityof z = 0,namelynear q = 0. Therefore small any perturbation of the groundstatewill growrapidly,removingthe system out of theunpe-rturbed state,even at verylow temperatures wherea21 the approximations andtheabovecalculation is rigorousH other arejustiied words,jerromagnetic orderingù not yt).ufslcin one or tvo tfïaendfondThjs proofthat ferromagnetism for that matter) (orantiferromagnetism, is possible only in threedimensions was alreadygivenby Blochin 1930. It mustbe notedthat it is a fundamèntal propertyjwhichdoesnot depeadon anyapprofmation.The singularityat z = : will bethereeven if theintegralis ove: theBrillouin zone andnot over thewholespace;and the otherapprozmationsonly zequirea su/cientlylow temperature.In practiceferromagnetism hasbeenobserved in some seemingly one. and twœdimensional systems, to be discussed in section4.5.
 
 MAGNETIZATION VS.TEMPERATUM 4.1 Magnetic Domn.-ns Beforecontinuingvththetheories, it seemsnecKsanr to pa,useand explain whythe molecular feld approfmationof chapter2, the spinwave series for 1owtempeaturesof chapter%mswellas cJlothertheorie of Ma(T)) it must seem natural are restrictedto the.caseH = 0. For a beginner to introducea magneticfeld, at lGst msa frst-orderperturbation) and diëcultyin doingso. Thecliëculty indeedthereis no particulart'he-mtical is that includinga magneticfeld without any othermodifcation of the for thereader who Heisenbea'g Hamiltonian (oroftheeaergyof eqn(2.2.25) the hasskppedchapter doe not have physical signiâcance, because 3) any resulkof sucha Glculation cannotbecompazed wiih expem'ment. Thisfact is sometimKforgottenby theorlsts,whichmakes it even more important to keepmentioning it. rlnhe pointis that realfezromagnets at zero appliedîeldsare subdivided into tbraiz?.s whichazemagnetized in diferentdirections. J.notherwordsl thedirectioiof quaatization, between one domain andanotherz, changes The rwon for/theefstenceof thesedomains must obviously bea term of the Hazzltonian whichhasbee,a ncglected so far, but it is too earlyat tlzisstageio specfwhat this term is, andit will be Rrtherdiscussed in section6.2. Howeverj the very efstenceof thesedomaâns is a wellestablished exepeaimental Gactlas hasazready beenmentioned in secdon 1.2.These domains cannotbeignored, because theyare beingobserce.d by several techniquesTheolderobservytions include iheBitterpattern,in whie tiny 531 (52, magnetic pazticles, immersed in a liquid,are attractedto %he high e feld at the ltlallswhichsepazate the domaâns, thusrevealing the location of thesewazls. ln metallicflmswhichare thin enough f or high-enerpe electrons à.)go through,electrons aze deectedby the magnetic feld in the domains whentheypass through them,thusrevevngthe location of these domains. Similarly,the domainstructureon the surfaceclm beseen by that passnear that surface electrons or that aze refected fzomthe surface. Polarized reQected from a magnetized suzûce changes its planeof polir/.t larization(Kerr and its detection reveals 'the dxerent orientations eFect) of the magnetization on the Rndnrte of the variousdomains. lf the sample ls thin enough,the light can passthroughit andthe iotationof its polarization(Faraday insidethese efect)showsthe directionof magnetizatîon
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 thantYecmlation whickis the averMedistaac.e of the magJerwfà, over whickfuctuations netization are correlated. Tàisis not alwaysthe caa eeecicllpnear t,ke Curietemperatzzre, whœethe corrdation lengthdiverge. The maaetizationïnaïdea domainc>n in prindplebemeasured, in with the theorehcal efect. accordanc.e deflnstion, by usin.g theM6ssbauer
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 In thisexppn'ment, a rœonantabxrptionof 'praysis obtained whenthe momentum of tke recril is tTanskrred t.o thewholccrystaliastead of the individuat nucleus. Wheneitherthesourceor theabxrberis in a maaetic feld,theeneralevelsof thenudd are splitby theZ-rnan efect,andit Lspossible to determ>-ne 1omthis splittingthevalueof theefediveEeld at thenucleus. In a ferromagnet, thiseeecdve ileld tcalluthe ltvperjne at the nudeus is esentiazyproportionalto the magnitude pf the éezd) ma&etizationoftheatomiqshellaroundthat nucleus. Theesecte-an be onlyin certainisotopœ, one of wikiç:b LsSTFG wllicllis particularly observed coavenient for studyingfezrcmaaets. Sincethishy e feld is proportional to the magnLtnde of themagnetizauonof theatom to whichthisnucleusbelongs, andis independent of the dircckrnn of tke atomicmoeuMtion, contributioms fromtheSI'Fe nucleiin rlieemntdomains az'ethes=e andGd np. Forthe same reaxn, thehyperllne feld in an antife=magnet is thesameas Gat of a ferromagnet. Measuremeat of thehypprfnefeld as a functionof thetemperature thusyields(601 a resultproportionito themaaetizationin Fig. 2.1here, andtlzismeaurememt is indeeeArm'ed out in zero applied feld.lt should benotedthat, evea thoughnsclecrenergylevelsare studied, the nuclear spindœsnot e'nterthecalculation ofthemagnetization: its contribution is compared with that of the s1)1.11 of the electron? leause the Bok negll#ble proportional to the mass. Thenuclear' splnia this mareton is iaversezy experirnentis evntially justa pro%usedto memsurethe magnetization dueto theezccfron spin. Sirnslar datacan beobtained frommeasuring thenuclearmag(61, 62q neticrœonance.Eowever, lyoththeM6ssbauer efectcndthenuclearm'agaeticresonanceexn at bestbeuxd for thephilosophical desnition of khe spontaneous magnetization. The accuracyof Ms(T) mexsm'ed by these trenique is ratherpoorandinadequate. Forgoodquantitativedataone mustrelyon themeasnmment ofMz(.RT) andits extrapolation to H = 0, as in g48) or similarstudies. Thereis thnsno wayto meuure themagnetizationfor H = 0j vith aûyreasonable andtxecalculation of atcuras'y, sucha quantityhasno phyïcalmexnlng,because it caanotpossibly be compared withanyexDriment. 4.2 The LandauTheory The temperaturerangemostpopularamongtheoristsis that of the approachtq and thenear dfrlnA't.y of, the Cnri. temperatarejTe,because in thksregionit is possible to use frst-ordezapproimadolsin powersof Landautheory F - Tcl.TMsattitadestartedwith thephnnnmenolo#cal which applies to all sorts of phase trxndtions of the second knd. lt (63) will bedescribed hereonlyfor thespecïccaseofthemagnelzation going throughtheCuziepoint-Thenotauon
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 =
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 Fe:
 
 (4.2.1)
 
 ksusedherefor brevity. Thebasicassumption isthat m Lssmallnear Tc,whichmxlrp-q it possible to expandthethermodynamic potenual msa powerseriein perunitvolume m. Neglecting hkgher-order tra.rmq , andauming that thereis no maaetic feld,thisexpansion ks = ëo(t) + A(t)m2 + #(f)m4. *(f,z?z)
 
 (4.2.2)
 
 Theoddpowers, m audm3, are omitted,because ë mustremainunckanged by a timereversal, wMchohnnges the sigaof m. ThecoeEcients #c, ,t4) andB can in principlebefunctions of otherphysical properties,which are ignored here-In particular,it is asumedthat everything is doneat a constantyzas.s-?zre so that it is ao1necesaryto specify thedependence on whickis aa importantpart of theHndautheoryof othevphase pressure, transitions. Thevalueof m shouldbesuchthat thethermodynamic potentialis a minimum. A ncessaryGmditionis that thefrst derivative vanishes, namdy #+ = 2- (.4(z) + 2maS(t)j= 0. (4.2.3) om Also,in' orderfor the soluuonofeqn (4.2.3) to bea minlrnumaadno$ a mxvivnum, 'thesecond shouldbepMtive, derivative
 
 .!.d24 = A(t)+ rvrsaS(z)> 0. 2 &mn
 
 (4.2.4)
 
 Thesolutionof eqn(4.2.3) for there#onabovetheCuriepoint, t > 1, Ls ofeq.a(42.4), m = 0,andin orderforthissolution to fulêlthermuirement
 
 .4(t)> 0, Theothersolutionofeqn(4.2.3), whicNis validfor t < 1,is X(t), m2 = 2B(t) -
 
 (4.2.5) (4.2.6)
 
 whichyields,whensubstituted in eqn(4.2.4),
 
 :2* = dm2
 
 -
 
 > 0. 4.A(j)
 
 (4.2.7)
 
 Thereforea noting.q.lpn that thelefwhand sideof eqn (4.2.6) is positive,
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 > 0, for t < 1.
 
 (4.2.8) also 0 is a solutionof eqn (4-2.3)
 
 TMs resultmeans fz'stof all that zrs= in theregiont < 1, but thereit is a memum andnot a nn-nsmnm . The combination of mns(4.2-8) and (4.2.5) alsomeansthat a coneuity of A = 0. Them'mplest at t = 1 requires that .A(1) function(and the ûrst-order approximatîon f or any o*r ftlndion) whic,h can M6l theseconditions is obviously = /41-1), (z> 0j (4.2.9) a1.41) wherett is a constant.Fkomthis rœultit is alreadypossible to draw (631 some conclusîons aboutthe entropy,S = -D%f8T, andthe speclcheat, Cp= T@S/&T), in whichtherctll'rnsout to beujnmpat the Curiepoiat. Lettherenow bea magnetic feld,E, applieto ïhe - 11 energ.g of interactionwiththe magnetization is -M . H mr unit xlume, whic.lz is in the present notation.With -mSMa(0)
 
 h=
 
 IIMx$4,
 
 (4.2.10)
 
 thethermodpmmic potential becomes perunit volume + @(t1)m2 + BLt)m*:mj ë(t,m)= ën(z) -
 
 a>
 
 -
 
 0,
 
 (4.2.11)
 
 wherethesignofa is keptfzomtheforegoing, for thellmt't lt = 0. Bythe sxme token,the si> of S(1) shouldalsobekeptas in eqn (4.2.8). The wrt-nhesis now condition that theSrstderivative . 1 = a h a(ï- 1)m + 2.&(t)m , (4.2.7.2)
 
 è'
 
 whîchis a cubicalgebraic equation fordetezmhing gn,. Abovethe Curietempezatute, the righvhandsideof eqn (4.2.12) is a moaotonically for eve,o-valueof h sncreasing functionof m. Thetefore, thereis a singlesolutionof this equation,andit tendsto 0 for h -+ 0. For T < Tc,nn.mely t < 1, the frst term ol the right handsideof eqn is negative, and theequationhasthreediferentrealsolutions, m, (4.2.12) foza c-ltin re#onof not too large1à1 . Oneof tkesesolutions is easily seento bea memum andnot a Vnimum.Of theothertwo,one hasm aatiparallel to h,tandtherdoze îtsenerr is hecr th= thatof1hesolutîon in whkhm hasthesam: signas à,. the initial susceptibililis According to the dvnitionia eqr.(2-1.22), lim d(Ma)= xiaîual= x-n t'9.J2'
 
 Gr?-
 
 a u. (0)) (Mz ,.-.0 ah ,
 
 (4.2.13)
 
 iù thepreseataovtion.By substituthg 9omthederi=tiveofetm(4.2.7.2) with respectto h, it becomes
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 E.ka(0))2 (4.2.14) c) 6S@)m is zero for t > 1, andis givenby eqn(4.2.6) for t < 1.
 
 1% Mnitzal= h....e 2 (c(t 1)+ '
 
 If h,-+ 0, thenm Thereforev
 
 av.a
 
 -
 
 a. 2
 
 zstt-z jf j > 1' (4.2.15) '91a Jd'a 41 1-1 if t < l . TMsdi-gence of thesnsceptibility for t -+ 0 is thesameas in theCurieWeisslaw,dieussed in section2.4. to Thes'pontaneous magneeationfor t < 1 at zero fe-ld1, accordhg aud(4.2.9), eqns(4.2.6) = Ainivirul
 
 .
 
 /?a(1t4. -
 
 msp =
 
 )
 
 zstj;
 
 (4.2.16)
 
 The magnetization induced by the feld, Nud = xH, is in the present notation h pz rïind = X r , xu ér - . . , (4.2.17) -
 
 CM,COJIOtl f) Mcording to eqn(4.2.15). Thae qurtities are of the sameorderat s/2 âegz (2c(1t)j B z)g
 
 (4.2.18)
 
 Hence,a f.eld>, dynxmlcproperdes have'valuœ wMc.lz are determined bytheield, andsuch a âeldis thusa tstrong'feld. Of course,thiscriterion ignores the efec'tof the âeldon the measuzed m by rearran#ng thedomes, see sKtion 4.1. It is obvious fromeqn that thetrandtîonEeld,&, vanishœ at the (4.2.18) poiatt = 1)whic.h LsT = Te.Therefore) at the Cnne'poiatanyEeldis a to thisdemltion. strongfeld Mcording 4-3 . CritizmlKxponents Moremodern studiesoftàecrzfcclregion,nltrndythenear-vicinity of the Curiepoint, are based on two generi assumptioas, or eoms. Theftrst one is that the asymptotic behaviour govprnsng the approacà to thecrkdc,i ls a power point (ï.e.the Curietemperature) of all physicalparameters 1awin lt - 11, wheret is as deâned ia eqn(4.2.1). Strictlyspecng,tkis statemeatdoesnot necessatily mpxn that any pazticalar physical quantity is proportional to a certainpowerof j - 11. lt ozllymeus thatit 'aarie.s as that power,whic.his more general than proportionniity.
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 deflnitionis that if Themathemadcal '
 
 Y Vltv . = A, z-+o lnz
 
 (4.3.19)
 
 lim
 
 Gat flz) variesas P whenz tendsto zero. Tkis statementis writtenas .f(z)- zl as z -+ 0. (4.3.20) Thesimpie.bvt possibility for whicheqn(4.3.19) is fulfzlled is whenfor small we Ay
 
 = (lzl (1+ clz + ocl2 + .), fLz6) (4.3.21) wheze Ct c$, cz, etc-, are constants.However, is alsofulmled eqn(4.3.19) . .
 
 in more complicated cases,for dpwmple if for smallz,
 
 = C 1.a aàtl+ csr'e + .J(&) I zl> ').
 
 (4.3.22) The particularcase whenthe exponentl vaaishes maymeaa that .f(z) tuds to a etmstcntfor z -.+ 0, but it mayalsomean that .fLz4 ct ln z. ' '
 
 In accordance vith this basicassumption, for the l'-m'-tt -+ 1 several edtfccleofmenf,s crïficc! are ddned. 1.zt pvticular, for the (or indiasj ' speciâc heat: ' .x, Cp 11 11-G (4.3.23) for thesponlzmeous magnethation belowT., zrl /x.
 
 (1 t)7, -
 
 (4.3-24)
 
 andfor theinitial susceptibDity, Mniual'xz
 
 (4.3.25) beUSGIto prove(632 that lt
 
 1f 11-t. -
 
 rAn General thermodynxmx'c considerations is the same exponenta for the appronziof t to 1 fromabove or from below,andsimilarlyfox''t-Suchconsideradons alsoimpœecertainrelations betwenthese,andtheother,critic,alexponents. nus, for mvample, the induced magnedzation is
 
 'mindew hx 'w
 
 hl1 tl-'S, (4-3-26) accordîng to eqn(4.3.25). Usingmn (4.3.24)) thefeld at wlzicxA1n'R =n.g-
 
 netizationis of the orderof thespontaneous magnetization is ht '-.z 11 fI#-F'7.
 
 (4.3.27)
 
 Ontheotherhand,at this transitionbetwena strongaada wpztkfeld the enerpp of interaction ofthe feldwith themMneiRation, -:m, shoald
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 l)eof theorde,r of thethermalenergy., whichis of tite orderof (1because Cp= -T(:2ë/:T2). Therefore, ht 'w 11 àI2-#-G
 
 ttlcpt (4.3.28)
 
 Combining thisequationwitheqn (4.3.27) leadsto
 
 2/+ 't =
 
 (4.3.29) In principle,the powerlawsin eqns(4.3.23)-(4.3.25) are based(64) on experimental observationsj andare not justan arbitraryassumption. Theexpersmental valuesare (64) the Izaap ;tl 1/3and'y ;:er4/3,whereas dautheorswithitxsparticularly oveximplifed assumption ofeqn(4.2.9), a+
 
 2.
 
 leadsto p = 1/2according to eqn (4.2.16) ande?= l accorêing to eqn J1.lpn Themolecular heldapprozmation gives# = l/2andy = 1, (4.2.15). as will beclarifedin section 4.6,or as can nlgnl)eseenfromeqns(2.2.35) and(2.4.47) respectively. Thisdiscrepancy zlustratetheneedfor a more sophisticated theoretical approach, andindeed theeare more accuratetheoriesofthese, andoftheother,criticalexponents in ferromagnetksm aswell as in othe,r criticalphenomena nea,r thdr phase transitions. It shouldbe noted,however) that in prindpleit ksnot dexr whethea.n eoansionin powersof T - n shouldbevalîdc Iele awayfzomTc.Thevalueof Te b.rtheexchaage integral,J, andthelatter maychange itsdfis deterMned of thethermalerpansion with temperature) at leastbecause whichvarie the atomicdistancesIf J variesV'I;htemperature, rxl doesthe tvlnrer)f valueof Teto wlkicllme==en? at somewhat lowertemperatures seem to lead,thusdistortingtheapparentvalueof thecriticalexponents. Alsol in practiOit is not alwayseasyto resolvethe leading asymptodc term âom entxal data,œpecially whenthe behaviour is of the typeof here-Thenexçorder'correctiolfto theleading terml a little mn (4-322) awayfrt'mvthe Curiemint, may belazgeenoulto cungethe apparent valueof theleading term. are never œncerned with thesediEculties, sayingthat the Theorists measarements shouldberetrictedto thevet'yclose vidnity ofTc,butthat is oftenimpracdcal. It IUAbeennoted(651 that the bestft of #= 1+ '//# v4=1% between 4.2anê4.7in thenear vidity of Tc.A likelyartifad of handlingtheewerimentaldata(66) can looklikea change in thecritical whenTc is approached. lt is betterto use a properequation exponents of state,over a relativelywidetemperaturerange,as explained in section 4.6.It is possible, of coursej to remove most of the experimental data, sayingthat theyare not closeenough to Te,butwhenvez'yf ew pointsare leftto lookat, thedatacan beîtted to nlmostanyvalueof the critcal Unfortunately thereare indeedsomeexperimentalists whoforœ exponent. theirdataby thîstechnique to ft thecurrenttheoretical value,so that in
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 this partizmlnr feld it is oftendilcult to Kaywhatthe experimental result is. Ontop of that, thetheoriesalwaysconsîder onlythe tbulk'limit, in whicEthe volnmeof tbe systemis inqnite.Thereis nothingfundnmental ia this approach, whchis onlya matter of conveniencc, but it must be alwaysboraein miadthat it maydistortthe asymptoticbehaviour ver.y considerably. It is aotonlythat thesampleunderstudymustbeverylarge for sucà a theoryto l)ea goodapprozmation to zeality.It is thesizeoï each domainthatmustbelargeenough forsucha theoryto beaccurateenough, aadsucha requiremeat îs hardlyeveermet. Some of the critkal exponents whentheyare obtained fromthe aaalogywith otker mltybemore reliable criticalphenomena that donot bavethe equivalent of a magnetic feld and magnedc domaias. Theseare beyond the =pe of thepresentbook,whch deals onlywithferromagnetism aadnot withgeaeral s'tatistical meckanics. . The secoad of the theoriesof cdtiicalcxpoaentsis basicassamption knownas the sœlinghplmthadtà. It assnmesflrst of all the estenœ of a torrelabion lengf?l
 
 ('?x' 1# 11-M, -
 
 (4.3.30)
 
 whickmeasuresthe average distaace over whic.h fuctuationsof the mxgnetization aa'ecorrelated. It f artherassume thatin thecriticalregioajthe dominating temperature-depeadeace of all the phydcalpropertiœof the scaleis systemis onlythroughtheir dependeaœ oa this(. If the leag'th hctoz,theOrzelation increased bya cez'tain lengthshrinlcs bythesamehctor.Thetaperature region,1-1, theniacremses according to eqn(4.3.30), anda11 the phyical propertiewill alsochaage by fuxed powerlaws.Eownamel.y ever, ( -+ x for t -+ 1,axdthe lmledsystemcan 1)e rnnomalized, - be mapped 1:%.,11 on the o oae. T/is procedure is the bmsis of aa importanttool for calmllating the citical exponents) lœowxas the anoz'mclizctiongnmptheory(6:. of criticae:l Theories expoaen'ks use a general spacein d dtmeasions (3 in re.alspace) aada sph vectorwhichhaszzcompoaents (3in reallife). simplecases,smch Exceptfor severalparticnlnmly amthe Isingmodelin oae aadtwo dim-nqions h theaextsection,4.4) or theLandau (discussed theot'yetc-, the mathematickscompEcated. Eowever, it turnsout that theproblem is ver.ymuchsimplifedin theuaphysical coaditions of a very large'rl or d = 4. Therefore, some powerseric havebeendeveloped which sbouldbea goodapprofmationfor a largen aada =all
 
 (4.3.31) These, aswellas more accuratemethods, havebeeareviewed by Fisher(67j aa'dlaterupdated(O)to a certainexteat.Theyare a11 beyondthescope ofthisbook.
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 4.4 IsilzgModel A very popalarmethodfor studyingthe Edsenberg Hamiltoniaa is a.a haZalr-uybeensuggested apprrMmationwki/ in the1925doctoral thesis of lsing.Tt is baaedon l.eaving out the non-diagonal terms of the spin alongthe Eelddizection, z. matrix, aad kepingonly t'hecomponents lt meansreplacing Sz. S2= Su%% + Sïvsgp + Stxszzby only.%>Saa. Andsàcethe latter Ommute,it eectivelymeans deRMng 	 0. Theleis a slightdx-ference 1omthe ferromagnetic (orantiferromagnetic) case,in wkiekthe directionof the spin r-qJn be rever* at aay atomic dte, whilein tNeoxqeof aa alloy,A cnrnot be converted hto B. ln this casethereis thustheaddtionalconstraintthatthe totaizwecr ofatoms of eRk type mustbecomsmed. However, the mathematical technique is
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 sulcientlysimilarto makeit the same nln.mof probl%s.A =iation of this case includes thepossibilitythat .4 is aa atom whileB is a lattice of the transition1oma solid varxncswhickleadsto thetheezmodynxmscs to a kuidor a gM.Thereare alsootherphysical problems of cooperative phenomena andph%etraasitions for whicàtheIsingmodelis used,wàicà makesit belong tbltn in one on more in a bookon svtisticalmecxanics it is historically ferromagneem. However, a paxtof ferromaretism =d rxnnotbesldpped altogether. Besida,theproblem îasaa easyandelegant solution: at leas't in one dimension, whichis well worthnoting. I wilt restrictthe followhgto interactions betwœnnearestneighbouzs only,andfor the caaeof spinla,for whichduztbof the numbers trz e%n assumee,ithez' the value+1 or the value-1. Thereare some more general studies in theliterature,buttheyare rathercompicated. 1will alsorestrict cbiu'nmadeout of N spias. this sectionto tke case of a one-dimeuional Thespinat thepointt interactswithtke one at &+ 1 andthe one at ; - 1) but slce J is mssumed to be the same,the snm of all the interactioas of spinswith the onebefore themis tEesamemsthe sum of Yteractions witE thespinafterthem.Periodic boundaur conditions are also&sumed here, namelythat thespiaat pointN interactswiththeone at point 1-Equation thusbecomufor tàiscase (4.4.32) N czcz-yz- gIXBH cz. ;=l 2=: N
 
 zr=
 
 E
 
 -2JE
 
 (4.4.34)
 
 This enerr is now substituted in thepartitionftmctionof Ons (3.5.56) and(1.3.12). Forthereade,r whoàassldpped chapter 3, 1will onlyremark thatthepartitionfunctionisa geaeral stadsticimechanics f cnction,made out of tke energylevels,1omwllicàit is possible to deriveall thephysical properties ofa system in thermal equilibrbxm. Fortheeneraofmn (4.4.34) t/is functioais N
 
 Z= crz=:kl
 
 8Jfc'ztrz-yz-hzân j
 
 cpvmzi:lz=l
 
 (4.4.35)
 
 with the aotatkon
 
 K
 
 'rc
 
 2,,/ ksT r
 
 h=
 
 g;kBH . 2kBT -
 
 (4-4.36)
 
 Here* is theBoltzmann constant,axkd i1is hopedtut neitherK nor à,is confused withtheselettersMsed withdiferentmexnings in othersectionsFor the sake'ofemmetry,21ö0't is rewzittenas hcz+ hcz-h: the , because produdovertb.e seccmd termis thesnmeas thatove.rtheftrstone.Equation is then (4.4.35)
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 Z=
 
 eA'czc-z-hâez-hhez4.t . czztzzbl eN=:k1d=1
 
 (4.4.37)
 
 Themethod used hezetoeœuateZ Lsmorecomplex thanisessentialfor theone-dimensional problemThce is an easiermethod, butit worksonly if h = 0is assumed alreuy at thisstee,andit cauot begenernlîzed to two dimensions withoutcomple.x aumerical computatiomsThemethodwhkh cztn beextendeto two (but not three) dt-mensions Tam goingto descdbe almostwithoutaay change, exceptthat in two dimensions the analytic solutioncan only be #venfor h = 0. Jt is actuallya onedimensional formuhuon ofthefamous Onsageranalyticsolution ofthetwo-dimensionai Lsingmodel,published in 1944.Thissoludonis consideeto bethe real mvhxn''-cs,which brealdhrough, andthebeginning ofallmodera statistical makes it wort,hstudyingThismethodsimplifes Z b.rdevinga 2x 2 matrixwhose elements are = eK*''''+h*l*h 1j whichmakes êK > e-2X. Thezefore, term at 6m-tebut smallapplied îeld the second ia the sqaareroot ksnegligible, thehyperbolic sinefcaacels' betw-n the nnrneratorandthe denominator of mn (4.4.52), andthe magnetization looH'asif it e>apolatesto a 6n5t.e*ue at zero feld.lt maybeeazie.r to seethis efec'tin theinitialsusceptiblty,
 
 f'lMz . -a/z = lim ct 1!Tn aeax + c -ax ) t xukitiaz H....z t'?.?2'x....()(4h
 
 (4.4.53)
 
 afterdropping higherpowers ofh.It isa constantfœh = 0,butfor non-zero h,the xcondterm becomenegeble, andit seemsthat tke susceptibility divergœ msh-n3.
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 Theaverage internalenerr of theelectrons, perunit volume,as given byeqn(3.5.57), is in thiscase
 
 0 z- kszc#/ uz
 
 -
 
 .-z-wtanh
 
 sT) Lk2J ,
 
 (4.4.54)
 
 in zero appliedfeld.TMsenergycontributcto thespecifcheatof a unit volumeof thecrystal 2 0ë cn= gg = knN 2.z sechz c.z
 
 (srl jazj ,
 
 (4.4.55)
 
 functionof the temperature. whichis a continuo'as Studieswhichstart H = 0 (aslsing ori#nally fromthe assumption did)use tids resultas an indirectproofthat theone-dimensional lsing modelpredictsno stable ferromagnetism at anytemperature. Thepointksthatin a transitionfrom orderto disorderthe magneticenerr (especially the uchangeenergy) mustbeconverted into something, so thatit takesan extraheating at the transition,whichmuptappea.r as a jumpin thespecsBc heat.Indeed) even thesimplesttheoriœ(such as the Landautheozyin section4.2) predict a discontinuity of the speclc heatat 7lj andtMsjumpksobserved in all experimental evaluations of thespecifcheatof theelectrons-Yquation peak,but not a discontinuity. givesa rounded (4.4.55) froma more elegant calculation Herethisconclusion was reached ofthe actualmagnetization andinitial susceptibility, in eqns(4.4.52) and(4.4.53). Moreover, thismethodshowed that thestudyof one dimension isnot completelyacademic, because thesystemis talmost' ferromagnetic? whichmust mean that some smallperturbations as may makeit a realfezromagnet, will bediscussed in section4.5.This methodcan alsobeextended with no particular complication to cover theIsingmodelin two dimensions. For zero appliedf eld,that problem hasan analyticsolutionnot onlyfor a or a hexagonal one (6$. Details squarelattice:but even foza rectangular will not begivenhere)buttheresultis thattheIsingmodeldoesgivestable ferromagnetism in two dimensions. H prindplethis resultis wrong,because thetrue Heisenberg En.nn1'1toniau cnnnotsupportferromagnetism in lessthanthreedimensions, as provedat the endof section3.5.Howeverj it only takesa rathersmall modifcationto havereal systemswhichare jerromagnetic because they are 'nearly'one- or two-dimensional) as will bediscussed in thenext section.Forthese cases,theIsingmodel is a veryusefttltheoretical description, andindeedits resultsare in reasonably goodagreement with experiment. It is not as accurateas themore sophisticated theorio,but it appliesto the wholetemperaturerangein one analyticsolution,whichmakesit a convenient tool to use.
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 In threedimensions, or for a spinlargerthan 1, 2 the Isingmodelcan onlybesolved byapplyiag furtherapproximations, or byusingcomplicated mathematical techniques andcomputations, or b0th (69!. For thesecases theIsingmodelhasno particularadvantage over othertechniques. 4.3 Low Dimensioniity Strictlyspealdng, neithez ferromagnetism nor antiferromagnetism canefst in one or two dimensions, at leastia as muchas the Heîsenberg Hamiltonian, with a11the studyaroundit, is a goodapprovimation to physical reality.The proofof this statementwmsgivenat the endof section3.5, andthe readerwhohasskippedchapter3 shouldjusttaake my wordfor it that sucha rigorousmathematical proofexistsand that it is undeniable, involviagno approfmation.Thereis alsoa dxerentproof(70) whichis bmsed on anotherapproach, but leadsto thesameresult,nn.mely that no spontaneous magnetization sublattice can exist (or magnetization) for the Vnml'ltonian Heisenberg in one or two dimensions. However, it was shown in theprevioussectionthat the lsingmodelfor one dimension is tnearly' ferromagnetic; i.tt the senseexplained there,so tàat even a smallperturbationmay makeit a realferromagnet. Therefore, a systemwhichis only 'nearlyta one-dimensional Isingsystemmaywellbeferromagnetic (oranas longas it is not sirictlyone-dimensionat. Onesuch tiferropagnetic), systemcan bea setof one-dimensional chains,with a strongexchange interactionwithineachof the chins, andwith a weakexchange interaction interactiol can beslllcient, in some amongthe chains.This additional theferromagnetism, whilebeingtoo smallto afectthe cases;to sta'bilize resultsof the one-dimensional calculations. Sucksystemsdo est i.nzeality.Theone moétlystudiedis the crystal whichis madeofmoleculœ of (CHz)4NMnC)a, alsoknownas TMMC,for Jmmnni'um tetramethyl chloride. ln thismaterialthechainsare manganene separate' d by about9â, so that the interchnx'n couplingis (71) at least threeordersof magnitude smallerthantheintrRhain (antiferromagnetic) exckange interaction.For suchmaterials,the theoryof one-dimensional chainsis indeeda goodapproximatëon ruults, (71, 72jto the experimental includingthe memsurements of the susceptibltyand of the speclc (73J hcatof theelectrons subtractingthecontribution of the lattice). Of (after course,thetheoryis not necessarilyjust thelsingmodelandmore complex theories(74, 75)havealsobeendeveloped. ln two dimensions, the lsingmodeldoes#vea stableferromagnetism with a well-defned Curietemperature.A simplephysica: explaaation of whyferromagnetism cannoteOstin one dimension, but can n='Ktia two, ca,n be seen on pages309-10of the book (41! by Ziman,but it cannot chaage thelct that the more generalHeisenberg éamiltoniaa doesnot allowferomagnetism in two dimensions. Obviously, theïsingmssumption that the of-diagonzl elements of the spinsare' negligible is a sufdent
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 tllat can stabilizethe ferromlgnetism, perturbation in the sxme wa,yas oth6rpcturbations ca.nSometimes do it. In Kme way 1heIsingmodel, whichallowsinteractionin the z-directionbut not alongthe w or thew directionsj is a particularcase of an anksotmvic ezc&mge, whichis not the rsameas whatis describein sedion2.6underthe sxme nxme. In the is of theform preent contextit mpm.nsthattheGchange smteradion '' (m) (sr) sf(s') + Jasj(z)si,hz), JxS.2 Sj''-=) -1-JgS,q
 
 .
 
 withunequal&, Jv,andJz,andthis assumption is sometimes usedeven in theories aboutcrystalswith a highsmmetrp It hasbeennoted(7OJ that suchan exchange may be suEdentto stabilizeferromaretismin two dimension? However, thiskird of an anisokopic Gchange e.xis-ks only in some theoretical studiu, andthereis no experimental evidence for its possible etstence.Amongotherperturbations whickmayalsodothesp.me, it was shoqm(76) that with the efstenceof a dipolarinteaution(whose a twodimensional systemmay become fmwmcnetic. rangeis insnktelt A magnetic feld mayalsostabilizeferromaaetism, or at leastmakethe systemIookJik: a stableferromagnet. .'nus, theinitial susceptibility of a tw-dimensional systemrxn obey(Ma powerlaw,and divergeahwe a certaintransitiontmmperature, even thoughit doœnot reallybecome an fordinay' ferromagnet belowthat temperature.Thesamewas loted by MerminandWagner whoremarked that theirproofrulesout only. (70J, spontaneous magnetszation, butit 'doesnot exdud.e thepomibilityofother b'ndsof phasetransitions',suchas a divergiag below initial susceptibility ' a certaân temperature. all thosecases?theferromaretismmaybestabilized Besides bya small iateractionbetween thereare also hyers.Asis tEecasein one dimension, crystalswhichare salmost' theyare mMe two-dimensional systas, because of hyel'swith a stzonguchangeinteractîon betw-ntheionsin them,wVe theinteractionbeimeen In suchcrystals(711 thelayemis muchweaker. 73i thetwœdimensional theoryâts theexperimental resultsquitewell. Morecve,theemperimental studyof magnetism in two dimensions is not restricted whichoccur in nature.Shcetheinventkon anymore to materials ofmolecular be-xm epitaxy(AmE), a wholenew classof artifdalstractures hasbeeamadeandstudied. cleansingle-crystal flms These are superthin, downto one atomiclayer) separated bya11 sortsof non-magnetic hy(even Thesehyersare builtup (78) ers of anydesired thickness. intovery regular superstructures whichallowdetailed cxpen-mental andtheoretical (794 (80J studyof boththree-dimensional stmzcinre,andialmost'two-dimensional ones. It Lsa wholenew world,whichallowsthe detaâled studiesof efec% tllat havejustbeenneglected or wrongly evaluated some yearsago,sucx ai thepropertie of thesnrfaces or the exchange interadionscnmeed by theconduction electrons of a non-magnetîc metalliclayerbetween mag-
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 neticlayers,etc.In particulaz, it is cleaar now that a venrsmalliateradion betwœa uitrathinlayerscan makethewholestucture ferromagnedc (or butstrictly two-dimenskonal monohyers are paramagantiferromaaetic) nets. of magnetization in two dimemsions Kstoriely, theproblem was apby thestudyof thia 62msj cvaporated in vacuam, wllichwas not proached a very hi@vammmin thosedays.Htead of tàemanyJayers with weak interactionbetween thvm,as in themore rv>nt studymeationed in the foreming,tme Glm was mnzeout of atomiclayers5ncoasad,namelywith a RI-,/strongexckaage interaction betw-xttàem.Thequesdon whicxw.xs aadargued wmskowthicksucka layermusth before verymuchdistmsaed it hastbemagaetic propertjes of the bulkmateriala considezable in Until 1964thespinwave theorypredicted reduction thespontaneous maaetizationofîronalr/uz!yat 1û0i, or even at a larger 6eldappremationgavelarger thekness. Caltulations udngthemolecuhz Ms downto a muchsmallcu.r thîckncs,but nobodytookthemmrsously, because tkce classical rcults mast bemuchpoorerthan the quaqtumMswithdecremsing mechecalones.Experimentally, tke decreaseof thickn- wmsevemfmsterthaa the spinwave calculation, aadtheoristsmade efortsto modifjraadcorred theircalcalations i:athatdirection.Thefrst Gceptionwu thecase(8IJ of4lmqmadeina betlervacuum tllaneverybody ekse's, whio gavexdrnos''t thebulkma&etizationin Ni flms madeof only a few atomiclayers.Thisresultftted the molecnlxm âeldapprozmationy whicàa16.0 prokibîtsmagneeationat one atomiclayer,but predic'ts Ms whicbksonlyafew%belowthebulk*ue at tmoa'tomic layeri Obviously, thisexperlment was ignozed, as were Overalwhichfollowed. ' Thereal break-through was a zero-feld Mössbauer efect ent wkicbel-vml'nxted theproblem oîreaching saturatioû forveryàhînflms (82), andthepossîbltyofmagnetizatlon created bythe appliHmagnetic feld. WFewas usedlbut even +at ms not suRdentfor Eighlyenricxed (92%) layer.Theefore, separated memsuring a single were madeo by manylayers ' some uncertainty thickness. SiO,whichiatroduced in d theiraverage Still,theresultswereclearandshowed a verygreatdiscepaacywith a large ' numbe,r of previous ents:for axt iron thickness of 7.5â.the Curie is 83.,$% of its bulk value.The roomrt=peratureh ne temperature feld is only4%belowits bulkvalueat 6k thlckness, anddropsto zero onlyat an average Shickness of4.6A. Tkue resultsare quitecloseto the predichon of theoversimplised molemklar feld approzmation. Thksexperiment raisedmaayhea*ddiseneonsaadarguments. TheoristsGopted,(83) thenew rontts mtherlaicldy,andthe thKreticalspia wave calculations soon ftted them.Eximliztàe:lltnll'em tooklongerto beconthat eced thatall tkeirpreviousresultswezewrong)andkeptarguins(84) thethickness of thenew (82) flms wasnot memsured properly, or t%not somethingelsewmswrongthexe.Theywere onlyconecedaftertheGxperiment
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 in whicha ssngle Felayerwasusedaqia sourte, insteadof an absorber. (85) Thisflm was measured in thesamemcuum chamber i.!lwhc-hit hadbeea made, withoutever exposing it to theatmosphere, tkus avoiding ofdation. nr.t:.d Latermod-l4cadons a much higher vacuum, and studied tke e-Q-H (86) oî a slowdeposition rate, or of stoppiagthe deposition for a wbileand thenconthuingit, or of heating thesubstrate, etc.Tàeconclusion fzomall thesestudiewas that thereis no ferromaaetism in thelimit of one atomic layer,but that it take onlya little more thickness thanthat to stabiWe theferrom&gxetismR turnedout that the 61=qin theolderexpersments theyweœeheavilyYdized.To avoid werenot continuous Feflms,because oidation,Alrnsmustlx maderatherquicklyin a mlldentlyhizhvacuam andthendtherkeptin t'hevacuum or covered by a protadivelaye.rMore beingexposed to alr. nus theSiOused(82) for separation turnedout to lx aISO a protection against Odation-If thefzlzms cre allowMto ofdize, tkeybecome sexrateislands ofFezczfclds rathe.rthaua Gmtnuous layer. Titusthemagnetintion losseve,nfor rathe.rœck fllmsvas (8% dueto 87J thesexradoniatoisohtedislands, andnoi theeAect of fllmthinlcnv.The poîntis that smallenough ferromaaedc pxrticlesaàolosethdr magnetizationbyan efec'tknou as snpeoaumagnziLvn whichwill be discassed ilz section5.2. thuspointto the absen& of ferromagA11theoriesand experMents unless netismin two da-mensions, it is stablzedby one of the'waysmendonMin the foregoing. Thereks,howeverjone possible exception. The of Ge electronsplnrconance of Mn2+ionswas tompearatuze-depmzdenc,e measured ia a tlitcrallytwo-dimensional' layerofMn atoms,madeby (88) a cerfxin Gemicalproœss.At about2 1(4the resonance6e1ddecreased abruptly(bymore than103Oewithin0.2K)in a maaner whichis typical of a phasekansidoninto the menkyerxzrlcgnetidzrl mentioned in section 2.6.Asmendonein theforegoing, not eveuthingwhicklooksDkea magnetic is one, aadt'heevideace wouldhavebee,n more convincing witha difea'ent measurement, instead of thespinresonancewhichinvolve a largemavetic feld. However, s%e magnedsm with a veU 1owCm'ie or N&1temperature is not reallyruledout by theforegoing lf arguments. m, the ldt handsideshouldvanishat T = Te, whichmeans that 35 a(Tc)= .%+ 1. (4.6.58) Hence, H = a(T Tc)+ bTM.2, (4.6.59) -
 
 kh
 
 wherea aadè are constants.It is not diëcult to write theseconstants explidtly,in tez'msof the pltumetersof the molecular5.e1d theombut that is not nec-- Theimportantpoint to benotedisthat theyare not functionsof H, Mz or T, anddepend only on the type of ferromagnetîc material Thefrst conclusion fromeqn(4.6.59) ksthat for H = 0, x (Q T)-1 t -?G2 -
 
 andthat
 
 (4.6.60)
 
 cx Mz/Ao: tT'c T)-Z. Xioîtsal (4.6.61) Accordingto the de6niûons in secticn4.3,this means that the critical ecponentsfor t'hemolecular âeldapproomations are /3= 1/2and..f= 1, az statedwithoutproofin that section. Thesecond conclusîon fz'omthat muationis that if expezimental data for Mzat diFerent feldsandtemperatureare plottedas Mzzp.s.HIM..at
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 SI
 
 const=t tempuatures, theyshould bestraightliuesin thekriiicalregiont: namelywhentemperatures are not veryfaz fzomthe Curiepott. The interceptof thue Dneswith the (HjMz)->m's is posîtiveif T > Tc,and negative if T < Te-Theadvantage of this ldndof plottingforan accuraie of Teis verydearandobvious. It shouldonlybenotedthai determination thedatafor1ow îelds,ihatdond ft these stzaightlines, mustbediscarded, because theyrepresent whicxare magnetized itz avezaging over domna-nn d'lerent direciions. Thispointwas Alws-qzly empha-zed in the GEreport whichwaraedthat in theseequatonsMz 'repreentsthemrvqured (894, magnetization of the bulkmaterials onlyif domain alignment is complete', whichmeans avoiding âeldsthat are too small. Evenwhenthee plotsare not siraightlines(because real matersals donot obeythemolecular feld thez'y) theyare still qaiteuseful(902 for detmmiaing theCuriepoht,because of thecleardistinction of theiatvcept for thet=peratnre to beahweor belowTc.However, thereare decultiœ in Hrapolatingmzrves,because thehumaneyecxn onlyreallydealwîth straightlines.Thereare n.lpndiKculties(90) in deddingwhereihe Emit of thelow-fclddata1. Therefore, it was foundGtter (91J to includethe critical ezptmezlt.v of section 4.3, and tzy to ft cll the experimental proper dataîn ihe critkal re#on to the eqnation o.fstate,
 
 H ï/@= z - zc + sfa Q
 
 y.rz 1/# Ml .
 
 (4.6.62)
 
 wherethe parxmetezs so that a plot of Mz1/p 'p:. 'y and p are chosen at a constant T gives a 'set of staigh.t lines.Thisset of plots, (S/MaIVT whickwas giventhenxrne tArrottplots')becaaethestandardtechnique usedby rnn.nyworkers as routine.E8wever, threepointswhichwerc emphuizedin that paper(91) were hter forgotten or ignored, andare worih rewatinghere: 1. Equation(4.6.62) is onlyone of m=y po%ibilities to lteepthe sxrne exponents p and'y at thecriticalregion,andthechoicemay depend on howwidethis regionis dp6ned to be. 2. Thevalues oftheexponenis and âom the p 't cannotbedeternn-nM ft io the experimenial daiaio any decentMcuracy,becaase theft loolcsvezymuchthe skltmeover a widerangeof the valuesof ihœe pxrxmeters3. Thereis no wayto ph-mlnxtethecurvatureof thedaiafor nerylom Jdds.Thebœt way is to ignorethem;see in particularthe data pointsin Fig.3 of that paper,andalso(65). An equatîon of state hasalsob- proposed for the wholerange (50) of temperatures, not onlythe criticalregiowandis #ve,n by mn (3.5.74) here.Fort $:, 1 it becomes the same as eqn(4.6.62), but only for H = 0-
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 Anempiricalgenervzation of eqn(3.5.74) whichshouldapplyto anyEeld zero up to saturation) hasbeenproposed andcompared with (gom (921, someexperimental datafromthe literature.Eowever, thae datadidnotgo than that was not reallyany bettez up to a Mghfeld, andthe agreement whichcouldbeobtained fromeqn(4.6.62). Also,theft was not verygoodl mainlybecause c2îthe experimental datawere usedfor the least-square thelow-felddatashouldhavebeenkeptout of it, because ftting, whereas theyrepresentonly the rearrangement of domains. At any rate,this idea did not catchon, andnobody elsetriedto use that equation for anyother experimental data.It shouldbe noted,though,that bothFig. 1.2andFig. 2.1ia this bookhaveactuallybeenplotte with the use of that fozmulal andwith J = 0.368andc = 1.112. lt was frst notedby Wohlfarth that theArrottplotsshouldbecome (93) curved,if the materialis not homogeneous. Eis approach was ex-tended some featuruof (94jby severalothers,andlaterused(95, 96!to explaân theseplotsin amoIpho'as whichare very heterogeneous infezwromcgnets deed.Nevertheless? this theorywas forgotten., andfor severa.l the ye'az's same curvaturewas attributedto some specialproperties of amorphous materials, predicted by a theozybasedon a ,fzrst-order perturbation of the EeisenbergEamiltonian, whichwassupposed to applyat nerylowmcgnetï: In spiteofa1lthewnma'ngs aginst suchan approach, asemphasized Selds. izb.thepresentsectionandin section4.1, dozens of experimentalists hurriedto produce low-feldArrott plots,to comparewith that non-physical theory.Detailsare beyondthe scopeof this book,but it shouldbenoted thatby introdudng the amorphidtyas a Gaussian distribution ofexchange interactions, an excellent ît to some experimental datawas obtahed(97) providedthat tlte ltv-/eltfdata'tpez'eeîclnded Thistheory FomtheStting. used8 adjustable not a2 ofwhichwere reallynecessary, and parameters, therewaa actuallyno dcculty in keeping, for example, the accepted theoreticalmluesof the criticalexmnentsp and't, whichwouldhavegive,n almostas g*d a ft. It was justa tacticalerror to Gsiston showing, in thesame paper,that the experimental valuesof theseexponents are unreliable,by ftting the datawith very d'Xerentvaluesof # andq. H this feld ofcriticalexponents, theorists got usedto tellingtheexperimentalists the dcorrect'xaluesto whichtheyshouldft their data,whichis against the traditionofphysicsia any otherfeld.Therefore, that thedata showing couldbeftted verywell,f or example, withy = 2.2was takenas a heresy, andneitherthePltysicalSede'tp nor the Jonmal@J ApplodPFzrt/àc.s would publishit. lt was eventually published crd (97jin JotzmclH Magnetism Magnetic Materialsandignoredby everybody.
 
 5 ANISOTROPY AND TIME EFFECTS 5.1 Am*rsotropy.
 
 TheHeisenberg Hxmîltoniaa is completely isotropic,a'adits eaeralevels donot depend in spaœi.x wlzicxtheeryst.al on thedirecdon ismaoetized. measured Throughout theprevious chapters the magnetizadon was consis' 'on is thedizecdon tentlydenoted byMx,wherethez of tb.eapplied feld. lt do%not reily haveanymeaniagin thelirnl'tof zero appëMfeldz for whic,h mostof theœculadons haveb-n done.In fad, theconcleon froma2the calculadons described has so far is thata fcromagnetic a certainmagnetic momentJzjwhose z-cmponentis a certainfunctionof thetemperature. WeHow that at 1owtemperatm'œ mœtof tb.espH are parallelto z, but thisz hasnot beendefnedyet, aadwill beintroduced here. . Eoweverj beforede6nlng tYs direztion, it ksKustrativeto consider the behaviotu ofaferromaaetic Nrdclein thecaseofcomplete isotropy, when a11 direcdons in spaceare equivaleat andthe choiceof z is crsitmrp.At 1owtemperatures, strongGxcAange forcesholdthe spinsparallelto each of thee spinsdefnes other,andthedizection theOectionin spaceofthe magnetic moment>, wkc.llis g)&Btimesthevectorialsum of thespins. Let this Jz beat azt aagle0 to a %ed magneicseldH. Theenerr of theineRtion betw- the feld azdthemagnetizadon ofthe partideis Hownto be -lts'= 0. TheMorey at thermalequLbriumtàeprobability =gle 0 at a temperakzre T is proportional ofhaving a particular to e OS 8 whae yH == z
 
 (5.1.1)
 
 NT ,
 
 andks is the Boltzmann constant.Heace, theaverage for aa ensemble of particles is
 
 (cos p)=
 
 %' eœcoe# ezcthedl sh 9dpd4 (tcosp J2'*' u(h -.0 J= 0 eos9 1.) x = = z,(z), zx 'r lea'xloepl''' û Jolz emcospsu ots ds -
 
 (5.1.2)
 
 where = e-oth z f?(z)
 
 -
 
 1
 
 -
 
 (5.1-3)
 
 is exlledtheLangeein It is readilyseenthat theLangevia function fmction. is thelimit of theBrillouinlnction of eqn(2.1.15) for S -+ x.
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 Theleft-handsideof eqn (5.1.2) is the componentparallelto H of a unit vectori.athe directionof the magnetimation, by the desnitionof the angle9,np.rnely MH == >N (cos 8)c= 2) , (5.1.4)
 
 IMI
 
 ksT
 
 whichprovesthat a2lferromaoetsare actuallyjust paramagnets. And thereis no mistakein thisalgebra: thereare onlytwo diferences between this calculation andthe studyof a gasof paramagnetic atomsin section 2.1.Oneis that thefunction8 is continuous here,whilethismriablehad valuesin section2.1,andthe otheris that the magneticmoment discrete Jz,was that of a singleatom there,whilehereit is the momentof a large numberof atoms,couple'd together. However, thc second dilerenceis only quantitativeandnot qualitative,andthe frst one shouldnot makeany drerence,especially sincethe energylevelsof a largespinnumberS are mriable.lt is thustmtethat veryclosetogetherandlooklikea continuous if therewere no otherenera termbesides the isotropicHeisenberg Hamiltonian,it wouldhavebeenimpossible to measureany magnetism in zero appliedS.eld, and therewouldbe no meaning to a Curietemperature? or critiY exponents, or aayof theothernicefeatures mentioned ànthe previous chapters. Theorists whocalculate thesepropertienever pay attention to the fact that the possibility of measuring that whichtheycalculate is onlydueto an extraenera term,whichtheyalways leaveout. Of courseza magnetization as in eqn(5.1.4), whichis zero in zero appliedfeld,conlradicts notonlyexperiments that produce Fig. 3..1.It is also experience that, for example, theparticlesin in confictwith theeveryday an audioor videotapestaymagnetized anddonot losethe recorded informationwhenthe writingfeld is switched o1.lt is because real magnetic materialsare not isotropicandnot a11ulues of the angle0 are equally probable. Thereare several typesof anisotropy) themostcommon ofwhich is the magnstocrystalline anisotropy,caused bythe spin-orbitinteraction. The electronorbitsare linkedto the crystallographic structure,andby their interactionwith the spinsthey makethe latterJzre/'er to alignalong well-def nedcrystallographic aaes. Thereare therefore directions in space in whichit is easierto magnetize a givencrystalthanin otherdirections. Thediference can beexpressed as a direction-dependent energyterm. smallcompared Themagnetocrystalline with the exenera is usuazly changeenergpThemagnitnde ofMa(T) is determined almostonlybythe exchange, asin the calculations ofthe previouschapters,andthe contribution of theanisotropyis negligible the knownferromagnetic f or almosta11 materials. But thedirection of themagnetization isdetermined onlybythis anisotropy, because the exchange is indiFerent to the directionin space. Therefore, the axis z of the quantiMtiondirectionis alwaysa direction for whichthe anisotropyenera is a minimum.lt hasnothingto dowith
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 the directionof the feld H, even if some of thephrasing in theprevious chap%rs have led to the conclttdon that H is pazallel t/o z. ln always may realDfethe Eeldrnxy beappliedat anyangleto the intnvnaldirectionof theanisotropy a'Hs,as hasbe%hiutedat h Fig. 2.2. It may be worthnotingthat theoriu efst for the case of a large aOotropyenergy,whichis aot negli#ble compared with the exGange. Lfsuchmaterials couldbefound,theirmagnethation andeve,ntheir (981 ia diferentdiredons.It Curiepoint(99) wouldbedxerentwhenmeasured shouldalsobenotedthataddinganisotropy is not suëdentyetfor subdtvidingthe(xystalsintothedomaiumentioned ln section4.1.Theexchange tziesto alir a11 the spinspaeallel to eachother,and theanisotropy tries to alignthemalonga certaincrystallographic direction.Together, theytr.g to that directien: andthe diviâion Y'tOdomains to alignall spinsparatlel mustbecaused byret anotherepergyterm)to bediscussed in seuon 6.2. However) once thedomazns are there,the anisotropy termwill try energy to alignthe ma>etizationin e-ac.h of themaiongone of theaxes of its enare thusregularly arrangdalongwell-dezne err minimum.Thedomains directions) andare not randomly oriented, asWeiss ori - y assnmed. eeuationofthe spin-orbitinteacdonfrombasicprindQuantitative plesks(100J possiblel but the accuracyis iaadœmate, as is the casewith tke exchange integzalsTherefore, anisotropy energies are always wriitenas phenomenological Gpressions, whicàare actuallypowerseriesexpansions thattakeintoaccountthecrystalsyznmetrsandtke coeldentsare iaken e>n only be writte,afor a specifc fzomGperiment.Specifcex-prfmlo:as crystallinesmmetur,as Lsdonein thefollowing.
 
 5.1.1 UniazizlXnïsofrom The anisotropy of haagonalcrwb-lal.s is a funciionof onlyone parameter) theangle6 betweea the o-nvn'qandthe dsrection of themagnetization. lt is knownfromexperiment that the eaera Lssymmetricwith respect'to the fzoma powerseries cyplane,so that oddpowersof cosomaybeeh'mlnated expansion fozt:e anisotropy enerr dens,.Its frst twotarmsalwethus Kgmh Ou = -.% cos29 + Kgc>4 $ = -Jqm2 z + z) (5.1.5) wherez is parallelto theczystallographic c-axis,andm is a unit vector paralle.l to the magnetization vector) m
 
 =
 
 M -
 
 IM1
 
 (5.1.6)
 
 The subscript1ùis nrv!w.d here,because this Hnd of anisotropyis usaally referredto as a nniax one. ThecoeEcients Kk and Kg are constants whichdepend on thetemperature. Tkeirvaluearetakenfrom ents. H principlethe expansionin eqn(5.1.5) be carried to Mgher orders, may
 
 ANBOTROPY ANDTM EFFECTS matRn-nh but noneof theHownferromaNeiic seemto requireit. H most =es even the term with Jfa is negligible, andmxnyexperiments mayl)e 0 in eqn (5.1.5) or >xqn Wereare, htlwever, (s-1.7). mater-nlq for whichKz < %aadfor theem thec-ax-kksa hardHs, w1:,1z aû hexagonpl ferriteshaveAlKna ctArLni'n to it. Some easyJlcneperpendiculaz xmountof auisotropy uâtldn(8)theayplane,but it Lsiways smaz,andLs at mcs'tjustbarelymeasrable. It will beignoredhere. 5.1.2 Xbic Xnis/lrop# For c'tzsïc ccstaàtheexpansion shoid l)euachaaged if z Lsreplaced by etc., when the axes z, and z are desned along t:e czystallographic p, y, axes.Again,Vd powers are nlledout audthe lowœt-order combl'nniion whichfts t;e cubicsymmetnr Lsm2z+m2v+m2z)buttllis isjusta constant. Therefore, theexpamsion starts Gt.Nthefourthpowerandis actually 'J;c =
 
 a20,2 0,2.2 .2.2 Kgv,z X1(m2m2 x y +. p z + z z )+ z y
 
 z:
 
 (5.1.8)
 
 whereherethevalues ofJGaadJfaare alsotakenfromexperiments, and theyalsodependon thetemperature.Hereagainthe expaasion maybe carriedto higherorder:butit isnot necœsary for anyknowa ferromaaet. -' ' m4 Some workers prefeto replace theexprerxsion withX1 by 1(zr/ z . + v+ zr4l,but witàoutchangtgthe secondterm with K1. Thissubstau'hon doesnot nloange thecpeEcients, because = k. (5.1.$ mx4+m.*+m.4+2(p12zr:2+,r:2,r:2+,r:2p:2) a x v a x = (m2+w2+w2)2 = z t!l v z v
 
 Cubicmaterialsezst with eithersignfœKï. Fornvxmple,Kz > 0 for Fe, so that the easyaxes are along(100), whileKï < 0 for Ni andthe easy axes are alongthe bodydîagonals, (111).
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 If M is the same everywhere, the aboveexpresions for the eaergy densityhaveto bemultipliedby thevolumeof the c to obtainthe aaisotropy enerw.Ho=ver,if M (orm)is a functionof space,as Lsthe case in some problems discussed in the followiag fin.pters,theeneroris S=
 
 J dr, m
 
 (5.1.1 0)
 
 whee'tp stands foreither'tt/uor 'tt/c(oxanyothe foz.m of anisotzopy, msthe casemaybe) andtheintegrationis over the volumeof theferromMnet. 5.1.3 Mzgnetostriction Thereare o'ther formsof anisotropybeidu the magaetocrystalline one. 0neof themis dueto an Kect whie hadalreadyb- observed in the 19thcentursaad#veathename magnetosyctiow whena ferromagnet is magnethedy it shn'nv (oreq3a11ds) in thedirectioaof themagnetization. StrictlyspduBlng, sac.han ect inml-vdate eventhedeînitionof M as the dipolemomentper unit volume, because the Cunitvolume'itselfchangœ with the magnetizzation, whichchanges wîth the appliedfeld. lt Lsalso quiteclearthat whendomains are maretizedt=dtherdorechange their in dxerentdirections, therecaa bea misft of thecrystnllîne dsmensions) latticeat the boundary between suckdomn.inq, wbicxwouldlèadto azt utra strain energy.Sucheec'tshaveb- studied(101, for some 102) simplecases,butthe problem of themavethationin a delornvble body is outsidethescopeofthis book.Eveni'tsmathemntical formuladon (103) Lsex-tremely complicated aadha,sneve.rb-n Rllly developed; not evenfor the case whenthe sampleLs(104) mMnetkallysa*rated.lt is therefore csumedherethat all bodieare Bid, andall thesemagnetoelaztic efecfs will bejus'toored.Onlythreeremarksmust be madebefore dropping tMssubject. OneLsthat a largepartofthe energyof theinternalmagnetostriction in rAn beexpressed a ferromoedcczystal in thesamemathematical formas anisotropz theuniafal or cubicmagnetocrystalline gîvenin thefœegoing. WhenthecoeEdents A'1andKg are calculated frombasicprinciples, the of thismagnetostriction contribution shouldbeadded. ButwhentheOeEdentsare takenfzomeoeriment, thiscontribudon isalrevyinduded, and nothingis rpmllyVglected bynot mentioning it. Thesecond pointis that it is possible to addanother dimension by mGsuringfezromanetic crystals underpressure.To a îrst-orderapprovl-mation, suc.h - entse%n be xnnlyM 21G5, 1G6a as = extra aaisotrop.y 1fvm. ()f cou-, the eas'y 107) axes of this t-rm depend on the appliedpressure, anddonot necessadly coioddewith the crystallogmphic =e,Sof thematerial.In thesecasu taad alsoin Hme c s withonlyau internalstraân andno external pressure) it mxy beprBmïble to have*th. cubicandunieal anisotropytermsin the
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 sxrne nmple.Thethird remarkis that some ftrst-order theoriœe-fst fœ the e;u of internalstraiasat custallineimperfections particulara œrtaindistzibution of dislocadons or impurityatoms(110) and (108, 109) otherddects(111J) on theapproaG to saturation. Thereare alsomany(.:x-
 
 (in
 
 that tlïc introduction pœiments whichshow(112, 113,114) of dislocations andtheirremoval(byaanealing) ha.sa hrgeefecton themea(bym''lBngl withthe largemagnetostriction suredcoercinity. Thiseeedis connected in for whichthereLsa detailedtheoryg115), thevicinityof thedislocations, but it is outside thescopeof thisbook. 5.1.4 Oler Cae.s Otherformsof anisotropy includethe shanecnfsofm.py, originaung from magnetostatic properties, whicxwill be dinntu%ed in section6.1.t'11the case of thx'nmagnetic flmsthereis alsoanotherform,krttvn msindced crlïrezv. It was a very popularsublect in the 195œand1960s,when therewere maayexpersoental investigations of thia ftlms,mostlymade of permuoy,whichis an alloyof about80%Ni and20%Fe.It was then at an oblique angleto thesubstrate, folmdthatwhentheAlm is deposited or whena largemagndic feldLsapplle dlm-ng the (oreven electric(H6J) deposëtion, a uniafal azdsotropy of thefnr'mof ecm(5.1.5) or eqn(5.1.7) developed in the plaaeof the âlm. Applyingand removinga maaetic feld (with or withoutRmmealing thesample) couldalsoinducea uniatal aaisotropy that was usuallyreferred to as a =tatabêe xnl-Kotropy. Thelatter waa also' observed in the bulk (11C andin cobaltlll8). Eowever, in spite of thewideTinterest at the time,theorîginof thesephenomena hasnever beenGxllyestablished. The conduoa'of a 1962review(119) was that the inducedxnl-sotzopy is- very compEcated andit is not fully understood', audin 1964thep was (120) that the problem tis too complexfor a complete quxntivdveeeatment',wVe a 1969paper(121) statedthat - - - is a tthemeclmnl-Km to be iavestigated'. Themcuum usedin mzbject thœe(1a.>was not gxd enough,seesection4-5,andit is quttepo%iblc that cxygenplaye a role(122) ia someof thueefeds.lnhomogeaeities ofr composition aadof phase(124) were shown to be part of i%andthe (123) pfwqx-ble eed of impuritiœwas demonstrated bytheenhancement of (125) thisnniKokopy whenuothermeual was codeposited withthepermalloy. An iaternnlstrxi'nmnyhave-also playeda part.NoneoftheseGectswa,s (126) ever fullyclarifed,nor was thereanyrealadmnce lalr, andsomefeatures ofthe induced anisotropy are noteasyto t.:xpln.''n evenin themore moden eoeriments.It was not so muchtkat thepzoblem was too diEcult,but that mostpeoplejastlostinterestin thuekndsofexperiments, although some are still (127, beingreported. 12%129) 6lmswas that theywere polyAn interestingfeature of the permalloy crystalline,ï-c. they were madeofrsmallcrystalswhose custallographic axes were randomly oriented.Therefore, theyhada localcubicanksotropy
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 whoseeasyaxeswere alsorandomiy oriented,besides theovmrxllunia'dal anisotropy. TMsrandomanisotropy caused a rfmle:tacjura (130, 131) tEedirectionof the magnetization ia eachof thedomxinswiRled mghily aroundits average direction.The theoryof this ripple(orwiggling) was quitestraightforward andwas A.1Mv-n-Bed7331 by ferromaaetic (132): reson=ce. Theexchange andovea'a,z anisotropy tendto keepthemagnetizationin ezmhdomainparallelto the Mm!A.='x1 easyaais:whiletherandom auisotropy tria to tilt it into a diFerentOectionfor eachcrystxllite.The competitbn between themrœultsin theformertwo strongforces. keeping themagnetization directionnearlyconstant,but theyyielda little to theweakerjrandomterm,allowinga smalltilt in eachcrystallite towards thelocdeasyA=-Kof the cubicanisotropy. nen n.mozphons fcrromloets weze ârstmade,it was still takenfor grantedthat the same argument aboutrandomanisotropy in thesmallpermalloy crystnlllte appliœJust ms wellto therandomlocalanisotropy oftheions.Therdore, theeFectshould besimilarg134), namelythereshouldbea ripplestructurewith a (Mrixa'n smearing theory(critidzed alof thecriticalregion.Thenon-phykcal (95) reMytowards theendof section4.6), according to whicxtheoccurrence of a random=isokopy,no matterà/'tcsmalltmust leadto a drastically dxerentqnalitatkne bGaviour,cngneonlylater. Whena certainthink'ness of the Glmis deposited with an anisotropy induced alonga chosen di-ction andthe rest of it is deposited with the xn-lsotropy direction, a spedalformof a sïczïclor. iniucedalongad@erent even tyexdclq13,$) anisotropy is obtplned.Otherspenlnl,artiidal type.sof anisotropy havebeenobtained by depvtion (136) on a scratched substrate.
 
 5.1.5 Snöace Wzzfaoàmzp Thereare several contributions to thisterm, themostimportazd of wltdcà wmssuggested bac,k in 1954by Néel,whopoino out theimportance cf of a ferromagnet. Thespin at the thereducedsymmetzyat the sudace on one sideandnone on the otherside, suore IUA a neazwtneighbour so that the exnbn.nge energytherecannotbethe same aa in the bullc.A non-maveticmetaldepœited on a ferromagnetic one #ves(13*6 138,139) for thesurlce spins,andso does(140q an evemdeerenteavironment the ferromagnets. intmrlœbetw-ntwod@erent Theeasiest cue to considerij that of a thin flm, because in thiscaseit is possible to compute theactual for eacàatomiclayerto a reasonable wave f unctions accuracpCalcalations for a fewatomiclayeers azepossible andshow(80, 141,142) that it LG not onlytheefectof the lat laye on thesurfazeo but it mesrz'ia inwardsto a fewmore. Theproblemis more complicated for othergeometries, andit is not even clearto whate'xetent theresultson thin Glmsare applicable to them.However, froma phenomelfolo#cal pointof view,anysurface enerr of the surfacespinsto be dther paraoelor term shouldbe a tendency perpendicnlnm to thesurface, ia thertme wayas thethinAlrnenerr termis
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 esotropywhœeeasynan'nLs(143, dtherpazuelor perpendicular lz14! to the Slrn plane.Therefore, to a Ot-order approvimation any thezy shouldleadto an enera termof theform
 
 all
 
 1
 
 s. = yft'a (u- m)c #,5,
 
 (5.1.11)
 
 wherem is defnedin eqn(5.1.6), the iatepationis over thesurface of'tàe ferromaoet,andn is a unlt vectorparallelto thenormalmintingout of thesurface. Thecoexde'nt Ks shouldlx *e.n fromexperiment, butthere experiments are not manydear-cut whichmraluate thisparameter, andits valuefor anygive.n ferromavehcmaterialis oftencontzoversial. Theform of eqn(5.1.11) mssumes that the sndarpesoàopy Ls 214x% a geometrical featmethat depends only on the sltapeof the surface. lt is alsopossible to imagine(1461 a surface anisotropycaused by thereduced 'of thespin-orbltinteractionat the surfce.lt can leadto an s'ymmetzy themagnetization at thesurfMe enerr thatdepodsoa tkeanglebetwœn aadthe awtaaographic axe,sof thematerial, beside,or insteadot ew Computations 1om 'Iaalic pzindplpson single-crystal flms (142) (5.1.11). together. Theycouldbe designed to showthe containbothjossibilities GCSC't of eachone separately, andthe quutiox couldalsobeclxrifM by propelydesigned experiments whichhasnot beendoneyet. (791, Thee'nergy term in mn (5.1.11) is thefrst indication in thisbookof a possible spaa-dependence of themagnetizadon. If thesurfReanisotropy prefersa rlleerentdirectionfromtkat of the zlnllkntzrlyy in thebulk,it is concdvable that thema&etizationvectorwi!l poht alongthebulk easy n='q in mostof the graduallyturn into a diferent crystalandwill the.11 directionwhenit approaches the sarfazeOf courseolt exn happenonly if the surfMeYsotropy enea'g.r is largeenoughto compensate for the workthatneeds to bedoneagm'nqt theexchaage whichprdersfull energy, alignment.It is illumimating to think of ftA''Kposslbilit.y eve.nat thisstage because it containssome of theimportut featuresof the magnetœtatic dxerentcasesnl= share Oergythatwmbehtxducedin secîon6.1.These theconamonpropertythat thcsy are automatknllyiaozedia a calcalation that mssumes azkinsnite crystal,whichdoesnot havea surface. 5.1.6 'Eqmvimental Mefzods for measnring Thereare several methods thecoeEdents Kï andKa of the magnetocrystxllln is measured, e anisotropy. Usuallythe total xn-lsotzopy andthe shapeanisotropyof the swple must beknownandsubtracted. Themostcommon methodis knownaa the iorquectzzva the c'rystalis by a feld appliedat dceyre'nt magnetized anglesto the crystallovaphic axa, aad a tomionbnlxnce is usedto measurethe resultiagmechanical torque.'ne applied feldmustl)e(1411 largeenough to removethemagnetic
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 domaîns thememsured valuœ. but not so largethat it afHs (149) (148j Evenau eledrufeld may somdimesafct (1501 the m=ured valuœThe'mathemadcal formof theangulardependence of the torqueis usually knowaas one of theetpwt--onsin theforegoing, or a tfansformation (127) in some caes of them,but the analysisof thedatais alsopossible (151) for whichthe symmetrzLsnot knownin advance. TV methodjs usually appliedto singlecrystalsonly,butuadercertaincondidonsj torquecuzvœ caa (113, determine the distribution of tbe magnitudc of aaisoeopy 152) 61mnYth in a powderwit: racdomdlectionsof easyafs. Measudng dlferentthieaesses rxn alsoyidd (153, 154,155) the snöace Ysotropy. Othermethods haveto relymore heavilyon thetheoretical interpreto tion of whatis measared. Theyinclude; 1. Measurement of themagaetization in largeapplied felds,f.e.in what LsWovaas the approach to .scftlmïftzrz 1n re#on. this re#onit is suëcientto use a lineartheoryby neglecting higherorders(1561 of the magnetlationcomponent perpendicular to the applied îeld, and thereare n.l!m(15% empiricalrules. 2. FerromMnetic resonaaceln thegeometzy of thin Glms.Thetheory is well understood section and (see 10-1), theanalydsof thedata eAn yieldnot onlythebulkxnlgntropy constant,batalso/thatof the ' 154, 159, aisotropy. snrface 15% (143, 160! 3. Thetransnerse initiat suxeptibility, dvnedas Em 8Mn, Xz= JJx..+0 agz -
 
 (5.1.12)
 
 is plotte versusa béaJcîdHA.O1dcalculatitns were based on (161J a certatnmodelof Stoner andWo%lfa.rth, wûichwill bedîscussed in is madeof particles, section5.4.Thismodeln.%cumes that thesample andthat thereis no spacedependence of tke magnetization witàin eachpaztide.Theo1dtheorypredidedcwnçsin this susœptibility whenH. reaches oae of thevalue -KïIMsand+2KïlM>Such in theolderexperiment's. Theywere cuspscouldnoi beseen g1611 laër foundto exist(162, i.ntheformofrounded pealqs 163) (although insteadof c'usps) in fILCUgVaiIIGI ferrites,but not in coarse-grained ones,whicbmustbe subdivided intodomains. Thistechnique Lsquite popula.r nowadays, especially fozmatlrinlqwitk largevaluc of (1641 Kz, for whichit hasbeendescrîbed as 'euy to hxndle'and (16S) ûan interesting alternadve'to othermethodsImprovements in this of Kg as well. method(166) allowtheevaluation 4. Singularitiœ in the zamllessusceptibility were alsopredicteê(161) but not observed, till a more complete analysis 1edto themeae (167) surementof the derizabine of thesuscepdbility, namely&*tMxl0H2z.
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 Thismethodworks(168) for coarsegrains,wheneachczystallîte conIf this deri=tiveksdetected harmonic tainsdomains. by its second cmm bemeasured. the distributionof anisotropies response, (169) 5.2 Superparnmagnetism Beforeintroducing amother enerprterm,it shouldbeinstructiveto study thechange whichtheintroduction oftheanisotropy madein thecalculation at the beginning of theprevious section.Consider a groupof particles, sa.y TA Kz spheres for example, hadnga uniaxGal anisotropy as in eqn(5.1.7). benesected for simplicit'y, although includingit doesnot rfolly complicate thccalculation. It onlyrequireto choose a specifc valueofK2(K1 forany particularevxm ple.If the magnetic momentp. of a particleis at an anglc8 to the easyafs z, anda magnetic feld H is appliedalongz, i.& at 0 = % thetotal energyis S = XiF sin2$- gKcosot (5.2.13) whereJ'ris thevolume of theparticle.Thisfunctionis plottedia Fig.5.1vs. #.Obviously, theBoltzmann distributioncannotbeusedas in eqn(5.1.2), because not all amgles are equally probablea zzvforb. Thereare two mirdma, one at 8 = Oandone at 8 = Jzïy whose are enerbes
 
 à7l= -gH
 
 alld
 
 (5,2.14)
 
 respectively, withan energybarrierbetween them.In thermalequilibrium, themagnetization will tendto bein the vkinity of theseminima. Actually,for sucha confguration the question is not whatthc thermal equihbrium is, butwhetherthat equilibrium ls reached at a11 undernormal conditions. As a roughapprozmation one can assumethat themagnetization vectorsof theparticlesspendcIl their timein one of the dircctions of themimsma,.and no timeat a2lat an.y directionin between. ((n. thatcase,the numberof particlejumping over thebarrierfromMnimum1 to minimum 2 Lsa functiononlyof theheightof theenerprbarrier,Sm- XgwhereSm Thelattcrcan beevaluated is the energyat the memum (see Fig. 5.1). by equatingto Othe derivative of eqn(5.2.13): sin8(2A%V' cos8+ pHj= 0.
 
 (5.2.15)
 
 en'ergieare given The solutionsinp= 0 leadsto the two minimawhose by eqn(5.2.14). Thcothersolutionjsihemazmum,at = cOS8
 
 yH . 2N17
 
 (5-2-16)
 
 Whenit is substituted in eqn (5.2.13), the cnergyat the maximum is found to be
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 FIG.5.1. Theftmaionof eqn(5.2.13) plottedfor p,s'= 0.15JGF. HMs 2 p.2+ zk = Aezy+ 4.Y:7= Aez&r1+ 2A%
 
 .
 
 (5.2.17)
 
 Thesecond relationis obtained 9om thedeinitionof g as the magnetic momentof ev.hof theparticlœ,aadof tke magnetization vectorM as the magneticmcmentper uaitvolume.n1K defnitionmpxns that g = FM, namelyg = Msï'r,sinceM, as defnedin sedion4.1is the ma>tude of cf magnetic domains. M in the absence Therefore, thenumber ofparticlesjumping over thebarzier 1omrnlm-mum 1 tc minimum 2 perunit Mmerxn bewrittenms n2
 
 =
 
 = cste-plkhvjk+Hllçx? f1ze-pfrm-4'àl ,
 
 (5a )8) .
 
 .
 
 wherec1ais a constaat,#is defnedin eqn(1.3.12)j and
 
 Fx
 
 =
 
 2A15r 2TG = .
 
 p.
 
 Ms
 
 .
 
 (5.2.19)
 
 Simjlarly, thenumberofparticles over the barderfromrninianm jumping 2 k) minimum1 per unit timeis L'2l = t;21e-#(:m-8a) .
 
 Az.-#xyv(1-A/Ax)2,
 
 (5z.zc) -
 
 whe.ré cza:is anotherconstRt. Jathe particularcase H = 0 the bmier Ls thesamei.n dtlter Oedion,aadthesetwo constantsmust bethesame.
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 Jathis c- it is more convenient to consider the relazation time.r, which is the average timeit takesthe systemto jumpfromone miimtlm to the other,insteadof the probability of this jumpper unit ume. Oneis tbe reiprocalof theother,andthe predousequations mayberewdtten(for H = 0)as 1= Ae-. M:,h a = A%V' , (5.2.21) r
 
 *T
 
 whereS îs a constantthat hasthe dîmensions of frequenc'p The original s-' but recently etimateof Ntxel was h = 109 it hxsbecome more cuss-1. Of course, this constantis not necessarily tomarytzl takejz = 10$0 the samefor dsferentferromagnetic materials. Strictlyspenn'og, cw andc2l (orA) are Onstantsonlyif themMne-. tizationem.naot ever be at aztyotherangle0 aadis alwarsin one of the two enea'vTnA'n'xm a. 1$rxn onlyhappen if thezninimahavezero widths. ïn any realisticcaze,thereis a fnite probabltyof spending some cf the time in the virqnl' ty of eithezrninimlxvn , iztwhicbcasethepre-exponential œelcientsctz andcazare functions ofthetemperature andoftheapplied feld H. Eowever, if theminimaare rathernarrow aadthe barrierenera is ratherlargejit em'nbe exwctedthat ezz audozz (or.Jc) haveonly a 'lnenk dependence on T az!d H, whic,h is negëgiblewhen compared withthe ia the exponentialv depMdence andonly a smallerror is ttroducedwhen they are takenas constants.Moregenerally, 'theKxmeOn (5.2Q1) should alsoapplyto othe.rldndsofanisotropy, when.Kzyis replaeod bytheerzerpp Mrrferfor that partimtlarr'xql. Thederivationofthis muationmsK==eda partkular.formfor thebxrrlez%v- &, andit is obvioustllat it doesnot applycs it is to otherbarriers.Strangely enougN, thistrivialsta*menthnd to beemphxqixed because some workers used for oth.er eqn (5.2.21) (:70) xn-tscxtropiu. But if the(mrect enersybarrieris used,eqn(5.2.21) holds, proddedthat theminimaare ratàernarrow andthebarrieris zatherhigh. Tids argument aboutnarrow msnsmxwas mademore quanuutiveby Browa(171j, whoconsidered themagnetization vectoria a pardcleto wigle aroundan enerv minimumfor a wve, thea'jnmp(lomwherever it happens to bethen) to somewhere theotherminimum, thenwiggle around aroundtherebeforejumping again.. it is Rtuatlya nmdor?z 'tze problem andBrownwrotea d'lFerential equadonto descdbe it, andshowed that the of that equationshouldde*rminemore rigorously eigeavalues theabovementioned >la and>zl , or r. Browadid not solvehis dœerential equation. lnsteadhe (171j tried someanalyticapprovimations anda.nuymptoticexpansion, whichhe(172) improvedlater.R'omtheseestimatohe concluded that for a 'lnlid='nl anisotropytheexactsolutionwouldnot l)e drastiezuly dxerent1omwhat is obYnedby tnlringcw andeaaas const=ts)in the rangeofvatues ofthe physical forwlzic,h tlds theozyis usuallyapplied. Numerical soparameters
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 lutionsofBràwa's diferenti/equation for thecmseof uninvixlaaisotropy, in zero (173) oz non-zer: appiedfeldzshowed that mssuminr c12aad (174) caz to beone aadthesame constant is a suldently goodappromntion, fozall practicalpurposes. However, it do%not complicata of any nnnlysis daVif a lzighe.r is used,for whic,h case it is betterto adoptat accuracy lemst theasmptcdcraatt ofBrown,andinsteadofjusta constanth take
 
 .fa= 2./% M,
 
 a rr
 
 for
 
 (5.2.22)
 
 where gyromagnetic ratio.Forthecasewhenevenbetternzvru'razty 'yois thoe is requized, thereare several easy-to-use approximations for thetevnrt (175) numerical solution. Studies of othe,rcaseswere reviewed in (1762. d'eerextin thecaaeof a ctlsicanisotropy. Thesituitionis Ompletely A slightcomplication isencountered i.aa calculation similarto that leadtgto callsfor a solution and(5.2.20) here,whic,h ofa cubicequation eqns(5.2.18) to evaluate9 at thernacrimumenera. But at leastin theparticularcase m'm1 ' to a resultwhicàis VeZ'y H = 0 thesohtioaisstzaightfozwazd, diFerence ilar to eqn(5.2.21) fortheuninvlxlcase,withtheonly that Ahis replaced by A%/4. However, in thiscaœtheassumptioa ofa constanthctor in fzontoftheexponential turnsout to bea badapprrvin/atiom Thereare minimaalongthez-, y- aadz- axes (fora positiveA%) ='11verymany pn-'bilitiesof wiglngazoudAn% one of thembefore to one of jumping theothezs. Kddently,thiswealthofpossibitiesmakesa big dfereacein the random-wm problem. A numezical solution(177, for cubicma178) dsfewmt10n1theqlmpleNée.l terialsgaveresults whichwere considerably Gponential of eqn(5.2.21). Moreover, thisdiFerenœis m--mt.rable, because fn'rne eztn tàezelaxation beestimated Fomthelino-width of theM6ssbauer . suc,lz m=uzements for diFerentsizœof xme cubicpartidœ spectrum at difezent%mperatures weze (1791 of mn ver.rfar 1omthe prediction aadquitedoseto that whichha.sbeenobteed by thenumerical (5.2.21) solution(1771 of theBrowndîFerential equation.For the accuracyused here,thisdiference will beignored aadeqn(5.2.27) (withKzjnhsteadof s'ucN will be tlsed fcr cubic symmetry too, because detailsare beyond A%) the scopeof tMs book.Thereaze othe,rapprofmations anyway, e.g.the Asumptiontlzatthe Nrtides are spherewith no shapexn'tsotropy is not uadercertaindrcumstances always(170) justiîed.Besidesj theaumption that themavetizationin theNtide is nnlformaaddoesnot depend on itaveaISO jusMedeither.Calculations beenzespacey may not be(180) porte (176) for more complicated cases,suchas the case of a magnetic a='q. These feld appliedat an anglet.otheeasyanisotropy fne detailsare thorougàly described ia (176J andws.llbeîaoredhere. of therelaxation At anyrate, thedependence timeon theparticle:z.e isin theexwaent,aadan exponential dependence is a verystrongone. ln
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 AMSOTROPY ANDTM UFECTS Table s-1 Rvamples of thc relxxxtiontime r of spherical particlc,whoxradiusis R,for twomaterialsat room temperature.
 
 Matedal R (A)
 
 Cobalt Iron
 
 44 36 140 115
 
 r
 
 (s)
 
 .
 
 '6 x 105 0.1 1.5.x 10S 0.07
 
 orderto d=onstratehowstrongit is, nnmerical exoamplœ are gi'ven fortwo materiis,bothat room temperature, f.e.with KT = 4.14x10-14e Nrg and b0thare calculated withtheN1l valueofh = 106s -z . usingeqn(5.2.21) Oneis huagonalcobalt,for whichKï = 3.9x 106erg/cmz. Theothez is mtbicizon,whœeeazyaxes are along(100), for whichXz = 4.7x 10S Thevallzes of thermlnvation timer (inseconds) arelistedin Table erg/cmS. to be a 5.1.,for a cpe-qlnGoiceof the radlusR of theparticle,assumed sphere. Theradiiin the tableare chosen to demonstrate that withina rather' smallraageof partideshetherelxwtiontimerxn chaagelom beiagmnch largerto muchsmaller thana,uarbitrnm-ly chcfe.n time-scale of 100seonds. A aiFerent'vallze of %wouldnot càange the general form,andwouldonly reqlzire theurne poini. A dferent slctly dfezentradiito demonsirate a diWhwmt viue of A%) wouldshifttheradii maaeticmaterial(namely, valueat whicàtMstransiuonoezmm,bat it wouldagainshowthe same featureof quhea sharpchange fom hrge to smnll vallzes of r whenthe particlesizeksdecreased. It maythusbe concludethat thebehaviouz of fezromagnets depends on the particlesize,andmay1>e disectly d-tlereat for dslerentsamplcmadeof the qxmematerlnl.It caa rk!pnbedoncluded thatmeaslzremeuts yielddxeerent ruultsfor thesamesammaysometimes ple,if theydonot takethe same tirne. It is thusnecessazy to takeinto accolzntthe time-scale of theeoeriment,or the experimental time,texp. If r > fexp,no change of the mavetizationcan be.observed duringthe timeof the measurement, andfor all pradicalpnrposuthemagnçœation doe.s not change with Mme-This Lsthe regionof stable#erromcretibpk If a magneticmeasurement takessomething of the orde,rof secondsl it is seen9om Table5.1that for iron madeof particleswhœeraius is û1 cltn beobseaedduzingthe e-xpeHment. leasi150â,no change ln fact, no chxngewitl be observed in suc.ha sampleof iron even if it is kept for severaldays.H thissizerange,almosteverytking mentioned in this sectionmaybeignored. Theonlypointwhichmaynot beWored is that
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 thisstabilityof themagnetization doesnot necessarily hold at the Lome.st m-mimum minimum.lf it is broughtby scmemeanstc the hhh.er energy of Fig. 5.1,it will jlzsts'taythere,practir-qllyfor evea',or =:11it is brought downbyan appropriate application ofa magnetic Eeld.Thisistheessential partofthe hystevewis observed in all feromagnets. Jt is importantto bear in mindthat the etstenceof hysteresis means that it is not suëdentto calculate thelowestenerorof a ferromagnetic system.lt is alwayspossible thata lower-energy stateeists, butit isnot accessible because thesystem is stuckin a higher-energy state. andfor certainexOf course, thescaleof l00 s is justa.nSlustration, periments, oz applications, the scaleTnltyl:e completely diee,rent. '.l'has for '--mple, if R is rcquixed that the information on a maaetic tapeis keptfor veavs,it is neessauto ensure that theparticles in thetapeare largeenough 'r > 108s. J.nstudyug(181, to malce rockmagnetism, 182) it is necessauto takeinto accountthe decayof thema>etizationduring geolo/cal of years.Onthe otherhand, times,whichmay beTnx-llx-ons in Mössbauer eect measumments the (experimental time' is thetime of theLarmorprecession, whichis of theorderof 10-8s. lt is thuspossible that partidœof a œrtainsizemaybe stable for theMKssbauer KeC'tbut unstable for œnventional maaeticmeasurements; andsamplcwhchare stableduringa humanlife-umemay change duriaggKlogical times.The principleis theKxme,butthetime-scale maybediferent,whichmltyshift thetransition,of whichonlya,nAltmpleis give,nin 'Table5.1. In the otheraxtreme,whenthe partidesare smallenoughto malce r < texp:manyfips backandforthof themagnethation occur duringthe timeof the experiment. in zero appliedfeld themexqured, Therefore, aw have eragevaluewill l:ezero. Ia a non-zezofeld, thethtvmalfuctuadons theirwayandoore theanisotropy altogether. Thecalculadon of section 5.1thenappliesandtheaverage mvnedzationis gien by theLangevia ftmction,msin eqns(5.1.1)-(5.1.4). Thebebaviour is tke Kxmeas that of the paramaaeticatomsdiscussed h secdon2.1,with no hysteresis but Fmztb withsaturation,whickis reached whenall thepazticlaale aligned. particlein thissizerangebehaves like a hugeatom,with thespinnumber Sof theorderof 103or even 104,insteadof S of theorderof 1 in conventionalparxmagnets. Sincetheargument çtîtheBrzloninor theLangevin fundion 1s. proportional to SH, saturationksrevhedin suchmaterialsin Eeldswhichare very easyto obtain,whereas in more conventional paro magnets saturationrequires are oftenbeyondthe vezyhighfelds,whic,h capabilityof themostpowerlul available. Forthisreason,thisphemagnets nomenon of thelossofferromagnetism in smallparticlesbecame Hown as s'upeoaumagneilm, whenthe Ssuper? part was takento mean tlarge'as i.n superonductivity. A singlepartideof sucha smallsizecannotbemade'or handled.Exof particles, peziments are therefore carriedout on an ensemble whichin
 
 98
 
 USOTROPYANDTM
 
 EEFRCTS
 
 most cmsc havea widedistributionof particlesizu. SuchNrticleswould gtverise to a superposition of Lamgevh Gmcdons with dferent valuœ of p' = Ms? in the argument, andthemeastu.ed fmrve colzldnot pxsib1ylook111*the Laugevin function.However) sincethe argumentin eqn
 
 contains thefdd .S'as S/T,whenthemeasured maaetizationis (5.1.4) plottedmsa functionof S/T,datafor diFerenttemperaturœ shouldsuperimpose cmtoone curve. Therefore, the superposition of M.e ns. H1T onto one curve, andtàeabsenœ of hysteresis, usedto betakenaa a,aindkationthat the sampleis supeerpaznmn.aetic, evemwhe,a khatcurve did not looklikea Langevin fundion.Withimprovutsdmiquœ forprodueg hasbecome narrow enough fora vezysmallparddœ,theirsizedistribution fancdon(1%) to beobserved, a=dthisindirectazgument is puzeLaagevin not necessaz'y ofsection5.1rAn now besaidtq aay more. Thecalculation %vebeencon6rmed bydirectexpevlment. Of couDe, a Langevin function eltn alnmys beftted to suchdata(184, (oranyotherslzmnxrfanction) 185) for a rathernarrow temperature narrow distriraage,but theremarubly r>n bef tted to suc.h butionof (183) a functionover a midetemwrature h this this experiment is still uniqueiz theliterature. repect rangexl= convinsthetemperature Theargumentof eqn(5.2.21) in the denoMnator. Thedependence is actuallynotJuston theparddesix, but on to sup VjT.Therefoathetransitionfzomstableferromagnetism agnetism, whichis demonstrated ia Table5.1for thec,aseof room temperature)sh-tfks to a smaller pmiclesizewhenthetemperature is decreasedIn measurements of theMH r:- S/T curve, somehysteresis suddenly app/xztm whenthesample at a suEdentlylowtemperatureo becomes a feromaaet. Nattzrally, thedataat thœe1owtemperatures are excluded *om the î186) superpositiom Tke temperatureat whichsuc,h a transidonoccurs,namdy tkat for whichtherelaxation timer Lse>cl to thetime oftkeexpdm'ment tvp, kse-xlled thebWkgn.q ferrlwmtvq Ta. lf thereLsa sizedistributton in thesample, thesametemNaturemaysometees l:eaboveTz for someof theparticluandbelowTs for txe others.Sueha Kxmple maythuslxk snzaaedcfor somellighvtkluœ ofthetemperature T, ferromagnetic at lowvaluecf T, azda mx''rtktacf :0th at iutermedîate T. A demonstrationof thisefecteztn beseenia Fig.3 of (1871, whichplotstheMössbauer efectdatafor the samesample at difexent taperatuzes.At T = 5K there is .a paresix-lines structureof a ferromagnet. At T = 324Kthereis one cenkallineof a paramagnet, amdat thein-betWeen thereis temperatures aa obviousmixqng ofb0th,withthe superparamaaetic portionincreasiag with incremsing temperatmea ' Thispatternksverym'vnslnm to thechanges in theMössbauer spectrum obsewed at thesametemperatarewhentheaveragepaztclesizeîs changed. Ydeed,if tke properties depend on T/F,theefed of cAaaging F should bethesame as that of nhnm#ng T. An illustrationof theefectof vazying ia Fig.3 of (188), theee at a constantT rAn besœn for evnmple which
 
 SWERPARAMAGNETISM
 
 99
 
 actuallyrepresents a materx that is an anhlenmmagnet tandnot a ferfor a largeparticle=-e,por 1owtemperaturœ. Thisexperimeat romagnet) showsthat the argumentusedhereappliesas wellto (aswellas others) whenthepvticle aatiferromxgnets, whicxn.1Mbeeome superparamagnets sizeis Kmailenough for thethermalf uctuations to dip the maaetization ' isquiteobvibackandforthduringthetimeofthe ent. TMsG?.C't ousfzomthe derivation in theforegoing, andit ksn.1Mdpnethat thes=e a'pplies to ferrimagnets, butit tsalways nicerto havean azpezimenfal (186) vprifcationfor anythereticalcondusion. Thesamepatternof a tnansition fromone to sixlineseAn alsobeobtained bytheapplication:189) ofvadous that the f .eldscaze magnetic Eelds. lt lzasalrp-'tdy ben mentioned of SH mnlresit possible to reac,h the eut of all pardcles at easilyattained felds.Therefore, it is possibleglg) to se thewholedevelopmeat fromzzero to partial to a tot/ aliglzment, andthischxngewit,hthe app:edfeld is quitessrnslnm to the paûernGangewith cxanging tempeatureThewidedistribu'tion of particlesizesis mostprobably thernm'n re%on for the gradnddisapp-anceof hysteresis whenthe c'cenueparticlesize dee-rex-Thesharpchxnge predicted bythetheoryiss'mecred in meaeure- ' meatsg190) ofthehysteresis propertiœ(ï.e. remaneace andcoercivity) of Sessentially spheriœ'particles as a function ofiheirmedian diameters. Of course,wheathesample contaias biggeramd smatler pardcliw someofthem be ferromagnets aad some at a certain tempbrature, and pnmmagaets may the measuze propertiœ will thenshowsomesort of a partialhysteresis, as i.atheM6ssbauer eâ'ectdatamGtionedin theforegoing. However, it is possible that part of tlzisgradualchangG at lemstia the comrtn'vity, may ix dueto a dl'FerentKect. Whena particleis rnxaethedalong+z, it txknsa feld H = Hc to reverseits magneœation Fig. 1-1)If a feld (see E < Hc is applied,theee is aa enerr barrier,whic,h is clsozzwporlitmcî to that preven?the reversal, If the particlesizeîsa little above fhc'tlolumet that whic,h allowsa spontaneous Sipj it maylp anyway at a Eeldwkickis somewhat belowthebulkcoercivity. Thereare manytheorioof suc,h a meclmnirn in uncial partide (191) 192,19% or pla/lets (195) andsomeattemptsto takeit into accouat 194) in numerical simuhtions oî 'tàemn.aettzation Thereis even process. (196) some 4x-efm' 'ate (197) for the-tllMnltl fuctuationsovercoming a diferent ldndofenera bxrrier,for the motionof a domainwa2îa biggerparticles whichare subdivided into domains. However, none of thesetheories has ever beensuEciendy developed for even tem-ngl theseefcrts are large or smallfor any rpABstic case. And none of them !mnever rearlled the of wondering abouttheraadom walkof the magnethation whic,h hu asuge beenmentioned oxrlierin lbl-s secdonandwhîchhasnot beenproperly solvedevea for m-mpler cxqx. It slkould ix particularlyemphasized that most of the (eeriments mentionein 1%!K sectionare semi-quatitative, only somefeaturesof the theorpThethKry predidsa 1- of andCIIeCIC
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 theferromaaetksm whentheparticleis smallor thetemperatureis high, But thistheoryremninqquite andt/19plection is ceruînlyconfzhed. crude,andIUAnot beendeveloped into more accurateestimates, because theeare no erperiments thatcallfor a higheraccuracy.Actually, exceptfor ex-periments suckas (179) thereksvery andsomeof thosediscussed ia (1805, theoretical little comparison of experiments with guantitadne predictions of what therelaxationtlmeis andwherethekansitionshouldodcur in realmatezials. Themalnreuon is thata qllxmtitative exxrimentis very dilcult to c'arryout, as *1 bediscussuin thenextsectîon.
 
 '
 
 5-3 MagneticViscosity BetwentheKie,nof supeparamngnetism andthatof stableferomagnetism thereis in prindplea particlesizefor whic.h r is of theorderof texp. According to the ev-trn plein Table5.1it is a very narrow sizerange,and it is usuallyquitadifcult to preparea sxrnple of the necusarysizeto see whathappens thea.For some teeniquesof maldngsmallparticleqthe sizedistribution may wellbelargerthaa thistransitionregion.Moreover, it is aot even always possible to measure the sizeof thee.particles, so muchso that therehavebeenmaaysuggetîoms audattemptsto uœ the superparamagaetic transitionaa a ct-nre for the distributîon(189, 198) or at leastthe anevage memsurements (182, 19$ofthe particlesize.Suc.h obviously callfor a bette,rtheoretical interpretation tha.ntheoversimplled utimate of thepredoussection,WhicA nxqumesthat all thespinswithin e-qzt!t particleàrealiaed.Besides otherchallenges to thisassumption, (180) the mere fnrt thtata largepropordonof the spinsis near thesurhcein suchsmallparticlesshoaldmaknone suspldous of aaytheor.rthat does not take1.a10 accountthe prm'bleefec'tof thesurface anisotropy. In practicethereis very strongevidence 189, (187) 200)201,202)2031 thatthemagnedzation near thesurhceis ofteaquitedsgerent fromthat in theA-nnerpart of theparticle(- alsothelastpasrlgrapk ofsection5.1.5). Iron paMicles in particdarmaybe ofdized,so that theyare Ktuazymade ofan ironcoresrounded bya shellofiron ofde (201, 204,2051, forwhich the'simple theoryof theprevious sectiondoesnot apply.SurfveGect,s =n.y alsobeimplied fromtheobservationtzo6) thatmagnetic propertieof small particles are sometimu sensitive to surfactants adsorbed on thesner.p. It haaalsobeennoticed(207) that the shapeof Ge pmicles =ny not be spherical) andthat they maytead to sticktogetherjformingloagchains whichchange or other aggxzgates, 211,212) therelaxation (208) (209) (210, particlOhavebeendemoastrated timecondderably. InterKtionsbeœeen to beveayimportant in realieasurements, aadthese interactions (213, 214) looklilcea 8ze dkstdbution in aaalysing Mössbauer no.ysometîmes (215) eFCSC't data.Otherefects, sucAas magnetostriction, mayalsobeinterpreted as if they were (215) a sizedistribution. Thereis thuslittle wondethat rAn oftea the particlesizedetermined fzomthe magneticmeasurements
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 bevery dllerent (216) 1om their directlymeazured sizeralthoughboth sucâmeuurementsav6sometime(2171 consistent, for kuiteuaiformand wemisolated' pariidœ. Comparison in this particularfeld is betwentheoryandexperiment furthercomplicated by the unuownphysical constants,because b0ththe satuzation magnetization 218,219) andthe anisotropy constant(217, (217, of :ne particle dfer fzomthdr bulkvalues. lf theseparameters are 220) forthesmatlparticles,thee is not reallyanydirectevaluation of adjusted what the theoryof the preuoussedionpredicts.TheCurietemperature for smatlpartides(221, fzomwhatit is in the rnlkyn.1Mbe d-lfFerent 222) withintheparticle(223) whichEp bulk,or theremaybesomesmallresons beforethemagnethation of the wholeparhclefips, whenthe Curiepoint is approacked. AndatltheseunHowns aaduncertaindes are supmo-mpceed on a theorywhic.his exiremely sensitive to =ull mistakein the partide size(224), or ia otherphysical msdemonstrated in Table5.1. parameters, ln spiteofa11 thesedMculties, thereis a surpridngly largenumberof experiments in the literaturefor partidesin this narrow reon for wizick r ;4$toxp,even thoughit is not clpxri.amxnyc,ascswhetherit is rally the wholesample, or onlyNrt of it, for whicàthe particle are in this sizerange.In thisre#on of 'r, the meneticpxoperties change whilebeing me%ured, andthisckaage can inprinciple beobserved. Thus,for Altmple, if a magnetïc feldis appliedandthenr-oved, theaverage menehzation decays on a time-scale of theorderofT, whichshouldbepossible to meato a frst order,so tlat ther=anent sure- A decay is usuallyexponential magnetizadon shouldluy-bn.ve according to .M' r (.j)=
 
 e-t/.r, . 0. cos(24)
 
 (5.4.35)
 
 Onesoladonof the ârsthalfis cos$ = -h, whiexLsa validsoludonif hnlf. '7%l'sxlution rep=ents an the second 1:1< 1, but it do%not A4161 andhasno physiœl sigGczmce. Theothersolution Ls energymcdrn'um sin4 = % axld 1 + ?zcos 4 > 0.
 
 (5.4.36)
 
 Thecombhation mpltnqthat it is necessary to use $ = 0 for h > -1, aad = zr for à, < 1. $
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 It is thuss-n that the Klutionis uniqueif 1?zI > 1, but in there#on 0 and4 = 'r az'evalidenergyminima. At thispointit is necessary to introduce the âe2d Mstory.If we siart byapplyinga large positiveltt thenreduce thefeld to zero, andhcreaseit in theopposite direction,thephysical systemremains on thebranch ofthesolution4 = 0till bccomes unstable, and thefeld h = -1 isreached. At thisâeldthesolution the systemmustjumpto theotherbrancb, = Note x. ia particular that 4 to eqn(5.4.31) according thereduced enerain tMscJueisn = -1-h,cos44 Onceh pa%ses zero, andbecomes even slightlynegadve; thestate4 = 0haps a higherenerr thanthat with $ = x. However, themaretizationemmnot it is in a rnin-lmtlmenera justjumpinto thelower-enerastate,because Aute, whichmp-xnsthat thereis an energybarriertllat holdsit there.TEe situauon is m'z'nilar to theenera displayed in Fig.5.1.Thesystemis just stuckin the b-lrher-enerrstate till the feld reaches thevalueh = -I, at whic,h thebnarryris removed anda Jump to a lower-enera statebecomes possible. A similar,but reversed, appliœto startingFoma large argumeat in whichr-qmetheotherbrancb tke negative A,A is heldtill thefeld reaches m'moarto the valuelt = 1. Thewholehysteresis curve isthen qnalitatively l'lmitingcmwe plottedia ng. 1.1, audthe coercivitymsdefnedthereis for the reduced feld h = 1, whichmexns Hc = 2KïfMs according to mn ' < 1 both4 = 1à1
 
 (5.4.32) .
 
 If 9 # 0, eqn(5.4.33) hasto besolvednnrneriexllyl but the'general behaviour is rathernimilarto tkecxqeof# = 0whichhasjustbeendescribed. Starting1oma lvge positiveGeld,the solutionwhichstartswith $ = 0, ï.e-cos/= 1, curves downwith deceasing values of h,to lowervaluesof to smaller valuo of tlle component of themaaetizationin c09,nn.mely theâeld.dizectiony Mu = Ms=ss. (5.4.37) At tke poiat wkerethis branchstopsto bea minimum,thereis a jump to a second branch,thus displaying sometMng whichlooksmore or less likeFig. 1.1.Obviously, thejumpoccurswheretheleft h=d ddeof eqn changefrom a msnimam paascthroughzezo,maldngthat branch (5.4.34) to a memum.Thecombination of a zero fortMsmuadontogether with givc riseto several reladons between thekritical'values eqn(5-4.33) g2341 ofh'a'ad4 at whichthejurnpoccurs for a #vea9. It maybe interestingto bok azsoat the otherextremecase whi/ doesnot r.n.llfor a numericaleeuation.Tkis caseis 9 = x/2,ï,e,a îeld perpendicular to theexsyafs of theaïsotropy,whichefectively meaM no anisotropy at a11. In thiscœseeqns(5.4.33) and(5.4.34) become
 
 (5.4.38) In tMscase,the solutioncos4 = h, whicbis a validsoluuonif 1à1 < 1, Lh cos4)sin4= -
 
 O and
 
 -
 
 + h'cos/> 0. cos(24)
 
 alsofulfls the second half of eqn(5.4.38), andis an e.ne.. minimum.It
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 yieldsa magaeœadon pzoportional to thefeld, as ia a pazamagnet, with no hysteroisald with zero coercivity. At h = +1 it changes ovezto the vond soludon of sin/ = 0,wikicllis the saturationof 4 = 0 or 4 = A'. ATA computhg thehysteresis curvesfor eachfeld angle9, Stoneraad Wolllfnvth(234) computedthe a'verage for a randomdistributionof the anglu0tnamelya collection ofpardcleswith a randomdistributionofthe direction oftheireasyaN:%withrespectto thedirection of the applied îeld. Theresultingc'urve is verym-rnilar to the one shown5nFig.1.4.Actually, ctlrv'escouldb'eaualysed in termsof thissimpletheory, maayexpehmental whichAxq beenwidelyusedover the yeats.Evenmagnetization curvu of thin permalloy fl=n obeyapprovirnately the Stoner-Wohlfarth theory, althoughthe physicalmechanism behndit is not clear. Themainadwrtageof thkstheoryLsthat it is suEcieatlym'mple to addsome e-xtzafeaturuto it. li is jmstas easyto rephcethe random distzibution of 9 by someotherdistribution, fvmtre wherever thezeis aa experimental reason to belîeve that the dhetions oî eas'yxws are more likelyto be,a: in the caaeof au atigne; or a partlyaligaed, maoetic tape. Thec%e of a cubk,ïn:tetzd of a no-lx=u.l,aaisotropy hasalx been worked out (235) in detail.In thiscasethereare more branGes ixaaa in the tmlaMal case,whichmakcu,s it sometimamore diEcultto deideinto which branchto jump.But.thesediEculties caa be handled. A r=dom cubic anisokopybesides aa overall uniafal one hasalsobeenIISM(236) ia the studyof themagnetizatloniripplel mentioned ia secdon 5.1.4.Theparallel a'ndperpendlcular susceptibllities discussed in section5.1.6,havealso (161)j this model.Fkrtherdevelopments beencalculatedffrom anda studyofthe fner details(23% caa even stvt to oFera physical intezpretation for the crp/m-mental rœultsaadtheStoner-Wohlfvth between theory. irersv;ce It may sometimes leM to an understanding of the partsneglected in the thers whic,hare the intervtionsbetween Stoner-Wohlfnvkh theparticles andthepossibilityof somes ependence ofthemagnetization wiiin I eachpartide.Hteractionsof certaingoupsof ellipsoids havealsobeen computed for this model. (2381
 
 6 ANOTHERENERGYTERM 6.1 BasicMagnetostatics Besides theenera terms discussed so far,thereis Motherterm whicbhas not beenmeationed yet, acdit iqiMmeto introduce it. Thisterm is tke mannetostaxc whichori#nates 1om theclassical interactions setf-encrgp material it is desczibed by Mamell's amongthe dipolo.Fora continnotta equations,whicllthe rpmzeris mssumed fo be flns&-llar wità, in theform taughtN) undergraduates, even i.f not necessarily Gmiliarwith the part whichis m-t zelevantfor ferromarets.Froma historicalpointof view it is interedngto notethat this enerr term waspart of theHrlltoniau in the earlystudyçtî(39) spinwaves,wMchincluded the anisotropy a: well. Dyson(401 to someoî the approx-imatîons used(39) fortMsterm, oblected but did not htrMuceanz othe, andsincethensomehow eveubody Just gotnsedto leavingout thiseaerr term. Ixtthe meaztime it is justammedfor simplicitythat thema%rialis continuous, leavingfor the ne-x'tchxpterthestudyof a crystalmadeout of discreteatoms(oz Not atl of ll's equationsare use in ions). the presentdiscussion of a Iemmagnek wi't,hno particularzeferenœ to its electricproperties. Oneoftheequations state that
 
 Vx H
 
 =
 
 0,
 
 (6.1.1)
 
 in tàeabsence of anycurrents,or displacement currents.It should l)enoted, thatthisassumption ofzero currentsdoœnotleadto a rœtrictive, hqwever, paedcular case.Gtis customary in the stadyçtîferzomxgnetksm to separate themagnetic azdtreattheâeldH in eqn(6.1.1) feldsinto two categories as separate fromthe appïied JeldproducHby currentsin coiks-As long as thesetdiferent'feldsare properlysuperimpcee, thee is no lossof generality, andGereis nothingwrongwith tEisctmtrenfcnl notation. Themostgeneral solutionofeqn(6.1.1) is wellknown.ThevectorH is a vadientof a scalar,% calledthepotential. Tàe convention is to defne it with a minussign, H = - %U.
 
 Anotherof Maxwell's equations is V. B
 
 =
 
 0)
 
 (6.1.3)
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 whereB kstàemannetic fnducfïoG defnedia eqn(1.1.2). Se tb.ebookby Browng1) for thederivaïonof theseequations aadfor a z'igorous deinition ofthe vectorsB andE. It shouldonlyl)eemphasized that it is nmong lo writeV - E = 0,as is donein somebooks.Thelatte.ris equivalent t,oeqn onlyif eqn(1.1.3) holdwwhichis not thecase in ferromagaetism. (6.1.3) Thefaztor% invented byBrown(11 will be usedthroughoutthischapter, as a wayof iatrodaction, in orderto mxlr, thetrnnm'tioa pnmie.r for readers whoiave onlyusedtheS1anîtstill now. H the SIunits,now usedin 21 undergraduate tutbooks,its valueLs% = 1, whilein theGaassiaa, cgs units,usedin all theliteratureon magnetism, % = 47r.Moreconversion factorsare listedin section6.4,and1omthereon, for therestofthebook onlyshecgssystemof unitswûl be:RKM . mltly or wroaglstMssystem of unitsis still lx%tlalmostexclusivezy in all theBterature on rnxretisp, eve.nthoughsome unge of SIis strting to creepinto some of the more reent papers.For =ybodywhowantsto studytMssubject thereis no alternative to gettingusedto tEecgsunits. Substituting rd (6.1.2) izteqn(6-1.3), we obl-qin eqns(1.1-2)
 
 V2Uin = CSV. M,
 
 (6.1.4)
 
 whichshouldbevalidinsidethe ferromaoeticbody(orbees).Outside thisbod.y(orthesebodies) M = 0, so that B = E =d the dz'Ferential equationis Vzuout= 0. (6-1-5) It is alsoHown1omundervaduate textbooYthat Maxwell's equations rmuire*at thecomponeat ofH Nmtllelto thesurfaceo andthecompmeat ofB pezpendiculr to thesurface, are continuous on theboundary of two matezials. Theserequiremeats leadto theboutlazycondtioasthat on the surface of theferzomMnet,
 
 Uin= Wut,
 
 OUw- XFout= 'ysM- zl , sz o
 
 '
 
 (6-1.6)
 
 wheren kstheunit normalto the surfu of the ferromagnedc body(or txknmto bepYtivein theoutwarddirecdoa. Besidethae boundbofes), the potentialU is requiredto beregnlav at inMity, wàich al'y conditionsj meaasthat both IrulandIr2VtJl are bounded as v ...+ = Thisregukxrity œsentially meaas thatthe beàaviour of the potentWat a largedistaace *om themagaetized bodiesis thesame as that ofthe potential of a point cltarge,wlticltrxn beexpected if the maaetizationvanishooutsidea cer. , tain fnite volume. Hsteadof the scalarpotentiazy the problemmaybeformulated mually equationwith boundwellbywritingB = V x A audderivinga diferendal for tàe eectorJoterztfttl this formulation A. However, is 1ary coaditions
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 convenient for the problems dismzssed in tMs book,andwill not be used ' hme havebeen Oncethe d'-Ferential equations and boundarycondisions relve aad U is knownfor the wholespace,H eAn be calculated fxom eltn theabeevaluated Theener-?p as mn (6.1.2).
 
 su
 
 =
 
 1
 
 -y
 
 (6-1.7)
 
 M . H dr,
 
 wherethe iategration will is ove,rthe ferromaaetic bodies.ntq equadon 1nthem'Gnume it mnybe beprovedmore rigorously in thenext chapter. takena.athehteradion ofeMhdiio1ewiththe fieldH created bytheothe.r dipoles, witph a factorà beingiatroduced in orderto avoidcountkgmice ? B aadpf B wit,h.Athe interactionof.â mth )
 
 6.1.1 Unjqnenea Themostimportantfeatureof thesediferentialmuadonsaudboundary coadidons is'thattheir solutionis Sznësze. In orderto provethis stat-ent, that thereare two Snctionsof spaœ,Uï andU1,that fulGlall suppose the equations to (6.1.6) aadare IIOGr at l-nfnity.Thenthe (6.1.4) functioaUz= Uz- Ucaadits derivative must be continnous evewhere, iacludingthe sueceson whichthe normalderivatives of Ift aadVaare T2Uz= 0 evezywhere, discontinuoc. Also,acemding to eqn(6.1.4), wbic,h meaas that for an interalion ove,raay arbitraryvolume,
 
 (TUzph2 dr =
 
 A-. 7V /2 (Jzl Vé7j L . ((Ja i rzra : gr =
 
 drzrs (Ja d.q on I
 
 muality is a maaifestation wherethe second of the divergence theorem, aadthe 1% iateral ksover thesurfacesurrounding the chosen, arbitraz'y vo lmme.' It should benote that sucha use ofthedivergence theorem is not allowefor Ukor Ug,because of the discontinuity expressed byeqn (6.1.6), suv?n whic,hreqm-rtas iategzation ove,r bothfacesof eachdiscontinuity ce. Eowever, according to the presentasumptioa,both Uzaadits normal derivative are coniinuous everywhere, aadthe iategratioas over b0thfMes eachosherbecause of the opposite diredionsof n. cance) for theiutegrati6n isnow allowed :Ifthevolumechosen ia eqn(6.1.8) to whilethe regularity teadto infnity, ds increases as ;P conditionrequire to decrease at leastas r- W, and Uzto decre'xse at lemst as r-l, so ouslon that thesurMe integraltendsto zero. Eence, theintagralof(VG)2othewholespacevazishes. Andsincethe integrand is a squarej whichelmnot be negativeanywhere, TUz must vanisheveawheze,. whic,hmeans tkat Uz=const. But a non-zero constantis not reoarat l'nGnlty.Therefore, Ua= 0 everywhere, andUJx Ua. Thereisthusonlyone possible Klutionto thepotentikproblem ofany
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 it is never geometry aadanydistributionof themagnetization. Therefore, to t;e intermedia.te or to in other Meps; waya nee#ve jusffy aay solution1.oa potentialproblem. If a certainf'unctionis guused,or arrived at by anyothermexnK,it Lqsuëcientto showthat if fuïls thedlFererltlnl œmations andthe bonndaryczmctitons, because if it is a solutionof the problem,it is alwaystlte solutlonof that moblem-.ltshouldbe noted, however, that wbsle a magnethation distribution determiaea uniqueEeld ouîidethefecomaaet,thereverseis nottnze.A measurement ofthefe-ld outsidea ferromaaetic bodyis no1suldeat (239j to determin.e a unîque magnetization distribution that createsthisfeld.
 
 6.1.2 FHdclEzamples Thetheorem aboutthe uniquemess of thesolutionallowsqlzotiag without proof the potentialfor some simplecaae The proofis h substituting eachofthesefunctions in eqns(6.1.4) to (6.1.6)y andcheckng that it %a ' solutionTheMt caseksasphere, wh-e radiusis .E,uniformly mMnetized along thez-diredion.1.nthiscaae,V . M = 0, andia polarcxrdinatesr, #, and equationbecome 4 the diFerential -
 
 1 ,9
 
 1
 
 ,')
 
 ta
 
 ,?
 
 :2
 
 1
 
 U -f- s'--u'xlp'lt/sin.sv -V :5..ry # :47 (WW/ZT'Z'V r2
 
 .ra
 
 =
 
 0'
 
 (6'1.9)
 
 b0thinsideandoutside thesphere. Akso, in thiscn> = 01&n (V& and
 
 M . xt = M.
 
 =
 
 Mscos8,
 
 (6.1.10)
 
 because Msis theaagnitudeofM- It can beveriîedby substitution that U=
 
 Ms zosex 3 %
 
 'r
 
 if v S R
 
 a /ra RI
 
 jf z k a
 
 (6.1.11)
 
 Mtilk'fles is czmtinuous at v = .E,haatheappropriate discontinueqa(6-1-9)y ktyof thederivative reqeedbysubstftutiag in eqn(6.1.6), aad eqn(6.1.11) is regularat inoity. Therefore, it is thesolutionof thepotentialproblem l'nddeandoutsidea um*lformly magnethed sphere. ln particular, thepotentialinsidethesphere is actually
 
 Ms
 
 (6-1.12)
 
 Uin= 3 % z. thefeld insidethesphere is Substitutlgiu eqn(6.1.2), = Hv. Hzzn
 
 =
 
 0,
 
 Hzîv=
 
 --
 
 Ms . 3%
 
 (6.1.13)
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 lt is, thus,a nnqorrrt feld, wbichis antiparallel to z. Eowever, the zAndin the presentconter direction%nA no partimzlar for a sphere, meaning it onlydenesthe irection of themagnetization. Thereforep tlte internal sphereLsantiparallel Eeld,ina homogeneously magaetized to the magnethation.It shouldbeclearnow why spheriocl particleswere spedfedia theprevious cxapter. Foranyothergeometue, thedirection ofthisintcraal Geldmaynot beparazel to theeasyanisotropyaMs,whichcomplicates the problem studied there. Themaaetœtaticenem of this uniformlymagnethedsphereis obtzuned is a conby snbstituting thisH in eqn(6.1.7). Sincethe integrand staat,theintevationis onlya multplicntion by the volumeof thespheze, S.g'A3. Therefoathemagnetostatic self-enerrçtîa uiformly magnethed s sphere is 27 Eu = -x.!8Msa. (6-1.14) 9 Thesecond exaapleis an infnitefn'rcttlarc'ylinder whichis uniformly magnetized alongthez-ats, wherethec'ylinde.r axisis dvnedmsz. Arln, V . M = 0 evermhere, andin the cylindricalOordsnatœp, 4, andz the diserentlnxl equationis 1 (7 (7 1 02 03 g p Tp+ --5..S2 + taz x I -
 
 -
 
 pV
 
 J /
 
 D-= 0,
 
 (6.1.15)
 
 is whilethenormalis parallelto p, andthenormnlcomponent
 
 M-n
 
 It
 
 rltn
 
 =
 
 (6.1.16)
 
 M: cos$.
 
 be'vr>6-edby subetutionthat thesolutionforthis caseis Ms
 
 U = 2 nNct)s$ x
 
 p
 
 i.fp %.R
 
 .Ea,j p kfp z p
 
 (6.1.17)
 
 wherethistimeR istherxzh-us ofthecylinder.Theintlrnalîeld insidethe cylinderis Ms H=tv= Hujx= Nx'a= (), (6.1.18) a %, whic,h is alsoa uniformîeld, antiparallel to themagnethation vector.The lengthcîtmgz is enera p6r 'uzzïf
 
 tx
 
 =
 
 'm
 
 RzMsz -% 4
 
 (6.1.19)
 
 is znagnetized is If the samecylînder alongthezdirection,eqn(6.1.15) stûlthediferentialequationto besolved,but in theboundary condidon
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 of.mn(6.1.6) oneGouldtalrfR M.n leadsto H = 0 andEu = 0..
 
 =
 
 0. Thesolutionis thenU = 0, which '
 
 6.1.3 UïujrmlyM'tzrletile,d Bllipsoid TheMvxmples of a sphereanda cylinderare particalar cmsesof a moze generaltheorem aboutuniformlymagneuzed elpsoids,whicllwmsalready knownto MaxwellIt will bestatedherewithoutproof. Generallyj thefeld l'nm'dc a unlformlymagtetized ferromaaeticbody Lsnof u/form. Eowever, if andonly if thesurface of iàis bodyLsof a second degree, theinteraalEeldksuniform.This theorem is oftenstated ratherthan to snrfxcesofa second msapplyingonlyt,oellipsoidsj degreeo because atl otherMond-degree surfaces exte'ndto infnlty andAmot be real'tvod in pzactice. to indudethe* Stilkthecpsoid is usuallyunderstood . limitiagcxse of an tnf nstecylinder. WhentheCartean coordl'nates are cllœen alongtheyrfncilcl t?.'rcd of theequation of its snrfnreis a general ellipsoid, 12
 
 z2
 
 :2 + (z)+ (,) (-c)1 -
 
 wîth u s b s c.
 
 (6-1.20)
 
 lt maysometimes benecessaoto de6nez, y, andz ia otherdirectionsj but thertozierissuppivWio knowhowto perform therotationofthe:2:6.3 in this owation,andin the'onesthat follow-If thisellipsoid is unifcrzaly rltn bewzittenas magnetized, thefeld insidethe ellipsoid H$a= -N - M = -.'>D ' M,
 
 (6.1.21)
 
 whereboth D andN = >D are tevors. In the partictllarcxo when M is parallelto one of theprindpalaxes of the Gipsoid,bothD andN are ntlmzera, andbothaze Hownby thename demagnetiping jatocs,or sometimedemamt#zatkon Dceptfor theuseof thelettersD and Actors. univttmxl, N, whichis almost(btzt not quite) it is sometimodilcult $o tellmltioltofthoe dema>etizing hctorsis bejngreferred to. lt should also benotedthat thisfeld (A1r.n Hownas thedemagnetiziag feld)is tkepart ceatedby the magnetizatton. lf thereis alsoa,n appliqdfeld, produM bzsomecurrentsin mernal Oils,tkesefeldssqxm'mpose andhaveto l)e sumrned vectodxlly. It shouldrklsxa benotedthat allthis treatmentapplies onlyto the caseof an dlipsoidwhichis uniformlymagaetized, andnot to of the magnetization. anyotherspatialdistzibution Thelmst partoftMstheorem Lsthat thetraceofthetensorD is 1,which alsompmnsthat thetrz- ofN is %. Therefore, theresultsof theforegoing examples for the sphereand the cyMdereAn beobtined Fom simple For a sphereall thedhetions are equivalent, symmetryconsiderations. andthetbrœdemaaetieg factorsmustbeequal. Therefcre, D. = Du= Da= j, because thetraceof the tensor(which ksthe sum of thesethree
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 is 1. Substituting ia eqa (6.1-21) lpltdKt,othe sltme resultas numbers) in eqn'(6.1.13).7 Simslarly, for an inâniteGliuder,thereis no sxlrlzxvof '
 
 discontkmity alongz, so that D> = 0. 'I'heothertwo factorsshouldbe equalfor a drcularcross-sedion, so that Dx = Dv = 1a,wàicà leMsto the rwœrne reult az in eqn(6.1.18). Substititing in eqn (6.1.7), the magnetostatic self-energy mn (6.1.21) of a llniformlymagneb-rM volumeis 7, is ellipsoid, whose
 
 (6.1-22) It is the shqpetmiaoey tem, whichis somesort of aisotropy energywhichwas mentioned, but not desned, in section5.1.4. Twoparticularrxq- are of spedalinterest,andbotàare elhpsoids for whichtwoaN:%are equal.Oneis thecmsea = b andc > c twhic,h Lsa kiad of egg-shaped It is calleda prolateglhur/ïd.Theotheris shaped partide). more or lessb'kea disk,or rathera tdyingsaucer', aadis the cmsea < b andb = c. It is calledan oblctecAemïtf.Thespàere, c = b = c, is tke Brnn't of botbIf tw'oaxes are equal,the relatedtwo demagnetiegfadors aae the same. Thus,for a prolatesphezoid N. = Nu,andfor an obla* sphearoid N = Nz.ln thecmseof a prolatespàœoid, be eqn(6.1.22) emznl Werdore: b wmttenas
 
 1 1 , - yv lrya r, + .$f: a + .5r wWz zzaA, Su= -V gkNatMx z - a ; x z o jaoum ) z J1= j-;/'(-?$ j (6..,, a 2 AJ.2 = M.2,wlticà is a constautTbisshapeanisotropy because + pz:F + AJ3 .. fozmas tàe Ast-orderuninavixl energyterm h>' the same mathematical anisotropyterm of section5.$.1,even thoughthe physicaloriginsare dferent.A similarexpression obdouslyapplieslo the cmseof theoblate spheroid, andin dthercmsethis shapeMisotropymay eodstbeside.s .a 11nl'' ,m'n.1 or cubicmaaeto e Misotropyterm,discussed in sedion5.1. Moreovem theeasya='K ofthecystnlllneanisotropy termLsnot necessx.mlly parallel, or related ia anyotherway,to theeasyars oftheshapeanisotropy term,andin pedple therecan beaayauglebetw. - them. dismxne-' Theori#nal Stoner-Wohlfarth model, in sedion5-4,aVumed no crystalll'n e anisokopy, anddealtonlywith tàeshapeanisotropy of (2345 ellipsoids. At &st bothprolateandobla* spheroids were considered) but laterextensions mostlyprolatesphezoids, wlzichare (2401 addrerxsed very common in permxneatmagnet ma*rials.Comparing wiG the eqn(6.1.23) 61.*termof eqn(5.4.30) spheroid allthealgebra it is semzthatfor a pzolate ofsection5.4is unchanged, shouldbereplud by but eqn(5.4.32)
 
 h,=
 
 .
 
 (Xz N.)Ms -
 
 (6.1.p,4)
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 tlzoz.yis nlmnappncable TheStoner-Wo%lfx-h for pazticleswhickhave Wth.a cryeltlllneanda shapeesotropy.Formwmple,it llaciven used for a unixvlxlnnlsotropy with botbTfzand.A-2 superimposed on the (241) usnnllyaume thattheeasyA=-Kisihe skape aaisotropy. Suchcalculations same for botkAnsqotropies. If thereis a ceztainanglebetw- thesetwo axej the problem becomœ a little more complicated, but not prohibidvely SO.
 
 The demagneiiziag factorsin a general ellipsoid depend onlyon the of a, bandc. 'nns, two ellipsoids ratiosc/bands/c, andnot on the palues wkichhavethe >me shape, bnt a. dxerentvolume,havethe sameN or D. Analyticexpressions, albeitin termsofexipticintegralw for are lçnown thefunctional fnrmof thedependence (f thedemaaetizing factorsoa the A:va'r2 raêos.Formulaea raphs,andtableswere publishcd by Osborn (242) aadthemmore ubleswere computed witk a more modern computer (2431 J.ntheparticularcaseofa prolatesphezoidj the %pressions for program. the demagnetizing fadorsare composed frommore e-lemen-fundions. Specifcally, by usingthenotation P=
 
 c/l (>1), #=
 
 19- 1 lp,
 
 (6.1.25)
 
 thedemagxetizhg lctors for a prolatespiteroid become Dz=
 
 1
 
 #
 
 . -
 
 1
 
 1
 
 j-(
 
 ln
 
 1 + (' 1- f
 
 -
 
 1
 
 D==
 
 ,
 
 1- Dz . 2 -
 
 (6.1.26)
 
 Fora smallf, a powe,r seriœex-pansion of the logarithm ln tkis equation leadsto 1 1 x 1 #- 1â . D. = =- w + X , (6.1.27) Sr- E' k=z x + a s-.
 
 J.ntMsformit is clearthat in thelimit g -> 1,whichksa sphere, Da= j t as condqded in the foregoing. Demagaesn'ngfelds anddemagncdzhg factorsare alsodefned fornonellipsoivbodies.Thesedefnitionswill begivo in section6.3,afterthe introductioa of themagnetic charge. 6-2 OriG of Domxlms Thestageksnow Rt for a demo>tration that it is the maguetostatic selfwhich is magnetic term responsible fœ the esteace of the domains energy of secdon 4.1)or at leasttkat thisenerr term çrelers the stbdivision of a pardcnlxrlysimpleAma ferromaaeticcrystalinto domains. 1choose ple,wkicâalsoproddesa niceexample of one of the methods of solving potentialpzoblems. It is a somewllz.imodl'4ed versionof a N:elcalculation ofan infnitecircalarcylinderwlzic.h is subdivided into two domains,
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 FIG. 6.1. A cross-section of an izdlliteecular cylinde subdivided into two antîparallel domains.
 
 Tbiscylhderisasslxrned to bemagnels'zzazl alongtherows i!zthe cosssectionplotteditt Fig. 6.1,whichmennqthat themagnedzadon vectoris +1 if y > 0, ï.e. 0 K$:; x
 
 Ms= Ma= 0, Mr = AJk x
 
 -1 if y < 0, ï.e.
 
 g'
 
 K $ K 2x
 
 (6.2.28)
 
 pe 4 in cylindricalcoordinates, with () s $ K 2r. Thestep functionrltn beerpressed by its wemHownFourier erpansion , wherey
 
 =
 
 M.
 
 4
 
 = -xMs
 
 x-.*
 
 + 1)/) sialtzn ,
 
 .aw za o y x=0
 
 (6.2.29)
 
 whîcltmxkM thenorrnxlcommnent(see Fig.6.1) 2 Mn = Mp= Mmcos$ = -Ms .z'
 
 *
 
 sin((2n2)4)sintzn#)(6.2.30) E 2/. + 1 =0 +
 
 +
 
 wllc.:n the productoî t:e cosineandsînefunctions îsconverted into a sum Thesum in this equationrltn now bebrokendown of two sinefunctions. into two sums, one with singtzlz + 2)4) ando=ewith sin(2n4). H the frst sum the summation indexis changed 1omn to n - 1, andia thesecond sum thesummation c-anstat't 9om n = 1, because the tlrm with n = 0 is . zero anyway-Combining into one snm, again 2 M= = -Ms W
 
 S n=1
 
 1 1 + zs - : sj + 1
 
 sin(2n4).
 
 (6.2.31)
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 Addingtogetherthe two fzRtions,andsabstitutingin mn (6.1.6), one of the béuadar.v condidons is
 
 oUQ duout ap
 
 -
 
 dp
 
 =
 
 p=a
 
 %u
 
 a.
 
 -8 =
 
 %u s
 
 n sin(2x/l E'=' ' 2 p, + 1)(2a1) (6.2.32) ( a-z -
 
 whereR is tàeradiasof the cylinder.It is therefore naturalto lookfor a solutoaof theform m
 
 V=
 
 Sin(2R/), JRIGIP)
 
 (6.2-33)
 
 a=1
 
 where'ua aze fanctionswhichhaveto bede-rrnined.Notethat bolause of theuaiqueness of the solution,aay g'uv aboutthe fancdonalformis legitimateif it eventually leadsto a Atnctionwhich6.16ls all thediferential' equations andboundary conditions. H the presentcazeV . M = 0 andeqns(6.1.4) and (6.1.5) are botà T2U= 0. Substituting 1om eqn(6.2.33)1 we obtain
 
 v2/
 
 * =
 
 d2
 
 1 tf
 
 E sà(2z#)mp + p y-p *1 -
 
 4x2
 
 = 0. s w&(p)
 
 -
 
 (6.2.34)
 
 Obviously, b0ththe diferentialeqaatonsandthezegulazity at infnit.yare fulfmedby theRnctions = c,vX %a(p)
 
 if p s JL (p/A)2'è
 
 (6-2.35)
 
 if p k R (2/J')2'&
 
 whezee,aare constaats.Moreover, al1thesefunctionsare contiauous at = .& Substituting th'fza in and substituting the latter in eqa p (6.2.33), it is s- that dl the requiremGts av satisfedforthechoice eqn(6.2.32), Gz=
 
 2'ysM4R '
 
 '
 
 (6-2-3 6)
 
 .
 
 + hjt-bl1) x(2% -
 
 lt hasthusbeenshownthat thepotentialinsidethe cylinderis 5-
 
 -
 
 -
 
 c-
 
 .e. hM-57 sintax/) (a) cr a=l (ca+ 1)(ax 1)
 
 2-/s
 
 -
 
 '
 
 (6-2.3-4
 
 The'tdemagnetizing) feld insidethistwo-domain cylinderis givenbymn andin particularits z-component is (6-1.2),
 
 Ssr.=
 
 -
 
 (VD,.n -ov =
 
 t'y - s'Y# t'g . Pp p -ay Uin
 
 OS/-
 
 (6.2.38)
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 Substituting U 1omeqn(6.2.37) andperforming the dxcentiations, x...
 
 -
 
 -
 
 4% .M-
 
 ='
 
 zr.-,
 
 ,:sia((2p. 1)/J g E + (2,, 1)(a,, :.)(s) =1
 
 x
 
 -
 
 (6.2.39)
 
 .
 
 -
 
 Intlzisca-sethereisalsoa p-component, butitdoesnotenterthecalculation ofthe enerr, because it is maldplied by Muwhichis zero. According to unit the magnctostatic length aloag z is in this cat;e eqn(6.1.7) energy pc Su =
 
 1
 
 -g
 
 '
 
 a
 
 M%H.dS =
 
 --
 
 1 2* 2 0
 
 X n
 
 MxEùpdpdh. (6.2.40)
 
 Substituting for Mz fromeqn(6.2.28) audfor Jo 1omeqn (6.2.39), aad over p, g out theiategration su
 
 .a zMs, s.
 
 80,
 
 E + y)u(asgz a-=1(z,, -
 
 *
 
 =
 
 2.a2.,/'2 * N .l(
 
 >1
 
 l
 
 1
 
 -
 
 (2n 1)2 (2s+ 1)2 -
 
 '
 
 =
 
 :x.RcMsz (6.2.43) g. .
 
 TNereuer shouldnot beso naivemsto j'lrnpto the condusion that all potentialproblems havesuGa nice,aaalyticsolution.Obviously, oaly suche--tKearechosenfor demonstzadon here, butthereare others. Actually, tMscaseof an ininite cnrlinde,r is usedhereonlybecause it %nAthissimple soludon.Theproblemof a :pAeresubdidded in a (orrelativelysimple) but oaly by a more wayslmila.rto Fig. 6.1%xKalsobeeasolvv (2m1, complu tenbniquewhichis beyondthe scopeof this book.At any rate, the importat condusion is obtnsned by comparing tMs resultwith eqn nxmely (6-1.19),
 
 ne tiorn n r2 fa1 uw two cloluaktira.z rk',
 
 gM
 
 1. 4 >
 
 --
 
 (6.2.44)
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 Notethat tbisresit doesnot depead on R or Ms.Tkerdore, for any fematerial,ofaaysize,tke magnetostatic romagnetic termb rednad energy by subdividing theczysul1.at0 at leasttwo domains. It is not dîocttlt to extendthis calculatîon to more than two domains, *1#andseethat furthersubdivision caa reduce furthertàemenetostadc 'ëhA's e-xample d a c'yMdermay seemto somereaders enerpuAndin ca'use to bea uniquemqse,a qualtaténe but convincing argttment will begive,n ia the next section,showing that tkis cmseis quitegeneral andtkat the ma>etostatice'nergy prdersa subdivkion into domains in any geometry. However) one energy term prefersthjsco ationdoesnot Justbecause necessarily me= that it e>n always haveits way.Thereaze otkerenerr termswhichmttst beconsidered. Asfar as theMisotropyenerr is concprned, thereis no diference bet'weena nm-fnrmmagnetization shou in.Fig.6.1, andthetwo domains because if z is an easyes, so ks-z. The anisotropywill only dictate that z is parallel to a particular mystallographic direction, andis not just withintke cylinderfor eitherthe uniformmagneeationor any dîrection tke maaetizadon in :$.$m% However, domaintheexckange energyin a ferromaRetprefersndgkboursto haveparzlle.lspins,andin Fig. 6.1tkere is a wholesnrfnzte for whic.ktke neipbouring spsms on eachside()fit are antiparallel to eachother.Therefore, ia orderto crcte ths Gmfguradon workhms to bedoneagainstexckange: .andeven a very ro'ughestimation showsthat this 1- of exchange enera is muchlargerthan the gainin themagnetostaiic oftheconfguration ofFir. 6.1, enerr. Thetotd energy if tàken=cc'àlpasêintheforegoing calculation, is largerthanthat of the uniformmagnetization, andthephysical syste,m will pzefethelattercmse.
 
 6.2.1 Dopz/inGcJl Still,it takesonlya slig;t modiGcahon of theforegoing pictureto change tkeargumeat. Tkemôlnpointisthatthemagaetostxuc forcaare 'vezylong ranged. Theycontrolthebehaviour over hrgedâstanccs, auddonot chaage unstcellsksinserted considerably if a distance of severalhundred between whicll ihe two domains ofFig.6-1.lt is verydeerentfromthee-vbxnge, is a ye.zy short-ungeforce.ït skouldbequiteclearfromchaptez's 2 and3 only.It isa ve.ry thatltGects nearest,or maybenext-nearet,neilbours strongforœbetwœn suc,h butit doœnotcxtendto spinswhich nekkbom-s, are much fartheraway.Withsmallangles betw-nneighbouriqg spins,large chauges of the aagleover a dse-q.nce of manyatomsdonot involvea laz'ge rnxn be very uchangeenergyTherefore, thelossin the e-xchange energk muc,h reduced, if thepictureof Fig. 6.1is approfmately mahtained, but a mallis introduced, in whic,h tke directionof the maretizationvector cxanges gradnally, instead of an abmzpt 1om jumpof tke magnetization tkeoretical treatmentwill be#ve,n in tke $ = 0 to $ = x. A more complete nex'tchapter,but in the meantime t:e maiafeaturescau beunderstood
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 froma simple,semi-quantitative estimation. Whenthe spinoperatorsare approtmated by classical vectol's,as in chapter2, the exchange Andif J ksnon-zero eneraris as in eqn(2.2.25). between aearestneighbours only,
 
 zu =
 
 l
 
 -)7 Jysï sj =z -lsz nekghbours J-I cos$.,t, .
 
 U
 
 (6.2.45)
 
 where4qjLsthe anglebetween S2andSs A one-dimensional structureis considered, in whichplanes with n spinsin eachinteractwith neighbouring planes. Theinteractionof planef is takenonlywith that at ï + 1 andnot with the otherneighbour at f - 1, anda factor2 is introduced instead,ms in the transitionto eqn(2.2.26). Thenthe energylossfzomthe statein whicha1lspinsare alignedis DC.=
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 for smallangles. Let this calculation be appliednow to the case where the directionof the spinschanges from 4 = 0 to zr ove,rN suchplanes. Theanglechange between planesneednot bethesamefor all planes, and a betterscheme will begivenin the next chapter,but for simplidtythis anglef,stakenhereto bethesame. It meansthat in orderto obtaina total = of.lr aherN suchangles, change 4$,.j 'm/Nandthe enera lossis r
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 Theexchange thanthat enerr lossover thiswallis, thus,N timessmazler of one jumpfrom$ = Oto $ = A'. Ob in front lntegratîon of thssequationis obvious of tlle squarerootvandone of the branches is cos$ =
 
 1 + n tzmh@/J)= mz, 'F1+ mtaah2 (z/J) .
 
 -
 
 J=
 
 j/'2A%,
 
 N=
 
 Kz.
 
 -
 
 .K'l
 
 (7.2.17)
 
 Actually,insteoofz theargum%t shouldcontaân tr - z:, wherezo ksthe seondintegradonconstaatof the originalsecond-order diferentialequation.However, theorigiadoesnot haveanymen.nipg in an ïXJP,A crystal, andzo maybeomitted. Thewallerldr.orztn alsobecalculated analytirolly, by substituting eqn in eqn(7.2.1$, andcarr.ying oqt the integration.Thewallenergy (7.2-17) is thusfoundto be perunit wv a.Z'I?A s=
 
 Fr -1 n azfzc + + arc--antz-)s , L
 
 W
 
 )
 
 (7.z18)
 
 .
 
 whic,k depends onlyon t'heAninokopy andGchn.nge constants of themateriakThespontaneous magnetîzation, Ms,does not enter,because it is only ltM connected 1:ee.11 with themagnetostatic term which eliminated erlerr 1omtke present calculafon. Thœreueldly, the magnetization in eqn (7.2.17) becomes parallelto +z onlyat infnity,andthewall IUAaa in6nitewidth,but of course this ' inînity need'not betakentoo seriously. Thescaleof z in this equation is 6 = Cj2Kïtat lemstwhenx is smal),andthln expression is usually defnedmsthe mallWdfYAnyremsonable denstionof the widthas the
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 distanceove.rwhichmostof the rotationâom mz = -1 to mx = +1 ukes plve, wttlleadto something of theorderofthisquaatityA moreaccurate is s'iveain (27$. deNnition If theanisotropy is cubic,as is t:e case,for raxmple,in iron or nickel, thereare threeeasyaxes alongthe threecubicaxu. ThemMnetization in some of thedomains is at 900andin some at 180*to the one in the domm-n Fig.4.1). Thestructureandenera of boththe neighbouring (sœ 90*an.dthe 180*wxllqhavebeencalculated (r9)in a similarwa,yto the cakulation in thissection,at lemst for a negli#ble Xa.Theresultsare also m-mllarto theforegoing. etœtriction,whichhasbeenadded(2791 as a uninNn-nl Anisotropy superimposed on the cubicone, hassome efect on thewallstructure,but its efecton its enera is negli#ble. Thecalculation of theenergies of thedferentwallsis thelwq-qis of what becpme knownE145) as the domaintàeory.ln calculathgthe eaerar of dxezentconfgurations of domains,thewallsllet-wsvm the.mare takn to havea zero width,as in the calculation of the magnetostatic enera of thetwo domnsns in section6.2.But thentheenea'aof tphe wallsis added, usingupressions suchas theone fortheunlim-al aaisotropy in eqn(7.2.18) here,andmultiplyingby thewallarea according to theassumed geometry. Thistecxniqueazows the comparison of the total enerorof a11soz'tsof confgurations, in an attemptto fnd (5% theonewhose energyk lower 279) thanthat of the others.It is even possible to addthe interactionof each confguration witha.aappliedmagnetic feld andtry to followtheoretically 1hewholehysteresks c'urve.For largeand complusystems it is theonly theory,andthesestùdies still continue today-Forsmallpardclo (28% 2811 thereare betterandmore reDable .methods, whie.hwill bedecribedin iapter 9, butthistechnique is beingused(282, for themmswell.More 283) aboutwallswillbegivenin chapter theozy ofthedomm'n %butmœt delzu-lK thescopeofthisbook.Onlybefore conduding thissection,the are outside readermust be waamed not to be msqled by the elegaace of the solution into believing that thecalculation presentM hereîsthefnal resultfor the wallstructureor its energy'. Evena Iargecrystalendssomemheat andthe structnrepresented herecreate muchtoo muchchargeon the surface. Thkscxargetdemaretizes'thewall and distoztsits s/apeto reduceits ma>eœtadcenera,andthisdistortionpropagat% into theinternalparts of thewall.Theresulting structurebecomes quitecomplex, andeztnnot be expressed by a one-dl'mensional ftmctionof spaze.Thewhole problemthem becomes muchmore complicated than theone presented here,but then complication is inevivblein ferromaretism.
 
 7.3 MagnetostaticEnerr Themagnetostatic inkoduced in section6.1,mseqn enerr term hasb'een but it lm.qnot beenprove there.lt will be put hereon a sounder (6.1.7), tlun the bmsis ent Zventhere.In orderto satisfythosewhomay
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 fee.luneasyabouta mere acceptance ofMaxwelps equations mstheyare, it is necessaryto start fromtheatomicnatureof real'mxtedals, whichwas not even Hownat thetime of M>xwell. Theapprovlmation of a coneuous materialis inevitable at the end,but it is importaatto nodcethatit is not inednced as an arbitrarymssumption. It comesas a well-justifed approlmationfor thelirnt't of vadualvariauonover a more justifed thanthatfor theexchange tRrm, as will beseenizlthefollowing. 7.3.1 PhysiallySmcz! Splttrt Consider a latticemadeof magnedc clipole,with the magneticmom'ent th at thelatticepnint ï. Let h..betàefeld intensityat tàelatticepoint ï dueto all the otlterdipolœ.Ia theabsence of thermalfuctuations,the poteatialenera of thiq is 1 Cu= -j' Y!1%- Y', (U-3-19) 1
 
 wherethefactor1 thesurnmation containsea.c.1z of 2 is introdux because theinteeractiolks tWce:once as theinteraction ofthedipole6with thefeld dueto .handonœ as that ofthe dipole.i wtthtke feld dueto ï. Let a sphere bedrawnaroundthelatticepoint f- If its z'adius R is large wit,htheunit cellof the maœial,all the dipolesoutsidethis compared spheze maybe takenas a continuumfor Yculatingthefeld whiclzthey œeateat thispardcalar point,ï. Therefore, thefeld lu at thispointmay beeviuatMby tnlclngtheield dueto a continuous matarialeverywhere, subtntcting fromit thefeld dueto a continuous materialinsidethis sphere, andaddiqgthefeld dueto thedîscetedipoles witMnthe samesphere. Theirst ofthesetermsis thefeld calculated in section6.11omMmxwell's It will be denoted equadons. fromnow on by H', in orderto keepthe novtionH for theapplied âelddueto curren?ia some exteaalcoils.Az hasalreadybeenexplained izlsedion6.1,thesetwo feldsmaybetakenas separa*ent-idœ andtheasuperimmsed. It is necessary to subtractfrop this feld H' the contribution of a continuous mMnetization insideth1 sphere. If this magnetizadon doesnot varqg very mucàinsidethesphere, thelatterNeldis approzmately thedemagnetizing feldofa homogenmusly magnetized sphez'e, givenby etw (6.1.1.3), namely-(4?/3)M. Hencl 42: hs'= H' + M + ht.,
 
 7-
 
 whereh?is the conkibutionof thedipoluinsidethesphere.
 
 ' -
 
 (7.3.20)
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 'àheuse of the demagnetizing feld is jalh-ia-êed if 'tàeradiusR of the sphereis smazcompared with thescaleover whicàthedirectionof the magneœation can betnlrnnas a const=t, or at mostas a linaarllnction is not in conlct ofspaœ-ltis necessav to mnw sarethat thisassumption wit,hthefrst asstxmption, that R is muchlrger thaathelatticeconstant ofthematerial.Thesecond requkement is that R is smallcompared with thesœenlled ezthange Jenvl/j, wàic.kis the lengthover whichM cllaagœ, namelysometMng of the orde.rcf theLzandau and Lifshitzwall width, with C x 2 x 10-6 erg/mzz aud Cf2Kï.Fora typicalcaseof permalloy, thiswazwidthis ahmtl00am,amely about300unit Kk ;4$104ezg/cap, cells,andaboutthesamenumber applies to iron.ln thesem-rt- it is indeed valueof R, 611611img possible to defnean intermedln.te bothrmuirement for beingsuEdentlyhrgeandmzRdently small,whichis n.sawnlly referred to as a pltysicazy Jzncllsphere. It shouldbe e'mphasieM agna'n that this ' possibûiv ofde sucha physienlly smallsphere is dueto thee-xchaage lwqng thespinsalmostaIig'IIC'd over verystrongover a shortzange,keepîng distaacœ of theorderof a unit (e- Thereare casœof certainrare earths, or thdr alloys,for whic,h Kï is muc,h largerandthe exchange lengthis onlya fewlatticeconKunts.In thœecmsesthecontîauum approach is aot andit is aeceasazy to coasider a fnite Gaagein thedirection justiâed, (284) of M 1omone latticepointto thenexk . Thelastterm in eqn(7.3.20) is a sum over feldsdueto dipoles, Jz. 3(../ riylri.f -..-.J, (c.:.).a:.) a+ s Irïjl Irzgl jTéi2- Es = Sxt-
 
 l , H:/.. 8x .u xpa.rk
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 H ,)z dr,
 
 (7.3.41)
 
 wherethe inequatityresultsfzomsubtraztiag an inteval whicbcannot bencgative,because the brzmlrets in the in*gran; ofthesquaze. Opeming usingGrsteqn(7.3.32) theneqn(7.3.27), aadomittingthe 'all space'whieh is impliedfromnow on for all theintegrals in thissection,
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 (7-3.42)
 
 to eqn Thepazt of theintegralwhichcontna-ns Hk. B' is zero according that Note the proof of that equation rmuized oaly that (7.3.37). H) is a gradientof a potzmtalwhichis conthuousandregularat inflnity. It is not even necessazy that this poteatialis dueto any realmagnetization distribudon. Therefore, bywritiagthispotentialeelidtly andsubstituting i.n eqn(7.3.42) eqn(7.3.41)
 
 su z su -
 
 dp, /M.vlaz- sl /(v+)2
 
 (7.3.43)
 
 wherethefzrs'tineih ove,rthefromagneticbody(orbodias), andthe second integralîs over thewholespace. Thisretzlt provides a lowerboundto thecorrectmaaetostatic enerr Cv ofa givenmagnetization distribution M, in termsof an arbi-vy functîon of spaze:+. Theonlylimitationon tke arbitrar.g Goiceof + is that only it is coneuouseverywherw aadthat it is regularat inCnliy,because thœepropertieswere usedin theproofof eqn(7.3.43)A discontinuity of tàe dezivative is allowed, aadmay beintroduced anywîereHowever, it is not usuallysuEcientto havejusta lowerbound,whichmay becozrect
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 but not useful.Afterall, a zero is alsoa lowerboundto the magnetostatic positiveaccording to eqn(7.3.32), but this lower enerr, whichis always bounddoesnot helpto solvemanyprèblems. A usefullowerboundtsone for whichCnis not verydxerentfromCu,whichis intuitivelyunderstood to be more lgelywhen41,is chosen to haveat leastsome ofthe features U. It shouldbenotedthat expected 1omtherealpotentialof theproblem, if 41,= U, the inequalityin eqn(7.3.43) becomes atl equuty,according to and (7.3.3$. Therefore, the bestchoice shouldalwaysbea eqns(7.3.26) 41, whichapproam 'matesjor at leastimitates,U. Thus,for evnmple, it somehowdoesnot seemrightto choose a function+ whichhasa discontinuous derivative insidetheferromagnetic body,even if sucha choice is allowed in prindple,am.d even thoughit hasnever beenprovedto bea wrongchoice. At anyrate, sucha choicehasnever beentriedin any of theapplications of thistheorem iu the literature,ms citedia (288j. In practicalapplications, Cu is not known,andit is impossible to determinehowgoodthe choiceof 41,is by checking whethersz is closeto Su. Thereforej a lowerboundby itselfdoesnot helpat all, andthe only criterionfor theuseftllressof 4 is whenan upperboundcan alsobefound that is not very diFerentfzomSz-Onlyin sucha case e--inone claimthat theexactenergyvalueCuis suhcientlywell deternzined, because it must .' !) bebetween thesetwo values. The importance ofBrown s bounds are thus in thecombinadon of 30thof them,andnot in eachof themby iiself. To obtalnan upperbound,a positiveintegralis addedto the true energy,Su) in theform 1 Cu f f's = Cu + B, 2 drt (7.3.44) 8* (B1 ) whereBz is a,narbitraryvectorialfunction ofspace.It can beseen1omthe proofof the relations usedin thisderivationthat it is suhdentto require that B: is contiauous everywhere, andthat V . Bz = 0. Asis thecase with .ï',thisB1 doesnot haveto beconnected with the realB' of theproblem, but it helpsif they are not too diferent.Substituting fl'omeqn (7.3.36), opening the brackets, andushgeqn(7.3.211, 1 2 - 2B1. l's = 2.mM.27 + (Rz+ 4rMjdr. (7.3.45) 8x gB1 According to eqn(7-3.37), for whicha11 it takesto assume(asmentioned is that Bz is continuous andthat its divergence is zezq above) I'M< En= 2rMs2y+ 1 Byc dr B1 .M dr, (7.3.46) 8,r wherethe last integralis ove,rthe ferromagnetic body,andthe one before it is over thewholespace.Asbefore,V'is the volumeoftheferromagnetic
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 body(orbodie). And,aqin thecaseof thelowerboundin eqn(7.3.43), the ixequality becomuan equalityif B: = B' dueto theactualmagnetization M. distributioa Bz = TheconstraintV . B1 = Ois enlrllyimplemented by càoosing V x A, in whichcxe thevedorpoteatialA is almostcompldely arbitram it isvezyeasyto takecare of therequircment of continuityin any because analyts.c model. lt is alwayspreferred to defnesomeadjustable paraïeters i.nboththescalarpotendal 'I' aadthevectorpoteatial A, andmnvlmleeàk aadminimîze SBwith respectto theseparameters. Thisl-Aniqueensure tkat thebestupperandlowe:bounds are obtainedfor anycNoxnfunctional formof thesefunctionsof spMe.With some htuition,or some luck,the cnoughto makeit unnecessaty to go upperaadlowerbotmds maybeclckse intothe Ompatations of theactualmagnetostatic enerr, andsomesuch cmseshavebeenreported(288J. A dferentcmsewi.llbegivenln section 10.5.1. H this section,integrals over theferromagnetic body(orbodie) aud ttegralsover the wholespacewere trp-qtelon an equalbGs, even using thesamesymbol for both-ln pmdicethereis averybigdiference between thae two integalswhenit comestzl numerical computations. Because of thelong-raage natureof themagnetostatk potentials, theintegration outsidetheferromagnetic bodyconverges andit isnecessm to use veryslowly, times the volume of the ferromagnet before the result can apprHmany matean integration to in6nity.It mustalways l)eboraein mindthat when two expresbions azeidentical mathEmatirnlly: aad e.g.as azeeqns(7.3-26) their computation shoddonly converge epenttt4ll: to the >me (7-3.32), nlzmerical rault for thesameproblem. lt doesztt?tmean that theytaketke Rxmetimeto compute the rx-laeresult.BeAuseof theslowcorvergence, sacha numericalintegration outsidetheferromagnet haqnevc beenconsideredpzactical5na=yof tke applicadons of this theore,m reporfe PM! so faz,with onlyone exception whiG will bediscussed in section11.3.4. Tncfmz!,thepotentialwas always takenmsa ftmctionat fo= for whichat leasttàecontributionto J(V+)2dr oz J B2zd'r from the m,rt outsidetke ferromagnet couldbe carriedout aqazytkal'ly. Moredetailsrltn befound in the references citedin (2881, and it can only beMdedthat thereis a certainsuggestion for a-rathergeneralnlnKsof Nnctions whic.heztn (290) beusedfor thispurpose, b0thfor the scalarpotential* aadfor thevector potentialA. 7.3.5 PlanarJ?ectangle It hmsakeadybeenmentioned in section6.3that theformalsolution ofeqn involves integrations whichrAn beveryrarelycarried out xnnlyti(6.3.48) cuy. Themainreasonis that thenllrneratoris a Tnndionofr' only,while thedenominator involves r - rJ. These expressions are rlsmcult to mix,even for rathersimplefunctions.
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 i.:zparticularthecmseof a ferromagnetic bodyin theformof Consider prism,-'c %z i %-ù K y K b and-e %z K c. Thepoteatialdte to thevolume charge;namelytheîrst tntegralin eqn(6.3.V), can be wdtten in Cartesian coordinatums a
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 (72.47)
 
 wherem is defnedin eqp(5.1.6). Intevatiagby partsjthefrst te= with with respect to the seœnd term withrespectto &?,etcuit is omzlox' XL bdweentke lt'mits-4, andd,,etcpcancel seentàat all theGmrusions the appropriate termsof thepotentialof thesurface ckarge, namelythesecozd iutegralin eqa (6.3.48). For tàe reGerwhohasnever t'ied this b'ndof exerdselI highlyrecommend followingthedetailsof the laatstatement, wàickis thebet wayto understand the meaning of thenormaln. At any rate, theresultis tàat the totalpotctial dueto bothsufaceandvolume cEarge is t)
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 If m is madeout of (rather htegralpowersof z', f andz', all the small) integrations in thisequationcan becnm-ed out analytically. Forprnztta'cally ànyotherfundionof thesevuablesit ksimpœdble to doanytldng analytic intoa unless themixturein thedenominator can Kmehow betm.nqformed productof functions of x andz', andso fortà. Nogeneral trazsformation of this sort ksknownfor thegeneral, threedjmensional Howeve,a generaltwmAormation integralin eqn (7.3.48). is knownfor the two-dimensional rmse, whem m doesnot depend cn z, whichcan beeitherbecausd thesnmpleLsa vezythin fhn , withc -/ 0, or because thesample is very longin one dîmension, andc --+ cx). H the two-dimendonal caseitis knownfromanyundergraduatetextbook thatthe potentiiof a unit charge is1og(Va)2, instead ofthethree-dimensional 1/r ()feqn (6-3.48). Repeating theforegoing întegratîon uscdin tàe derivation bypartsfor therectangle -4, K z K c, -5 K y K bleadsto
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 H thisclmett is possible to usethewemuownLaplcetrxnxformj *
 
 og ja.g/ j 1* = v'ltle-lm-m cœ((p (7.3.50) 0 @ F)2+ (y F)2 aadzewriteeqn (7.3.49) insidethe (andsîmllxrlyfor t:e secondterm), -
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 TH expression was ori/nally derived astheliml'tk -> 0of a periodic (291) z-depeadence of theformcostkz), directlyfzomtheA:11 three-dimensional potentialin mn (7.3.V). It shouldbenotedthat brpztMng theintegrals ft)r a?> z andz' < z taald m'mllxrly 'value for yt)is dueto theabsolute in mn is validonlyfor the a) that the resultpresented ia mn (7.3.51) (7.3.50), poteadalinddetherectangle. If dther z or ?/Lsoutsidetheferromagnetic rectangle, tkis breakngdowninto two integralshasto be modifed,and HiFerentexwessioas haveto beîtted according to thequadr=toqtdde tke rectangle for whichthe potentsal is calnnln+M . These distiactions are not usuallynecœrarsbecause the potentialin therectxangle, -c S tz %a and-5 S y S b,is snmdentfor calculatingthemagnetostatîc enera. Repladng a double integalbya tripleonemaynotsea a goodst of eqn(7.3.51) ()#ereqn(7.3.49) at a frzt glance. However, theadvanvge ksthat theformercontainstrigonometzic andexponential fanctionswhich are readilyupressed msprodncts, namelya,functionof zl timesa ftmction of z, andsimilrly for y and6 In a productone ishighlylikelyto beable to performbotkîntegrations analydcally, for a widevarietyof hncdons m, whichcannotbe haadled in the formwhichcoatainsz - z? in eqn For the maaetostaticenerr in two dimensions thereis a foar(7.3.49). foldintegration, whichis transformedherekztoa fve-foidone. But if four analytically, the nnmeric.al out ofthefve caa beperfozmed integration of . the remiaing 11z*g1-a2 over t is muchsimplerthan a four-foldnumcical founduseftzl in thecalculation ineration.rnis ttenique hasiadeedbeeu . oî several casœ,dtedin (288)
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 Thesubsdtution in theenerr will only be demonstraM herûfor the particularcaseof a maRetization whichdoesnot depend on y. Ia thiscae, aftercarryingout thûintûçationover yl in eqn(7.3.51),
 
 Dk@, #)= Mfs
 
 :-(:-v): - :-(y+v)t
 
 x
 
 2
 
 -.
 
 'cutz?le-(z-xz)tdzt
 
 mc (z,)e-(xr-m)v aqy
 
 r
 
 &' xs((z z')t)mv@') -
 
 1
 
 0
 
 siatsfl + 2cosLyt) t -. -
 
 a
 
 (7.3.52)
 
 cg.
 
 According to eqms(7.3.26) and(6.1.2)j tite magnetostatic enerc of sucha one-dHensional magnetization structurein a rectangle is SM=
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 Substituting fzomeqn(7.3.52), aad Du= 2j%f.
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 Thiseoressioncan besimplifedbynotingthat. =
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 because eachofthee ecpressions can befoundin tablesof inteval transformsas beingequalto 1
 
 i' log 1+
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 @ z')2 -
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 lt is nöt adeableto use the lattûr expresionbdoreiategrating ove,r andz' for specïcmagnetization covgurations. Howcxver, eqn (7.3.55) allowscombining thetwo expressions together. By subsdtuting it andthe knownintagral z
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 in eqa(7.3.54), oae obtains
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 The azvanuge of tikisiateaal over oae witk z - z/ iasidea logarithm shonldl)equiteobvions. Thiserpressioa will beusedin sectioa8.1for the ealenlxtion domainwalls of the mMnetostatic energyof one-dimemsîonal in thia flmq.
 
 8 ENERGYMINIOZATION 8.1 Bloch and Ndel Wnllq Themostpopularcaseof minimizingall threeenergyterms(namely, the exchange, tke uisotropy andthemagneiostatic is the studyof eneagies) thestntdure andenerr of thewall between antiparazel domains in thin ilms. TheIzandau andT'A'RM#,z iz gecion7.2assume an soludondesczibed lnBn-&ta cnrstal,in whichit kspossible to get awaywith no magnetostatic If the crystalis lnite, this wallstrudure continsa enerr contribzltion. non-xro normalYmponentof themagnetization on thesurhce,andthe smvfnne cbargemust taken1to account.Moreover, ensuing be enerr ofthe can NH Z'eI:O nlrpadyin 1955that theenerr of thissufMecharge than betx largein the caseof verythin flms,whichhavemore suzface volume.FbrtMs zeason,N&.Isuggested a dferentstructurefor thewall in vet'y thin fzlms,in whichthesurfacechaueis replaced by a volume that thetotal enerr couldindeedbereduced by such Garge,audshowed a trxndormatkon. of a wallstructureia thin Elmswill bedœcibedherefor Thisproblem showa in F$g. is infnitain b0ththez- and thegeometry 8.1.A platewltic,h domxins z-drectkons hasa thckness 25in thetll-dz'wrtaon. Twoautipxrallel havetheirmagnethation along+z, whichis alsoassume to bea.nemsy ais for a unieal anisotzopy, aadthewa11 betwenthe,moccupies there#on -a S z K a. Thewall is Msumed, katlu-Ksection,to beone-dimensional, namelym is assumed to bea functionof z only.
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 Oneway to approach this proble.m is to n- the solutionfor thebnlk wall structm.ein eqn (7.2.17), andcalculateits maRctostaticenerafor the'Oseof a fnite b shou ia Fig.8.1. ()f coarse,it shouldbetakeninto atcotmttVt thebMllrMrudaremaybemodifedfora fnite thicHess, and it is betterto havea modelwith one or more paramcters andrnlnsm-tz,m thetotal enerawithrespectto thesepnmmeters. Themodelshouldonly tendto the structureof eqn(7.2.17) in the Brnlt b .-> x. However, the calculation ofthiseneratel'mfor tkisparticnlnm wallstnlcturee%nonlybe doneby a Nlntvely complicted(292J numez'ical comptttation.Therefore, two methods havebeenusedfor resolvingthis dllcultjr. In one method cer-x-n approimadozus for the maRetostaticenera are introduced, and theothermethod usesflmctional formsforwhiG themMnetostatic enerr rltn be calculated aualyticallyj andwhichappwxjmate for a eqn(7-2.1.7) eAn befoundin theliterature large5.Examplœ of 170th methods dtedin aa.d(2923. lgxqâ HereI chooseto mustratethe problemby one of the modelsof the second type.lt was fa.s'tpropœed byDietzeandThomasin a pape cited ia (288) and(292), th= e-xtended to more adjustable parameters byothers. The orîgînatpaperis i.n Germaa,but.it is not imporunéfor thereHe.r to look it up, because the calculation of themaRetostaticenergygivea ltereusesa completely diferentmethod fromtheone #ven there.Onlythe resultis thesame. This modelassumesthat tàez- andv-components of thelmlt vectorm are 2 cos('.i
 
 = e sir/ mvtz) : +s
 
 q = mwtzl tzo+ ''z;a , .
 
 ,
 
 (8-:t.T)
 
 wàereq is an adjustable determjnes the wall paraeter, wllichœsentially width.Here4ksaaotherparameterwhichis introduced in orderto treat mnlrfwmy = 0)and4 = xI2(which togetherthe cases4 = 0 (which makes mz = 0).nese cxq- were studied separately in theoenalpaper of DietzeaadThomas, as wellin all othermodels of a one-dimeasional wall-It shouldbenotedthat in thc case4 = x/2thevolumecbxrgein the wallvaaishes, but thereis a surface chargeon v = +5. Thiscmsehasbeen #venthe name of the BWhvpcll.Onthe otherhand,in thecase 4 = 0 thereis a volumeeàarge in the walkandno sttrface chaœge. This caseLs exlledtheN&l =cll. Foranyvalueof $,thedefin-ttion of theunit vectorm is completHby the requkements that m2> + m2M+ a2z; = lj andthat at theendG thewall, wherethedomains Fig.8.1). Heace, be#n,mzt+xl= +1 (see 2ç2+ z2 . (8.1.2) c cxn becalenlnkzvl Themaaetostaticenerr ofthis wallconfguration 9om m
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 for theNrticularcasea = x, whichis impliedbyeqns(8.1.1) eqn(7.3.57) aud(8.1.2). Forthektegrationsover z andWit ksonlynecessary to use 'x' -x
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 the magnetostatic enezgy (7-3.57), ço .-24:
 
 J
 
 su = zlrplMszçcosz 4+ 2x2Ms2g2(sin2 $ - cos2$jJ0
 
 *
 
 j
 
 dt. (1 c-2&) -
 
 (8.1.5)
 
 The raaining integradonover t is a wemuownLaplacetrausform, to bewHttenin a.aanalytic whicàallows thewholeexpression closed form. Howevery in thestudyofdomainwallsit is custome to dealwith thewall enera perunit wall arewdenotedbxgy, ratherthauwitheperrper unit walllemgth. la thecaseofFig.8.1,it Lsnecessary to diddetke FaEenergy perunitlengthby the61mthickness, 2%to obtaintheeaeraperunit wall area. Theefore, >=
 
 SM= .,2.v,2qcozz 4+ 25
 
 -b -jQ (sin24cos24)1% 1+ -
 
 q
 
 1 (8.1.6) .
 
 ln particular,for theBlochwa,llwit: 4 = x/2,thisenerr is proportîonal 'k>(:X)log(1 + 5/:),wkichtendsto zero for b -.+ x, aadrtmuà-nn im'tm for 5 -+ 0. For the NIeIwallzwit,h$ = 0, the menetostaticGergy is proportional to 1 - (:/$1og(1 + bjqj,whic.btendsto zero for b --y 0. and remainsfnite for b -+ x. It Lsthusqualitativelyclpxrthat if thereare no othertypesof wn.llq,the NV 5vall shouldest for thin Slms(h which the enerr of a surface càalzekshrger thanthat of a volumechaœge) , and theBlocàwallshouldtakeover for thic.kflmq,for whichtheenergyof a snrfv- charge becomusmaller th= that of a volnmecharge. Theother eneraterms to be considered aTetlle exc%xnge and the Ysotropy.Theenerg densityfor theformeris #venby e1n(7.1.4), whkh becomes, 0e.r substltuttgFomeqns(8.1.1) and(8.1-2) azdcazrying out the diferentiadons with respet to z, 1
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 whereC is the exchange constaqtdefnedin section7.1.Notethat thks Apression is independent of the parameter $, whichwas enteredin the fo= sin24 + cos24. Theintegrationis obvious,andthe (.= e energy perunit wallarea of thismodelis
 
 %x 1 5 'yox= - 2à = -25 -s
 
 x -x
 
 g'c = -(W2 m6dzdy c
 
 (8.1.8)
 
 I).
 
 Aasnmnsng that theanisotropy is uniax-ialj whosee%ya'dsksparalleltp
 
 zbtheanlsotropy is #venbyeqn(5.1.7)9 whicE will beused enera density herefor thecaseof a negzgible Xa.Forthepartknlnm consguration in eqn
 
 thiseaerr densityis (8.1.1) 'tpu=
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 SuVtitutingin eqn(5.1.10), theanîsotropy enerUper unitwall area is w
 
 ?lm= 1 = 26 23 -,
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 Aswas thecmsewiththeexchauge tprrn, thisexprvion doesnotdepend minimleingthe total wallenerr with respKt to $ is $. Therdore, Mhieved by ' ' ' ' themagnetostatic term only.Andsince*'yM/:4 is proportional to sin4cœ in 4,thereare onlythetwo solutionsmendoned tàefore&ing:the Blochwall,cos$ = 0, whickàasa sur.far,e charge but no volumechargeandwhose totalwallenerr per unit wallarea is on
 
 ':&!=
 
 vcc
 
 x + (./j 1)+ OJt', , -
 
 cz-vzzz'' b s log 1+ ) q -
 
 (8.1.11)
 
 ,
 
 au.dtheNéelwall,sin$ = 0, whicAhasa vohmechargebut no surface cbn.rge andwhose total wv energyper unit wallarea is ..)x=
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 Note that the exchaqge enerr term is trying to makethe wallwidth, q, as largemsit can, whilethe Ysotropyenerr term is tryingto makeq ms smazas it cltn . Thistendency is more general thanthepartic'ular model discussed here,audf'kstàegeneml,qualitativeiscussionîn section6.2.1. Theroleof tàe ma&eutatic enerr term is lessobvious because of the dependence 2è.TMSfeatureis alsorathertypical, oa theflm tMclmess, in that the magaetostatic and energyterm is usuatly yttitecomplicatM,
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 it is not easyto s- its tendency andpreferences. J.nthe presentcmse,the onlyobvious featureLsthat 7Mprdersa largeqt if bIqis constaat.But tlis statementis not helpfulbecause b1qis not a constant.Evenin tids Mmplecase, theonlywayto fnd out the role of efu is to ml'm'rnsze the total watlenerr for deerentvaluesof Ms andtry to seethe tendency. nere is no mMneticfeld in thiscalculation, whic,h is justmeantto fnd thestaticstructureof a wallin zero appliedEeld.It is not dilcult to add a.ninlraction with a feld to this model) but the mainefectof applyhga feld is to makethewallmovesomewhere else,whichis a diferentproblem: Theparxmeterq is determined by minimizingthe wallenergyin either or eqn(8.1.12). It is nrhieved byequatingto zero the derivative c'qn(8.1.11) of thewall enera with respectto q, whicxlen'qto the transrvmdental equation C (H n' q
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 for theBlochwu, andto
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 (8.1.14)
 
 for theN&l wall.Theseequations haveto besolvedfor q as a faacdonof b,andthentheemc'pv r-qn l)ecalculated fromGm(8.1.11) or mn (8.1.12)j by substituthgthecomputed q. Thesolutionoftheseequations is straightforwaxd onlyin thelimit b-> O for the Niel wall,or b -.+ (x) for the'Blochwall.ln b0ththOecasesthe maaetostaticenergyOntributionvanishes, andthesolutionof dthe,reqn or ks (8.1.13)eqn(8-1-14) q=
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 v(W2 1). .tAl
 
 (8.1.15)
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 .
 
 Substituting i'amn (8-1.11) or eqn(8.1.12), hm,m = nm %
 
 =
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 2crz(X2 1). -
 
 (8.1.1 6)
 
 Thiswall energyis 'a'tx/i 1)/2= 1.011timestheenera of theLandau andLifshitzwall,eqn(7.2.18), whichhasb-n obtained as a solution ofthe Eulerewationof the problem. lt mpAnsthat eqn(7.2.18) is theabsolute minimum for theenerprofall possible one-dimensional wv s'trucwturO in an klnite 5lmthiclmess. A diferemce of only1%fromthisabsolute mYmum, and/or any wal'ue o.ft?Iephysicalpcrcmeïer4,certinly makesthepre-t modela very goodapprozmation, at leastfor verythick Kms.Also,the
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 Pilm thickness, 26 (nm) FIG.8.2. ThedomaHwallwidth,q (dœshu aademergy curvœl, perunit wallaremJ, for BlochaadN&I wallsiu thin permalloy S=s. wall widthwhiehcaa bedeèned by q in eqn (8.1.16) is not signKexntly dxerentfromthe widthobtized1omeqn(7.2.17). Foranyfnite Glmthintmœs and (8.1.14) haveto besolved >ns (8.1.13) nnmerically, aada nurneric,al solutioncan onlybe performed for sptmiic valuœof the physical parametersAs aa Awmple,I choœe theparameters êlmq,namely usuallyusediu thestudyof pqrrnatloy C = 2x 10-6erg/cj Kï = 10Derg/cm3, and Ms = 800emu. For thœeGuesj the compu%d valuœof thewall widthparamde,r line plottedia Fig. q aze thedashed 8.2as fnnctionsof thefll= thieWess, 2è.Onceq isHownforeitherofthœe wallsjits mlue rltm besubstituted ia eqn(8.1-11) or (8.1.12), forcompnting tàe wallene-rgy unit wall oz respectivdy. The per a2%'ys erx enerryvalues thuscomputed are plottedmsthe6111 cuzvesin Fig.8.2. Deerentone-dimen/onal models were publisked, aadtheyatl yielded for the >me valuesof thephysieal parameters. One..w very Kt'=t'larzesults) of the obvloustheoreticalconclus-ions Fom Fig. 8-2,whie,hhasalready in theforeming,îs that one shouldexpectN&l ben statedqualitatively wallsin vezytkin Sms,aadthe,nat a certainflm thinkncsthereshould
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 bea shao tmndtionto Blochwalls.Thissharptrusitions did not s-rn triedto workout a cerœnmted mallaround right,andseveral workers tke transitionbe>eentàe Nlel andtàe Blochwallre#onsNoneof tàese models worked, andtheya11collapsed in the:same way that tke present modelin eqn(8.1-1) did.In tàe beoning, thismodelcontained an Gtra parameter, wldreh could kave values for wàic.k the wall is partly N&l $, andpartlyBloch.However, tke enerr minimivnàion retained onlytàe two Yues Oandrj2, anddid not allowaay mixlng.Tàesame àappened for wbbcà Mybodytzied.Latertherewas a general proofg%lo) that anymodel thesamemustàappento anyone-dimKsional model,andtherec4.n beno mixedwall in one ds=ension. 'I'MstkYr= doesnot nerxqm'lyinvalidate certainsemi-quantitative aboutthepossibilityofa mixet arguments (293) but not strictlyonmdimensîonak wG. Experlmen#mlly, 't'àetransidon 9oma Nlel to a Blocàwallls not sharp. It is prwmlble to disdnguisà entallybetween tke wa11 structurein tMn flms,identledas a Néelwall,andthewa11 structurein tkic.kfll'rns(or tàe re#ons in bulkmaterials), identfedas a Blochwall.Howevery between whereone or tke otheris observed, tàereLsa ceexin reson of Alnathicknessœin wàicàa tàirdtypeofwallis obsened. Thisthirdtype,whichhas beennamedtàe cm=-tiewalbàms(52, a verycomplicated structure. 294) It is defaitelynot a one-dimensional structure,b6x:a,11it àasan obvious periodicii'y in thez-direction ofFig.8-1.Tàereàavebeenseveral attempts 296, 297, to work out a theoretiv modeel for tàe magneœation (295, 2981 xtisfactory structurein thiscross-tîewall, butnone ofthemcouldproduce z'e-cnlts. Morevent computations tàe madea largeadmacetowards (299) understanding of thiswallstrudure,andcompared hvourably(3œ) wità ex-periment. However, theyhavenot reallysolvedtàis problem comple*ly, andthefne detailsof thecross-tie wallstrudureare not verywellkztown yet.
 
 TàedetxilK oftàeN&,Iwa11 structureare not ve& Fe.IIHowneither.In 1965,Browntriedto avoidthechoice tàe largenumber oftàe tàenamong efsiing models fortheBlochandN:elwalts.Hetàougàttàat àeconldfnd thestructurewitk thelowestpossible zniaimization 0e.1v by a nnrnerîcal of all mssibleone-dimensional co rations,usiuga method whichwill bedecribedin Gapter11.HeandMsstudct, Leonte, solvedE301) this proble,m for the Blochwall in pe=nlloy Xlas, but tàey couldnot fnd tàe computations sucha structurefor tàeNGIwall,because justdid not btturnedoutthat the Néelwallàasa verylong'tG', wàicbkeeps converge. g witk fartàeriteradons. LaterOmputations, reviewed in (295j, foundvariousadhocsolutions fortàeproblemofcmvergence oftàe tail, buttàesesolutions onlyproduce a converglng result.Tàcydo not necœsxrllysolvethepàysicalproblem, andit is not cleazat all if theseconverog solutions Rtua'llypresenta pàysically validwallstructuze-In tàe îrst placejthenecessity for special
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 which tricksbyitselfshouldberegarded msa smptom of a deeper problem, doesaot goawaywh%the emptomis removed. Secondly) detailsof the
 
 computed wazstructuredonot quiteagree(302) with expeziment. Thirdly, the wholeone-dimensional approach ls bmsed on theassnmption thatmg is zero everywheze, eventhoughthemagneticîeld in this dirrtion,8Uj%, is not zero, whic.k somehow doesnot soundright,as noted(29% already, 295) togethc wit,hsome otherdetails.Besîdes, thereis too big a diference between the tailsobtained for thesamephysical parameters, witha slightly dieerent flm thickness, as in curves c andbia Fig.3 of (3031, andit looks theora (304) according strangeat best.Ontop ofthat, thereis a general to wkic,halIone-dimensionk magnetization structuroare unstable. It is quitepnqm-ble that thesedl-lcultiesare not serious,aadai least thereis no expedmental proofthat something is baniœlly or theoretical wrongwiththetheozyoftheonedimensional NH walt.Thetheore,m about instabihty of a1lone-dimendonal structureswas neve,rtnkm veryseriously by anybody,not even by theauthorsof the originalpaper.Forthe particularcase of tke LandauandLifshi't,z one-d'zvnensional wall,theywrote tHt it tderiveits justifcation FomShree-dimensional considerations (K4) implidtin the initial statementof the formallyone-dlmensionat problem'. Theybazlonlya very mild critldsmof otherwall Gculations.On p. 93 of his book(1<j, Brownstill justifMtheLandauandLifshitzwallcalculations, but was more ex-plicit in statingthat the calculadons of walls in thin flms are essentially invalidated by this theorem. He wrotethat theyneeéed jnstiâcation, withoutwlzicàtheyfmustberegarded msmere guesses'. Hoèever, thisGtidsm was Just Everybody elsein those Wored. daysregarded thistheoremas a mere formalityanda nuisance, andmost peoplethtnkso even today.Theyconsider it az sometbing equivalent to the mathematîcal proofthat magnetism czmnotHst iu two dimensioas, wkiclzdoesnot preventa theoretical studyof two-dimendoaal systems, andita comparison with experiments on nprly two-dMensional umplew msdiscussed in section4.5.Theybelieve that theseone-dimensional Nël walls,alooughformallywrong,aze a vezygoodapprozmaiion for thereal threedMensional wallstrudure-Therefore, no serioasattempt%Meve.r beenmadeto checkthispoint)andall that is knownaboutNG.Iwallshms not changed sincethe review(2951 whichlistedthe bestone-dimenm'onal modelsthat werc all geaernlszations of eqn(8.1.1) with.moreparameters. to allowmv' to bea fttnctionofyt instèad of Theresultsofaa attempt(294 'ne mostxcent numerical computations just0,were notveryencoura#ag. nlm start with aa c priod assumpiion onlyon z of dependence (299 ! 302) of Ftg.8.1. tn view of all tke indications mentioned here,EE donot consider this approach to besatisfadozy. Althoughthereis no clear-cutevidence forit, the solutionmaybein allowinganotherdimensson. Since the strudureof wallsinvolves whichchangaperiodicazly in z of theGoss-tie a handedness
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 Fig. 8.1,a real Néelwallmay alsoitavethis periodidty.This calculation hasnot beentriedyet. 8.2 Two-aimensionalWalls Thetheoremmentioned in theprevious section, abouttheinstabilityof all one-dimensional ferromaaetic coafguradons, alsoapplies, in principle,to thecaseoftheBlochwa11. Moreover, whilethepossibility of a-dependeace statedin theprevious section is onlya spemklation fortheNéelwall,thereis ebxnge strongexperimental evidence 305,306,307) that suchapedodic (52, of thehandedness dœse-rutin Bloc.hwalls,eve.nin bnllrœystals. There that this periodic change is alsoa ratherconvincing argument(295, 308) reduœs thewallenergy,at leastwithrespectto theonmdlmensional Bloch wall.Still,the CFeCI of thisz-dependence on thewallenerr, andon its structurein theothe dimeasions, hasnot beenfu'tlyinvestigated yet. The whichhasnever beeajustledin any way,is that the usualassumptionl z-dependence îs a minor perturbaûon, whkhOectsonlya smallpart of a longwall,audeltn beignored withoutmakinga sezious mistake. However, for the Blochwall therewas alsoa rathercommon fraollng that tkeremust a wa.yto reducethe magnetostatic enersyby allowinga vaziation of themaaeœationalongy of Fîg.8.1.Brownin particularuscd tkis idea,but neitherhenor anybody elsehada to goaroundadvertksing goodmoddto try it on. Thefrst published suggestion in was (dted (2952) sclzeme a perturbation of the one-dimensional wall,whichhasnever been walls,wbich actuallycarried out. Thentherewere obsmatiomq of covzzled Alms,separated are thewallsîn a sample madeof two fcromagnetic by a thînlayerof a non-magxetk materbl. Therekqa strongmagnetostatîc interaction,eectingcertahexperimental reqlts, betwœna wa11 in the to is Justaboveone in the lowc layer.Somerderencœ upperlayerwllic,h bothexperiments andtheoryare givenin g295), butthe detnshare outside the seopecf thîsbook.It is suEdentto mentionhe.rethat the theozyof this phenomenon models in whichthe magnetization usd two-dsmensional ia thewxllqwa: a ftmctionofb0thz andy. Thepurp- was to formclosed Joöp.v ofthemagnetîzation vectoz,whiclz donot havea volumecbarge,and to hit thesurfafes at smallaagles, thusredudngthe surfRenhntge. lt thenoccurred to methat thesnmemodel,in the limit ofthethiekmess oftheseparating layertendingto zero, ynn.ybeusedfor the wallstntcture i.aone flm. Theonlydiference between à,single wall anda pair ofcoupled wallsis that in the latterit is prv-ble to drawclosedloopswhose radius shrlnlrstozeroat thecenta where thereisno ferromagnetic matczial. Such mall-radiusloopsinvolvea very largeexchange energyin a singlelayer, whose eowtre is xlg.nferromagnetic. 1solved thisdiEcultyby deêning a small transitionregionat thewallcentre,Ic;l< zo, in whichthemagnetizatîon changed more gradually thanin thecoupled walls,thusavoidingthelarge excAange Tbis zn was left as a withrespectto whichthe parameter eaer&.
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 Two more adjastable pnmvneters wea'esuae enezr was minirnTzed. (:*9j,butnever tried. e.a,lly: Splvn-: for thegeometryof Fig.8.1themodel(309) %sumed that for IzI< zn, Tllx =
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 Notethat . Thismodel obeystheconstraint 'm,Z+ m,2+ I F
 
 = 1 zn,y
 
 (8.2.19)
 
 everywhere. Themagneœadon is condnuous everzwherc, includingat I = ézo. = * It represents a wallh thesensethat mz +1 forz = +x* Thereis no suzface charge, becusevd,./= 0 for y = ::E:è, but thereis ' a volume Garge.Thus,this modeldoe not goalongwitNthe rule arguedin sedion6.3:acmrdjng to whicha xmrfltcechargeshould be preferred over a vobme e in bulkmaterials. Thestructureofthiswallmodelksshownin.Fig.8.3,fortNeparticular cae 61mwhosethickneuis 2000l., with thevalueof zo wkicll of a permalloy rniminnl'ze,s the emerg.g for thesepartictïlxrparameters. h thisfkgure, only m. andrz?,vare plottM. Thecomponent ma is perpendiciarto theplaae is largewherethe sizeof tkeplottedarrows of theplot,aadits magnitude is smal),andviceversa. Theortnal publkation(309) of this modeldidnot containthis fgttz'e: because titismethodofplottingmagnetization structuro wasonlyilwented later:in thethesisof Leonte.It shows is decreased howthevolumecharge by formingnpxrlydtred loops,in whicàthe headof eackarrow nearly followsthetail of the one beforeit. ThksHndof magaetl-don structure *
 
 $'e''$'e' !' TWO-DIMENSIONAL WALLS 1 4 t t z .' ,, ,. .- I 1 p /' J .e ,' .e ... ... l l l z' z z e .' .... ... l l i I : g' # z' .- ...
 
 l l l l j l ) / I1l I
 
 167
 
 x x h : # 4 , ... %.. w x h. h v $ ! ! I - - ..w .% x q. hk & l t I ..- ... .h, .x x. x A N l ! f / z z .e' .e. ... - .-. x x. x 's N ! î t # .' ,.' /' z .e, - - ... .... w x x N. l I # / /' z z ,,e .e. ... ..- .w x N h. h. l 7 z z .' ..- - -u. x x sk N h ! / z ,' e .e. - '-- x x h' ' .. 1 i ?' '$. t --......-= ...- o-.t.-1-e -
 
 y
 
 ..
 
 ! !. $ I f ï l 1 ! t t t t ! 1@
 
 l 1l l l l)iI t l JI l l .-..1. -L..).--1-.-l--.2--I--' -1--1--1-..1J--t-rIt$hNNNxx----zz,//Jll zxalyqkxwxxv-xzz//?,! ).. . liïhk%uNx----zz////,! x . ... ... .u .. . .. a- n.- - - r -j- -t -(.. ..j j **jevj- *q.j-( -( j p *(e..'j. wt jl r l t T ï k'. . . - - ' ' , J ? l l I t 1 '.. h. -'e e .' ,' / 1 k $ ï'$ ï 1 ! t l t1 .k % w - .-e .,' ' r ! ? ? 1 @ l ) ï 'k.N N t s. -.- - - .-- ,,' I l ï ï N 'k x I l $ '$ '$ N ''. N -.. -) 1 i l i -
 
 -'- .'' t $ hkN 'x N NhN. -- -'' '-- .,' $ ï N N N x 'hs-... .w - ..- ,,' i h N N N %.'h 'x ... ..p. .,e ..' I I . N l x. w h. .. *. ,. . l A Ai % h %. h. .h. .. .@.* ...... -
 
 -
 
 zN.apca 2
 
 z' ! t / t z' t t l ! e' .//' ' /' / ? f e' e' ./' z / / f .e' z .,' ..'
 
 l 1 !
 
 t
 
 .e ,: #' z : # l I . 1 e e / I z p .r .e' a 2 # I .
 
 .
 
 lx Flc. 8.3. Theassumed structureof theflrs'ttwo-dimensional domainwall ' in permalloyEl=s msdescribed by eqns(8.2.18) and(8.2.19). is preferredby the magnetosutic work wlkichmust energy,but involves be doneagainsttheexchange to enera, whichprefersthemagnetization bealigned.It is especially notedin the fgurethat if theregionwith zo Lsremoved, a circularvortex with a very smallradiusis formedat the centre,whichis betteravoided because it involvœa very largeexchange of this extrakansitionregionksan artifdal, ad enera. Theintroduction Jztpc solutionoriginatingfrom the adoptionof a modelfor doublewalls, wkthno exchange at the centre.Thephysical systemcan fnd betterways to avoidthis largeexchange at thecentre. The ex and anisokopyener#es of this modelwere calculated Themagnetostatic analytically. term was expressed as a oneenera (309) dimensional inteval, whichwouldbetrivial to computenowadays. However, computersin those dayswere not whattheyare now, andinsteadof computingthisintegral,it vxks onlyproved that theterm whic.h contaîned it was nenativeTherefore, bydroppîng that termthemagnetosVtic energy was increased andthetotzal wallenerprthuscalcuhted was an 'apper b/und to the wall energywhichcan be obtained by sucha wa!lstructure.Such an upper bound was adequate to demonstrate the necessîty of this second dimension, because even theupperboundfor thiswallenera was already smallerthanthecomputed possible considerably lowcwst enera for a g301)
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 onedimensional wall. Ia a way)thisdemonstration was a waste,because by thetimeR was published LaBontewaz already concluding hisdoctoraltbuis, in whiehhe Tn'-m-tdeveloped a method(tobe desebedin ehapter11)for numerical miem.tion of thetotal wallenerc,composed of the exchange, auisotropy, aadmagnetostadc terms,of two-dt-melsional magnetization condgtzrations. Hecomputed thestrudureandenera of twœdt-menional wallsbythisnumericalminîmization, whichwas muc.h bettertba.nthiscrudemMel-The olly usefnlness ofthemodelwas thatit gaveHubertthe idea(248) to constructtwoemensional *a11skucture withzezo magnetostatic He energy. introduced theconstraints thatmg = Ooa y = HzàofFig.8.1arltlthat num amv +=0 dz oy
 
 (8.2.20)
 
 evezywhere. 'nese conditions were Kforcedby choosing a scalaz function = = with .A const on +b, and defning the components of m by A@, y), y ru
 
 =
 
 tz?.4@,:) mv = aA>,y) , , %
 
 t-s
 
 (a a.al) -
 
 matters, withm,z beingdeîned bytheconstrintofeqn(8.2.1S). Tosimplià Hubert2248, ckose a fundional form for which eertain 24% X@,:), containedcertainadlustable Thœe fundionswereeveûtually defned htnctions. numerically fz'ozpoiatto pointdadngthe enerr minimization process. Forhisdoctoralthois,lmRnnte solved theproblem oftheBlochwalli.n permalloyflmq, butat thattimehewasstillusingsymmetry considezations to reducethe computation time.Hc actuallycomputed only the quarter z > 0 andy > 0 of the equivalent of Fig. 8.3,assmming that the rest of thewallcan beobtained by Gklngthe m'lrrfar imagesof this quarter, whichLsthe same mssnmpdon usedto makethemodelskownizzFig. 8.3. However, whenhegraduated, andwentto workfor CDCcompanshehad unli=itedcomputertimeat Msdisposal, whichwas umlsmnlin thosedays. Tberefore, heallowed thecomputerto lookatall fourquartersçtîthewall, aadfound(310) tha.tthe wall enerr couldbe vezymuckreduced by a structurewllie,à is rptësymmekic alongz. Whenviewedfzomthedomaia on it,sright',the wall lxks deerentiaa whenviewed fzomthe domain on its left.Thisresultwas unexpected, because one wouldtendto mssnme that tEereis no built-in directionatits audthe wall caanotp=ibly telt whichis rightandwhic,h is left.Eowevez, it twrnsout that theazmmetric with structureallowsthe magnetizaïon to buildnearlycomplete vortices, mltksng the 6.11drcleat the a very smallmn.aetosuticeaerr, 'tvitho'ui centre,with its largeexckauge eneY. It is a bettersohtionthan the od ltocavoidaace of that smallcircleby thetpointrMuce' d into Fig. 8.3. The approHmation ofzero menetostaticenera usedby Hubertalso
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 1ed(248, to an asymmetric wall,andits wholestructuretllrnedout 249) to be very Mmilarto that computed by LaBonte. The tosalwazenergy Vculatedby thesetwo methodswmsalso ver.vnearly the same, whick showsthat mlnt*mlAing onlythe magnetostatic energy,as donebyEubert, is a goodapprovlmniion to minMizingthe total wall energy,as doneby Leonte. This resultdemonstrates that the magnetostatic enerr is the leadingenerr term in suëciently largcsamples, whichis theconcluston alreadyreached in section6.2-2-It shouldbeemphmsized againthat it is mnsnlythe magnetœtatk the complex enerr term whichdetermines skuctureof the mMnetizadon in the wall (oria anyothermagnetization slzuctureiu bnllrmaterials), whilethe exchange a,ndazisotropyenergy termsonlyplaythetoleofsmallpuurbations-However, onœ thisstntcture is determined, themagnetostatic fromit become eneraterm computed mmsin the the of Leonte for small. In computations permalloy very (310J 2000 lo the ma&etostatic thicknœs between 1000 and tqnn =ied ramge between 5% and3%of the total wallenegy.For the thinnc flm with a thiclmess of 500â, the contribution of tMs tqnn was 12% but at this of the Blochwall becomadoubtfal,because thicHesstàe minimization experiments showthat the crosmtie wallalteadytn.kescver- Experiments on M platelets show(311) a strongdependence on z of Fig.8.1in theBlocE wall,already in thetàicHess the occurraœ of Goss-tie rangeapprovhing walls,andan even more complutansition hasbeenobserved in aa (3121 alsoafcmts FNAI alloy.lt is reasonable to assumethat this z-depeadeace the z- andv-structureof the wall,aadprobably its energytoo, in tàat thickness but the appropriate theoc hasnot beenworkedout. H re#on, tho reson of 11l=thinltmv it thusseems.that the calculations of LaBonte else,in andof Hubertars unreliable, andshouldbereplaced bysomething th- dimensioas, wbicEis not knownyet. Forthickcrilrnsvthe azymmetric two-dimensional wallas computed by Leonteor Hubetksh goodagrYmentwith electron Mcroscope studies of thesew=llq,at leastto withinthe Mcuracyof theseexeperiments. Actuazy, some wall asmmetr.ye.xn alteadybe seen in olderpictures(3134 which were published beforethesetheories,butat that timetkis asrmmekywas ignored.Whenmote atïeationwas paidto this detail,a vez'ypronounced etry,quttesîmoarto the one predicted by the theou:wmsseen 5.a 180*walls(314, 3151316) in vaziousmatedals. Suchan asymmetry has alsobeenscen (3171 în 90Qdomainwalk,wbicEare outddethe scopeof this book.:(nthesemeasurements electrons are shotthrongh the 61-, aad measureonlythe average ofthe maaetizationin their path,namelythe alongy of Fig.8.1.However, in somecasesseveral are tn.ken average pazsœ withihe sampletilted (318, at deerentazgles. Thislozwhnx-que allows 319) a betterl*k into the v-dependence of the magnetization, because several dxerentaverages a'remeasared. Theazcttracy is notblgh,butto withinthis it seemsthat thecomputations of Eubertor EaBonte accuracy #vea good
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 Elm thinknus.It is description of theobset'vuwallsin this iatermediate not soforthethianer61nu,wherethe theorydoesnot ât theexperirnent, as hmsalreadybeanmendoned. Apdit enmnot beclletizationvaziationz-M.If this feld hadto becalculated by any of themethods usedto calculate magnetostaticfelds, thiKproblem wouldhavebeeome hopelessly complicated. Hcwever, it ic nofnecessary to calculate thisfeld in orderto eviuatethe in eqn(8.3.30), to use therecïprocilp întegzal because it is posslble tlseocm ofeqn(7.3.40), whichen-qlzres ihat in thepruent case
 
 JM /$'N''dr JH/ J'Md'n =
 
 '
 
 -
 
 (8.3.31)
 
 Substituting in mn (8-3.30)1 andleavingout the eeztmiorder term, f:M =
 
 -
 
 ïT'.&T&dr,
 
 (8.3.32)
 
 whichhasthcsxme formmsthevaziation oftheinteraction Mrith theapplied feld, Hk.Usingfor boththesetermsthespecifcwiation in eqns(8-3-23) and(8.3.24), one obtains
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 h = -egzfs Szzu é (SM + SsL, + II-:)a?; Hz -
 
 -
 
 >1,o;
 
 dw,
 
 (8.3.33)
 
 where H = J:'f.+ W.
 
 (8.3.34)
 
 At a ndnlmnm, the variadonçtîthe total e'nez'r,comprising all the abovomentioned terms, shouldvaaishfor any càpice of 'u aud 4J.This rmuirement means that the coedentsof 1ùand't) in thevolume inteval shouldeachmnxs'lb andthe ume applies to thecoecientsin the surface ' integral.Addingup all the appropriate terms,andomittingtheiadexC0' whichis not necessary muationsin the anymore: leadsto two diFerentird ferromaaeticbody,andto two bozmdar.y condidons on its surface. The boundary conditions on thesurface aa'e
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 P*7x rzv omu= + 0. ômv mz xa
 
 (8.3.38)
 
 It looœas if mz playsa spedalrolehere,unlilcemx or mv, but it is oaly a mattcr of cltoiœwhic.N two of the threecomponents to use frst in eqn Thesymmetryrxn be seen if cqn (8.3.37) is multipned by mv (8.3-23). andsubtrvtedfromeqn(8.3.38) multipliedby m=, which. leadsto a third equadon ofthesameform:
 
 c
 
 Aa
 
 t'hrx= 0. +M, (mv&-nvamj-mvovv +mx (mrvzmz m.v2mv) &mv . -
 
 (8.3.39)
 
 threeequations can bewritteaYgether,in vectornotation,ms These m x
 
 CV2m+ MsR Dmzb= 0, êm -
 
 (8.3.40)
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 where('ea/dm is a notationfor a vector whose Cartesian coordinates are aadomwlomp. Thevectornotationis eazier for transptna/dgrya, omulomu misleadinp'lt forminginto othercoorinatesystems, but it is somewhat shouldberemembered that thereare onlytwo independent equatioms, and tke third one is only a linearcombination of the othertwo, dueto the constmint(mI= 1. TheseGuationsare knownas Brown'sdiferentialequations. They as phraedin (331), that in equilibzium thetorqueLszero everymeazh wheare, andthat themagnetization is parallelto aa eeetivefeld,
 
 C Hos= -V z m+H Ms
 
 -
 
 1 u&v . Msdm
 
 -
 
 (8-3-41)
 
 SinceM x M = 0)anyarbitraryvectorpropordonxlto M A'xybeMdedto He.ewithoutGangingtàercult. In pxrfa-nnlnr thereis no dxerence (:t311, between ushgE andB = H + 4rM. Brou's equations haveto besolved together with solvingforH#,whic,ll is paztofeqn(2.3.34), bysoleg eithc thediferentixlGuationsin sedion 6.1or thettegralsin section6.3.The.solutioas of the wholeset contain ' * ia prtdple a11possible but not only the mimimn-The enerr mpm-ma,aad condition thatthevadationvaxishes LsalsoRtlfmed %remera enztll it is ne-sary to clzMk soludon for beinga memum or a minimum. Therepm xlg.nthe boundaryconitionsof eqns(8.3.35) and(8.3.36)) for whicha liaexrœmbination rmMbe added in thesame way as to the thre equations Hiierentialequahons. A11 can thenbewritteuin a similar vedor notationas m x
 
 C
 
 't%-+ dm
 
 =
 
 0,
 
 (8.3.42)
 
 on thesurfaceIn theparticnln'rcxqewhenthesurface is as in eqn energy
 
 nrkmely if (5.1.11))
 
 'tt)s=
 
 1
 
 yff, (n m), , .
 
 (8.3.43)
 
 one shouldsubstitute in eqn(8.3.42)
 
 o'w.= Ks (n. m)no ('?m
 
 (8.3-44)
 
 whickis theformusedby Brown(145), aadby others(332). Other,specinl cases,suchas (146)) wîll beignored kere.If thereis no surhceanisotropy, whichis theassumption madein mostofthe theoretiWcalculations, the = 0, which combination ofeqn(8.3.42) withtheédentity m - 8nïl8n holds for auyvectorwhose magaitude is constant,leadsto Xnlnn= 0.
 
 SELF-CONSISTENCY
 
 l79
 
 8.4 Sez'-rxm6kx- Fz to createthe deviation supposethat ii theoretically of (c).In orderto applythe forceF:, it ksnecessa't'y to passthroughthe application of the forceFz, at whichtimethe beamalreadychanges into the confguration . By the time F2 is rcached, the initial conditioas (b) (a) do not efst any more, anda theoreticaltransitionfrom(a)to (c)at the forceFacannotberealized. Thehigher-order solutionsmayapplyin.oà/zer c'ases,e.g.if the beam is tkampe.d at its centrein sucha waythat (b)cannot takeplace,or if the hrger forceis appliedvery fast,whendynamicconditionsmay preventthe formationof (b).Forthe nucleation problem as formulated here,thehigherharmonics haveno physical meaning, beiause theycannotbeachieved. By thesame token,in the caseof magnetization onlythe lcrges't nucleation feldhasa physical meaning. lf something starts to reverseat a feld Hz,the reversal will continueon that path,andanother nucleation whichcan theoretically takeplaceat H, < Rhdoesnot have
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 of a saturatedstateany more, an.dhmsno pkysical the Mtial conditions meaning. Fozanycaseof nudeadon it is thusnecessazy to fnd onlytke hrgestposibledgenvalue oftke appropziate dxerentialequations. Thenucleation a: a stactofthereversak is studiedby Ifseadprocess, zingBrown's equadons denedin section 8.3,namely byleeaving out dftkese equations tke higker-thaa-linear powersof tke maRetîzationcomponents ia the dizections perpendicular to tke appliedGeld.TMs Bnezm-zation is n/t = appremation.Jt is only a manifœtation of the requlementof cxmtinuïfr. Everychaage of the magneeadon structuremust siart witk a ' smallckaage. everything Thereforey is bnearin tke b g. Theideais that onœ tke correcteigenfnncdon is known,it is going for the nucleation to bepossible to studyt/e zest of tke process by soleg tke non-linea.r equations for tke cmsewhichstartswith thisparticulareigenfnnction, and notmoveintke anxrk tllmugkall sorl of mathematically possible solutions whlchhaveno physical meanlng. Tkelixpxrlxtion of Brown'sequations 
 
 (9.1.3)
 
 on thesurface. ) Usinga11 thue assumptions in eqns(8.3.37) and(8.3.38), andoYtting all termswàic,h are higher thanliaearin mz or mj or U, includfnp a term S'UCX aa mzu, whichis alsosecond orderwhenLrzs of theorderof mz or mu, yieldsthe dlFerentiimuations
 
 ((7V22r: -
 
 -
 
 .Ah - -
 
 m J'pfs mx = ât'a (k-To Nzasfalj os
 
 (9.1.4)
 
 and
 
 alhn -%Ix (9.1.5) oy insidetheferromareticbody-MM oftheearlicrstudic startedwithaa in theanisotropy extra term of the formgïgmzmw enerr daits whlc,it addedaaotherterm to 0c.11 of theseKuaKons. But thenthisterm was takento bezero at a laterstage,andat any rate it is not usuallypart of anyanisotropy enera. Theseequadons haveto besolvedtogether with eqn (9-1.3) msthe conditions, aad simttltaneously with the ecuations and boundao botmdyy condittons, to (6.1.6) wlzichdefnethepotentialU.Forthelin/xrlmed (6-1-4) cee of onlyXst-ordervrmK in mx andniy,thediferentialequations c I(7V -
 
 -
 
 2Jf1- Ma(Fa Nzx%fs )jmy -
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 are
 
 Vzr7u= 4xMs 0mz+ 0mv 0z oy with the boundary conditions
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 VaZutl:= 0,
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 &Uu' - OU ---*Xt = 4*.Km' zl , (9-1-7) on, on on thesudace, as we.ll at infnity. AII these astheregulvityoftke potential eqnations haveto besolved for all poaibleeigeneuesof theapplied ield, S'a,aadthenthelargest of tkemhasto bechosenAshasbamexplxined in theforegoing, allowed valueforHu hasa physical meaning. onlythelarges't
 
 Oin= U'out ,
 
 9.2 Two Eigenmodes Bron wroie this set of linearized equations(353, in 1940for the 3541 sakeofaaotherproblc. Only17yearslaterdidheformulate themas the nucleation problem andrealizethat two analydcsolutions couldbe (355) cirfmlnrcyliader. It writtenrightaway)b0thfora spkereandfor an -mGnita actuallyturaedout that one of themcouldbegenerstlt'zed to anyellipsoid, andtheothercouldbegenernll-qed to an ellipsoid of revolutkon, namelyone wkickhastwo equalaxes.Tkese twomodeswill bedermibed hereErst,in ihis more generalform,Vfore addrving the problemof otherpfwwlble dgenfundions, whickBrown(3554 presented at the tMe as a gapin the theory.As hasalreadybeenIrentioned in the previous=tiop onlythe largesteigenvalue hasa physical meeng, so that any one eigenfunchon doesnot mpnmver.ymuch. S.2.1 Coberent Jbtafi/n JTb0th'rzzzandmy arc constats, eqn(9-1.3) isGàlfmed. Thevolumeearge V2U= %b0thinside is zero, andeqn (9.1.6) for thepotentialbecomes andoutside. Jt thusreduces to theproblem ofa komogeneously magnetizad elpsoiddiscussed in section6.1.3,whichleadsto a homogeaeous âeld inside,with
 
 Pon= Lsz-vvmv r r and PLV= wNvMxzr7v, t'iz ou
 
 (9-2.8)
 
 whereN. aadNv are the appropriatedemagnething factors.Equations A.rm and in tkis case (9.1.4) (9.1.5) -2.R-1 + Hx+ (N.Ms -
 
 m. Nz)Ms
 
 =
 
 Q.R'I + Sa+ iu.s -
 
 mv = 0. LNvNz)Ms (9.2-9) -
 
 Theseequations aze all tkat is left in tMs casefromthewholeset ofthe cmn takeplaceonce theyare ftzlMed. lizm-m'Rz.vl equations, andnudeation of whattMsGcnlxtionis all about,thestari wms Tor=ind thereader a saturated state m. = mv = 0 at a largepositiveH=,whichwas later reducMthrotlgh0, andstartedinceasingin theoppositedirection.The reversal wkenHx rpmrhes nudeationa a magneiqation becomes possible a valuethat allowsa (small) deviation1om the saturatedstate.lt ea,n
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 happen whentheseequadons can befxllilled/oriheSrstàfrnzwith either mz # %or 'rr/v # 0. Therdore) thisnucleation is aiievedwkentheapplied feld Nazeackes a Yuethat makes one ofthesquare brnrketsof eqn(9.2.9) x .pass throughzero. lf theellipsoidhmsa symmetryfor revolvhgaroundz, whickmeans that Nu = Ny, the eigenvalue is the mnmefor rotationin them- or in thep/-diretion.If theyare not the sxme, therotationwill be towardsthelonner=-!R, because it hasa larger(less eigenvalue negative) thazta rotationin theotherdiredion.Suppose aMsis z, namely theIonge,r N. < Nukthenthe nucleation is for my = 0 andtxltoqplacewhenH. . reaches the nudection éel:valueof
 
 2A'z + Ms. (9.2.10) M. (Nz Nz) ln thismodethemavedzationrotatesin the sxrne angleevermhere throughthe Gpsoid,andit is thereforeHown a.sthe coherent rotation mode.Thenxme Srotation in nnlsonlwas alnntried (356j for a while,but it did not catchon. Actually,it is JusttheStoner-Woblfn.rk% model,studied in section5-4for themore general caqeof a feld appliedat an angleto the xvkq-In $hepxesent cmsetheseldid parallelto theeasyads, wMch is eas.y 0 = 0 in the notationof that section.In section5.4it was assumed that therewas onlya crystallinexnl'sotropy, with no shapeanksokopy, which essentially means a sphere. Forthat ca'le it was seenthat at zero =gle, the valueof thefrst term in eqn nothinghappens till thefeld renzthes hereTh% in sedion 6.1.3, the second term ofthenucleation feld (9-2.10) wasintroduced for thecaseof an elllpsoid withoutMisotropy,namelywith is for thecomblationofbothesotropy terms, .JQ= 0.Herey mn (9.2.10) but oulyfor thecmsewhen theeasyaxes of b0thate plkenllel to theapplied feld.H this case,their'values are justadded togeiher,at l/uAtdmingthe start of thedeviation 1omsaturation. TheStoner-Wohlfxeh model,whichstartedas a model namelyaa a pœtulated structm'eof t:e mavetizationin space,hasthusbeenskownto be a mode,unmelyan eigenfnnction of Brown'sequatio=.As such,it is a realenergy msnimum, andnotjustaa arbitraryconfgaration forcomparing as in the domaintheory,whiGBrowntried to avoid(see sedion ener#es It is not the endof theroadyet, becauxlhlK modewill actnallybe 8.3)usedby the physicalsystemonlyin cues in whickit is the modewitht:e lpxqtnegative uutleationNeld.In orderto fnd out if it is, all the other modes mustbeinvestgated, aadcompared with thismode. Hn =
 
 -
 
 9.2.2 Magnetizztion Jurlfn.q Anothermodewlzic,k Brown(355) fouxdto bea soluhonof theliaeltriv>d xt ofequations appliaonlyto an ellipsoid of revolution, or at l/mAt nobody hastziedto generalize it to any otherellipsoid. ln cylindrical coordinata Hownmsth'ecurlingmodeis thesolutîonof p, z and4,whathasbecome
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 Brown'sequations for whiciz m.
 
 =
 
 cos/, Qa= -Fçp,z)6n$,TP.P= F(#.,#
 
 = 0. D-out
 
 (9.2.11)
 
 It is an arbitrarysetofconstrlu'n?on thesoludoa, whose onlyjustifcation is that it nwrka,namely that sucha solution doesezst for an.yellipsoid of stlldent to substitute revolution.. 1.nozderto seethatit does, it isobviously theseconstrintsin eqns(9.1.3) to (9.1-7) andseethat thm.e is a solution to the constrained set. Substituting thuseqn(9.2.11) ia eqns(9.1.4) and it is that they are fnlfllled if sen Wth (9-1.5), az
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 qclv,s +
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 zs,
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 Ms(Hu NzMsà F(p,z)= 0.
 
 (9.2.12)
 
 Equakon(9.2.6) isobvioulyfnl4lled,andso iseqn(9.1.7% eventhonghthe lattexAlkkes a little thinkingaboutto see that eqn(9-2.11) actuuy leads to m . n = Oon thesurfreof anyellipsoid of revolution. Thepoht is that according to thisdeGm-tion ofF, tkisF is actuvy thecomponent ofm in thedirectionofthe coordinate $,namdym4. Tkiscommnentis parallel to the surlcei.nany bodywhichhasa cylindzical smmetrsin particular an ellipsoid of revolution. Therefozey the onlymuationwhichis still left fromtheori#nal xt is eqn(9.1.3). in it yieldstheboundary Substitution condition 0F = 0, (9.2.13) on thesuAce,wheren is thenormalto thesurhœ.
 
 Theassumption qf mn (9.2.11) hasthusreduced thethree-dimensional problemto a tweimensionalone, wldc.his not diEcultto solvein the ellipsoidal coordsnate system.However, sincetkesecoor&atesmaybetoo adv=cedforsomereaders, thesolutionwill beexpressed drstforthe two almost cmsesofa spkere andan t-nAnite circularc'yBnder, studied, ori#nally simult=eously, botàby Brown(355) aadby Ftmie'l cl (356J. Thereis, however, a big diferencebetween the twowhichhasben forgotten during theyears,andwhiG is worthemphaaizing. Brownstartedfromthedilerentialequations, andguessed a pmicular Klutionfor a spheeaadfor aa in6nl-teeylinder. Frei6i al startedfroma particula.r functîonal lrm for the magnetization, andcompared its enea'a withGat of some othermpdëls. In theirpaper,theypresentetlhecurling modeasan arbitrarymodel fora sphere andforan in6niteVlinder,because they did not How iat it wms the same soludonof Brcwn'sequationq published byBrowna fewmonths eearner. Since Browndid not givea name to this mode,au.dsincepeoplensuallyfeelthat whensomething is given a name theyunderstand it bettœ,thepaperof n'e.iet cl (356:, in whic.h thename 'curling'was fzrstixvemted, became muchbdterHownandcitu
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 thanthe paperof Brown(3551. In histalksandpublications, Brownkept emphasizing the strange coinddence of the samesolution beingworked out simitaaeouslyandindependently in two places,but henever mentioned 'this diference between a reversal modethat obeyshis equations, anda it was so obvious mere model,probably because to Mm,andto everybody elseat the time.Theunintentional resultwas that too manypeoplewere lef4with tàeimpression that (3555 wasjustthe samems(3561) andwasnot worthreading. Thus,too manybooksaadreviewsgivea schematic picture of whatthe curling(lookslike'; usuallyonlyin a.n infnite cylinder,but not themathematical defnitionof thefunction,as #venhere.Andpapers withall sortsof models havebeen,andstill are, published for magnetization reversal in whic,h theycomparetheirswith thetcurlingmodel',e.g.E35'C. It isimpossible to convince themthat the curlingis not a modei,aadcp.nnot betreatedon the same levelas their arbitracymodels.lt is a nucleation reversal mode,whichis a solutionof Brown'sequations, andas suchcxn onlybecompared with otherreversalmodessuchas coherent rotationor theothermodes discussed in section9.4. 9.2.2.1 InfniteCylindcwr For an infnite cyDnder the norrnaln to the surhceis parallelto thecoordinate and it is only to consider necessary p, F whichdoesnot depend on z. Eqn (9.2.12) is thewell-knoWn diierential equation for theBesselfunctions. It hastwo solutions, one of whichis not regula,r at p = 0,andcannotbeusedmsa solution. Theotherone is
 
 F
 
 G
 
 Jzlkp),
 
 (9.2.14)
 
 wldchis a solutionof eqn(9.2-12) providedthat
 
 Ck1+ 2.&% + MsHu= Oj
 
 (9.2.15)
 
 wheretbe term withNz hasbeenomitted,because Nz = 0 for an infnite c'ylinder: seesection 6.1.3.Theboundary condition(9.2.13) isalsofnlflled,
 
 dh @p) dp
 
 =
 
 pzza
 
 0,
 
 (9.2.16)
 
 whereR is the radiusof the cylinder. Equation(9.2.16) hasan l'446115 te number of solutions, out of whichonly the smalLest one hasto be considered, because thelargerones leadto a more negative nucleation feld, whichcxn never takeplaceif a lessnegative one efsts. Let çz be thesmallest root of
 
 dJz(ç)= 0 dq
 
 (9-2.:7)
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 Lst21= 1.8412)Thenthenucleation feldfor titismodeis,accorrling (which tc eqn(9.2.15),
 
 H.v=
 
 -
 
 2A% (k21 . Mk R-zMs
 
 (9.2.18)
 
 -
 
 Compariug with eqn(9.2.10), andtazng into accounttàatfor an l'nfna-te c'ylinde,r N= = 2* andNz= 0,it is *e,11thatiJtberei: no ofhermode, magreve-l ill a.a'-n*nitecylinder rotation nedzation should start by coherent if JL< &, audby curliugif R > J?.owkere ,/''t('F Bm= f,ll h/ Ms / -2x '
 
 (g g .jg; '
 
 -
 
 because it is always tke largatJo whic,hcounts:msexplained in xction 9.1.This svtementis not true if thereksa third modewith a still larger eigeneuefor Sa.Thispossibzity will befurtherdiscussed in sedion9.4. R'e,iei c! (356) iatroduced tberedlmed rcdi'tla, s=
 
 R
 
 I G z?o= l j , 2M,
 
 with
 
 -,
 
 a
 
 (9.2.20)
 
 j/
 
 andthisnotationwas laterusedin manypaperson micromagnetics. ln t/is novtion, thetumoverfzomcoherent.rotation to czzrliug is at the reduced radius R ez ss 1.8412 7e,1.039. Se= -X = (9.2.21) 9.2.2.2 SphsreThesecondcaseconsidered by Brown(355) andbyFrei ei al (356) was that of a sphere. For this case,thecylindzical coozdmates to the spherkalccordinata r and0j with 4keptthe p and z are changed transforms same.In thesecoordhates, into eqn(9.2.12)
 
 :2 -2 t'i 1 02 + + + 0r2 r'W ;s0e 4r -2Aï - Ms S'a- 'y'Ma
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 because N>=
 
 cos 0 ê r a syao y
 
 -
 
 F(m, #)=
 
 0v
 
 1
 
 p--r-w.s m (9.2.22)
 
 of this equationis 4*/3for a sphere.Oneof the solutioms
 
 F
 
 (x j1(k'r) giu.#,
 
 (9.2.23)
 
 whereJzis thespherical Besselfunction,whichcan n.1Mbeexprased in termsof thetrigonometric functions,
 
 .i @)=
 
 sinz oa
 
 -
 
 cos n . X
 
 (9-2-24)
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 It is seento bea soludozb provided tkat 4x c:2 + 2A% Ms + Ms Na-
 
 Y
 
 =
 
 0.
 
 (9.2.25)
 
 Actually, Brown(355) alsocomddered othersolutions of thesameequation, buttheyhada smallc(î.c.more negative) nudeation îeld thantheoneill andmss'uc'll a2eof no interestThewholeeigenmlue spectrum eqn(9.2.25), isleft to be discussed iztsedion9.4. Theboundary condition(9.2.13) ksfttldlledif
 
 djj.(kr)
 
 =r
 
 dr
 
 r ua
 
 (9.2.26)
 
 0,
 
 whereR hereisthe radiusof the sphere. Tbisequation hasa,zlln6nt'teaumberofsolutions, out ofwhichonlythe malleatone hasto beconsidered. ' Let qzbethe smcilestroot of
 
 4'/1(c) = ()
 
 (g.2.27)
 
 .
 
 *
 
 is q, ;4$2.0816). Theathenucleation Eeldforthksmode1, Rcordixg (which to eqn(9.2.25): 41 Hn = 2A% Cd + yMs. (9.2.28) Ms AzMs Compxring with eqn (9.2.10), andtxMnginto accout that Nn = Nx for -
 
 . -
 
 - -
 
 sphere,it k seen that f thereis m) othermtlde, magnetizatâon reverx ia a sphere should start by coherent rotationif R < &, aadby cuz'ling if .R> J?,c, where h 3C & = Ms (9.2.29) 47, wid.c,h for aa infnite c'ylinder. H the is rathersimilarto the exwession notationof Fre,iet c1(356J, thetllrnoverfromcohezent rotatiotto turling in a sphere radius is at tke reduced a
 
 3 R = Sc= --1 qz -2r
 
 3 2.08162/
 
 (9.2.30) & 9.2.2.3Bllipsoid0/Revolnkion 80th earlystudiesof curlingg355, 356) =
 
 =
 
 1.438.
 
 that this ruult cou)dbe utendu to a prolatespheroid: fœ speculated wlkic,h thecurDng nucleatîon feld shouldbe
 
 fzk=
 
 -
 
 'arq -
 
 Ms
 
 Cq2 + NzMx, Ras.i s
 
 (9.2.31)
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 wkereR ksthe snmi-axis of theellîpsoid in a directionperpendicular to t:e f e1ddirectson z, andq is a parame/r whose valueis between qï andqz. and(9.2.13) in termsof theellipsoidal harmbniœ, Bysolvingeqns(9.2.12) it was' latezshownthat equ(9.2.31) is indeed thenucleadon âeldfor this mode,bothfor a prolateaadfor aa oblatespheroid. TheNrameterq is a onlyon theaspectratio,zp,,namely geometrical factor,whichdepends the ratio of theellipsoidal axK, anddoesnot depend on theproperdœ of the ma/rial. 1tsvalueis a monotonic-ally decrexm-ng functionof m, whicàvaries for a prola,tfspheroid between thelimits of qnfor thesphere with m = 1, cylinder,wit,hm = x . It usedto betaken1oman aadqzfor theA-nGm-te plotof q r,s. m, butnow ît can beobtained old,andnot 'vez'yaœuratey (358) fzomthefollcwingpolynomsxl, is correctto îve si/zifrltnt digits, whic,h .11381/-2 + .54072/+4 q = 1.M120+ .48694/m .50149/m.3 .l72/mS.
 
 (9.2.32)
 
 Foraa oblatesphezoid, monotonically with decemsing q keps increasing r?z(359), fzomqgfor thespherey to thevalueqs = 2.115in theBmt'tof an inlnite platewith rrz -+ 0. Thecàange in thiswholereson isj thus,very small,anda eozustant valuea q ra 2-1Cscorredto within1%foraayoblate spheroid. Or,?/x ra 1.4ma.yben!uvl(3591, whichis correctto within2%. Compaz'ing witheqn(9.2.10): it is seenihat foraayeLpsoid eqn(9-2.31) of revolution, nucleation mustbeby coherent rotadonfor=a11rxzll-i) and by cuzlingfor largeronu) andthe Ccriticap radiusfor g between thue two modes is
 
 Rc= q Ms -q
 
 /r--c
 
 -c Az ,
 
 or
 
 5--2
 
 Se= q = , hz
 
 (9.2.33)
 
 pzovided that thereksno tMrdmodewh- nuclGtionNeldis large. ThecurMgmodeis zmtreallylsmitedto c,ax of drfmlarsymmdry. For the caaeof a prism, whic,hîs infnite i.a the zzirection,but has a rectangnlar cross-section i.athezp-plane, the.curling is ddned(359) as the mx is an evenftwctionin tr andan oddfunction reversal modefor whlc.h in y, aad.rzv is aa eveaNnctionin y aadan oddftmcuonin z. Thepotential for tMs modeis not zero, andneitheris the magnetostatic enerar,but it AlKnyieldsa nucleation feld whichhasa term with an essentially 1/R2
 
 zependence-
 
 9.3 Tmeo&* te Slab It hasbeenshown in section 9.l thatthe onlysolutionofBrown'slinexrszed muationswhich%nAaayphysici molkn-tng isthe one whichhasthe largœt. nucleadon âeld.Thetwo modes described in the previoussectiondo not me= verymucànnlœsthewholedgenxmlue spectrumis analysed, andit is shownthat all theotherpœsible modeshavea smalle,r eigenvalueThe
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 6mt of suc,h studieof thewholespectrumwas for thecaseof an ivnite c'ylinder. It showed the existence of a thrd mode,but eliminate a,ll (360) poebilitiesof a fourthone- Thisc%e is atypical,andits resulî are not in thenext section. as condudve as othercces, whichv,ill bediscussed 1tsalgebra ksalsorathercomplicated fora start-Therefore, tNepAdple ofcoverhgthewholeeigenvalue spectrumwill bednmonstrated Nereby a detaâled studyof an infniteplane,mspresented in (3614. Thisc%e is also atypical,andits xsultsare zatherambiguous andof no particularinterœt whenever ''n6nity as usually.happens an is mssumed îa maretostatic (362), is the same as in themore complicated problems. However, the zrletàW rxdaax,andit is pxqier to undeataad thismethodbyconsideriag thissimple rxqo fm$. Therefore, consider a platewhic,h is iaâaitfin boththez- andtheyirections,and Mendsover the flnz'teraage-: S z S c in thedirection of theappliedâeli In an inf nite material,anynon-divergent Gtnctionof coasideration for spacemust be a periodicfunctioa.With an appropziate thesymmetrypropertieof etms(9.1.4)-(9.1.6), thispcriodicity meaasthat themostgeneral solutionrztn bewrittenin theform
 
 A(z)SA:'Z zc)eostnp&ô), mu = S(z) coslàz*o)sintzzv #c), U = 'utzlcostàz zn)costnv#0), mz =
 
 -
 
 -
 
 -
 
 -
 
 -
 
 -
 
 (9.3.34) (9.3.35) (9.3-36)
 
 wherek andn are realnumbers, and.4, B ande, are functions whiexhave to lx determinedSubstituting i.a eqns (9.1.4)-(9.1.6), andnoting that Nz = 4* for an snflniteplate,Wan- Nz = Nv = 0,
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 4xK) A(z)= -kMs'uis(z), (9.3.37) 2.&%plk(Nw 4xMs) Blzj= -sMa>a(z), (9.3.38) = 4xMs(kz1(a) sS(z)) , (9.3.39) 'tqatz) -
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 Jz kl .p.2 ,tteut(z)= 0. (9.3.40) dz2 Theboundary conditions are obtnln edby suMtitutin.g thesxrneequatioas, in eqns(9.1.3) and(9-1-7)The6m-+two conditions are (9.3.34)-(9.3.36), -
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 Theotherboundary conditions are easierto incorporate if it is notedfrst thateqn(9.3.40) hasonlytwopossible solutions, one of whic,lldivergcat infnity.I1sonly solutionwhicàis realar at '-ninit.gks cout =
 
 vse k.+o-(ezp) ,
 
 (g.z.4a;
 
 wheretheuppersignappliesto thereon z > c andthelowe signappliœ to there#on z < -G andwhe.re F+and7- are twointegrationconstaats. Substitutin.g thkssolutionîn theret of theboundazy conditionsl theyare seento be = Fc!z w'uzlicl ,
 
 and
 
 dwn = ry ka + na i,. :i: , dz 7mukc
 
 (asgsggl
 
 whichcompletcthe reduction of theImJIMdœeratialequauons to a set of or ' ones,i.aone dimension. Thecohexent rotationmodeis theparticularcmsek = p, = vzin= 'tlout= 0, with eitherW= 0 andB = const,or B = 0 and.4 = const,according to the defnitioni.nsection9.2.1.It rAn be verKedby su%titutionthat thiscmseLshdeeda solutionof a2theforegoiug equations, andthat the nudeationfeld is the same Br rotationin the A-direction or in the :> direcdon, andîs H= = - 2fG + 4rMsj (9.3.44) Ms for Nz = 0 azkd Nv = 4çr.But whichis a particùlarca% of eqn(9.2.10), this eigenvalue is degeaerate not onlywith respectto thedirectionof the rotation.If the infmiteslabistakenas thelsnn-tof a,nobla* spheroid for wikichR -+ x, eqn (9.2.31) for the nucleation by cnrlin,gnlnntendsto the same valuemsin eqn(9.3.44). Thepoint is that an infnity is never wemdeved h magnetostatic problems, andit mustbespecifedtheliml't of whîchshapethisinfnity is.ln a 6nlte body,a coherent rotauoninvolve doingworkaYnstthe magnetostatic for= dueto thesmfacenhn.rge on the <detowardswhichthe magnetization rotates,but doesnot ilwolve because all the spinsa:e aligaedparallelto evfhzmge, any workagaimst eachother.On the otherhand,the curliugmodedo%workagalnstexthereis a spatialdelmdence change forces, because of tkemagnethation, but doe not involveanyworkagainstmagnetostatîc forcesbecause there Lsneithersorfnzwnor volnmecharge.In this atypicalcase of an infnite slab,theexcAange contributlon to the curlingwnisha because theradius in ininlte,whilethemagnetostatic contributkon to the coherent rotation vaaishes because thereis no smozwin f/hedirectton of rotationwhenthe plateeex'tends to infnity in the zpplMe.ln this case,the onlybarrieris dueto the anisotropyenergy, whichis thescm.efor 50thmode, aadthe eigeneuetums out to containonlytheA'1term--Howevem it is obdous
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 that the vanishing of onetermis not the samemsthat of theother,andthe realphysical limit depends on thewayof approach to thisinfnits as often happens in manyproblems in magnetîsm. 1.xz spiteof all the azguments in the conclusion that onlycoherent rotationtakesplacein thisplate (3611, is only dueto the separation of 'variables in Cartesian coordinates, which impliesapproaching the infnity msthe limit of a growingsquareplate.If it is approached a,s the limit of a growingoblatespheroid, the modeat . inûnityis the curlingmode. Beforeproceeding, it shouldalsobementioned that the argument about the periodidtyis not strictly corrcct,althoughit hasbeenusedi.nother studies, in particularfor the cmse(360) of a.'!linfnite circularcylinder.In prindpleit kspossible to imaginesome sort ofa loczzlïze mode, whichdoes not spreadall over the slab,aadsucha modeneednot be periodic.It is notpossîble to buildsucha modeby theseparation ol vadables technique, as usedin writing eqns(9.3.34)-(9.3.36), but this shortcoming doesnot ruleoat thepossible necessarily efstenceof a locnlszed mode.Thisproblem will befurtherdiscussed in thenext section.Hereit is suldent to saythat the inadequacy of the separation variableinto a functionof z timesa of the infnite dâmension of functionof y, etc., is anothermanifestation the sample.The problemi.s ndt encountered in any Eniteellipsoid) for witicha11 the possible modescan bewrittenmsa seriesin the spheroidal wave function, andit is notnecessary to supezimpose anyextraassumption whichis equivalent to thepresentassumption of periodidty.If theinfnity is approached as an appzopriate limit of a fnite particle,the resultsa're betterdeûned than they aze whenthe start is 1om a particlewhichis infnstein one or more dimensions. As hasbeenmentioned already, thereis no meaaing to infnity in magnetism, andit is always to specià necessa'ry in whichwaythis infnity is approached. laeaving this problemof inûnityfor the meantime,andaccepting eqns msthemostgeneral caase, sucha setof threesecond-order (9.3.37)-(9.3.39) diferentialequations shouldhavea solutionwith six arbitraryintegration constaats.Therefore, anysolutjonwhichhassuchsix constartsis themost general one. I.aparticular, if it is shovnto bea solution,it is sulcientto takea solutionof the form 6
 
 A(z)= V Az'elLsn , S(z)= f=1
 
 6
 
 6
 
 SçeJrvn-nant ofthe coeëdenàofBï aadSz veshes,namely = 0, g tstme e-zJzcl
 
 (9.3.5z)
 
 whosemostgemea'al solutton is g
 
 =
 
 'mzCY
 
 2c j
 
 (9.3-53)
 
 wkerem is an integer.Substituting in eqn (9-3.50), theupperbonndfor thenucleation feld is
 
 2.% C =2:r2 + kl + $7,2 . Hzxu:u4gr.K Mu Ma zlc72 -
 
 -
 
 (9.3.54)
 
 Theleastnegative oftheseeigenvalues is theoae for wlkic.h m = k = n = 0, Dd for this modeeqn(9.3.54) îs theume msmn (9.3.44) of themherent rotation. It haathusbeenproved thatan upperboundforall othermodes islarger th= or eqnalto thetnte nudeation Geldof the coherentrotationmode. Therdore, forthiscaseofan inGnite plate,tlzecoherent rotationis themode wMchhastheIeastnegatîve feld. It izasnot btvmproved that aucleation thereis no othermodewhichhmst'hesqme nucleation feld as that ofthe coherent rotationjandthereisno justlcation to theclnx-m in (361) thattàis Gculationprovuthatonlycoherent rotatione-q.ntakeplace in s-ac,h a plate. H fact,it hAAalrevy ben demonstrated in the foregoing thatthecurlhg modedoeshavethes=e nucleation rotation,aadtlds feld aa thecoherent degeaeracy leavessomeambiguity a.sto whicah modeq'ill takephcein a realphysical situation.Themainideaof lixertHscTng the equadons wmsto
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 know1omwbie.b aoa-liner modeto staz'ta numezical solutionof Brownss eqqaiions out oftheverymanypossibilitîes. Fortidspurpœe, degenerac'y of the Imcleaïonmode is undeeable,because it allowsmore thnn one poôsibility t,oproceed lom. Howevez, in thksrespecttke caseofan infnite pla* Lsnot representative, because thereLslessambiguityia any fnite empsoid. Tkeaumption of an infnity is problematic of anyway,because tke necessity to assumea periodidty,aleadymeationed in theforegoug. 9.4 The Third Mode Usiugm'rnl-larmethodsto 'thoseoutliaedin the predoussection,h was 6mt provedfor a spherw andlatarfor aay oblatespheroid(359), that the coherent rotationandthe curlingare tke only pfwmible nucleation modes. Curling'Ae.Splce above a certe dze,aadcoheremt rotationbelowit, wkeretheblrnoverfromone to the otheris givenby eqn (9.2.33). Tkere Onnotpo%iblybeanycompetition 1oma thirdmodeo because forall other modesthenucleation Eeldksmore negativethaufor thcxse two. Theonly in the b-mltof a.n A-n4m-te abiguity is encountered plate,for whicllthe curDng andthecohereat rotationtendto thesameeigenvalueo as(ILSCIUR'U:!;I in theprevioussection.But even fœthat limit, thereis no tkird mode)if tke in6nlt.yis approachufroman oblatespheroid with .R-+ x . tkeremaybea thirdmode,whichwill beaamed Fora prolatespheroid, for lackofa more approphate name- Thename buckling was 6m-: bncklçng, applied to a particularmodel, suggested together witk'the model for (&%) cur ling forthe'particuzu caseof aztinfnitecrlinder.Its nucleation f eldwas laterfoud (360) 1 bea goodapprovlmadon to that of a third nucleation modethat was skownto ezst in an infnite cyliader,aadwbiczh was given the samenamc. Actuallylthis modeturaedout to bealwayseasierthan the coherent rotationin au infaite cyHder(360), so that iu sucka cyliztderiere rAn onlyi)e buckling Mow a certainswize, andcurlingaboveit, witkoutaaytkird pfwmibility. Tke Grststudy(359) ofthewholeeigeneue showed that coherent rotationcould spetrnm of a Bnitepfolatespherofd bethceaaiest modein someregionof sizeandelongation, but didnot rule out thepossibility that tEebuckllngwouldtakeover in anotkerrange.It didrule out, however, thepossibGtyofa lonrthmùde, so that it coaldbe dvni*ly statedtkat none buttkœetEreemodes shouldbeconsidered for prola* witk no surfKe anisotropy. any sykeroid Otherlimltson the possible moda were fouadlaterj but tkey were stzlambiguous, until a recentevaluation gavetheresultsreproduced (363) in Pig. 9-2kere.It plots regionsin wlzic,hmodesmay beallowedin a prola* spheoidwith an aspectratio m aada radiusR in the directbn perpGdicular to tke appliedGeld,plottedin terms of the reduced radius Sdefnedia m K 500therecan onlybedthercurlingor For (9.2.20). eqnas shownin thefgurej.andas is the6a,%for all obhte coherent rotatlon, spheroid? Forlarge,r m, thethirdmodeis not completely mZIM out. It may
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 FIG. 9.2, The possiblenucleationmodesin a prolatespheroidwith a.u aspectratio (major to minorJt='Kl m, anda reduced semi-minor a'ds,SA defnedin eqn(9.2.20). Onlycurlingor coherent rotationare physically in the regionsso marked. eists at possible lf a third mode(buckling) all,it ca.nonlybein thelittle quasi-triangle, aroundthequestionmark, for thedefldtionofn. Copied fzom(3634. computed for 'a,= 13.Seete-xet in takeplace,for alimitedsizerange,in thesmalltrhagularregionmarked F'ig.9.2.Thisre#on is the bestthat ca.nbeobtainedfor n = 13,where'p,) the orderof theLegendre polynomial usedfor thecalculation, isessentially an arbétrcnparameter.Its choiceis onlyDmitedby the dilculty, which increases with 'p,,ofachieving in the computations. a suldent accuracy An elongation ofmore than 500:1cmnnot bereached in practice,andits thebu ' is notvery diferent1om studyis purelyacademic. Moreover, the coherentrotation,for the inGnitecylinder,m -+ x, with smallradi.i beforethe curlingtakesover. Thereis someuncertaintyin this conclùsion, because ofthe infnity,whiG is never a 'goodassumption in magnetismlt implied(360) that the eigenmode of an înfnite cylinder must bepûriodicin the z-direction. Therefore, the possibilityof a diferent,localized modeis
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 still leftopen,as it was in the studyof theinfinp'teplatein section9.3.But nnll'kxthel-n6niteplatejthe 1-n4n$ te cylHderrnnnot beapproached 6oma mode'mxleqy knoum solution for a fnite cpsoid. Obdously, if a loeltlized thethizdmode,namedlbuckling' in Fig.9-% mus'tbesimllnrto Gat one, andnot to the knowa(36Q) buclrllng in a.ainvite cylinder.If no loe-qXeAlmodeefsts in azt infnite cylinder,the bucblingmodeksm-t probably ofthel'nllntety, aaddx not exis-t in aayfniteellipsoid. justa manifestation Some attemptsto fnd a modelfor sucha modein = infnitecylinderfailed, wlzic,h in prtdple doesnot proveaaytkin:one wayor the other.Themost r-nt attempt(3Gq is wrongbecause it uses wrongapprozmation? The is (365) muchlargerthauthetermswhichare taken enerr ttvrn it neglects into atrount- However, a loMll-g,p.d modeof a similarnaturemaystzl be ptebleobut onlywithinthequui-triangular bounds shownin Fig.9.2. At any rateothe mckqtimportantpoint is that therezsno othermode for a.nellipsoidofrevolution, andthat this statementhasbeenrigozously Thereis no pott in tzyiagto provedandtheproofcltnr ot bec'hallenged. reversal postulate otker mode, Gcause it mustleadto a higherenerr any barrier,namelya more negative nucleation feld,tllaa at lemst one of these modewunlessthereis somemistakein the calculauon of the othe,rmodeNevertheless, therewereverymaqysuGattemptsto lookforothermodœ, the presentation eddentlybecause oftbis stat-ent in the oririnnlpapers wasnotdearenough to beunderstood. Theconfusion seemsto havealready startedwlth Fig.3 of one of the frst redews(366J on elongated particles, whicNput togethera sGemxtic representation of lourreversal'modes. The the dîFerence, e of that review(366) did explzu'n but whenthis fgure wmscopied to manyreviews andbooks,it was usedout ofcont>t. lt then ledsomepxple to believe that thereare actuallyfourmodels for reversal, whichmaybeusedon an equalbmsis, not payiagattention to their diflent geometries. These models are thecoherent rotation,bu , andcurlingy mentioned in the foregoing, plusa fourthone rnlledIanning. Historicalzy, themagnetization fnrningmodelwas the flrs'taevpt to reverml,in orderto calfmlxte maaetization any formof a non-coherent explm'n whytheStoner-Wohlfnr'th modeldidnot agreewithexpeziment on (m-rtain materials.ltc=e at the<mewhenGeneral Electricwas developing theproduction of elongated fne pardcles for whatwas latersoldunderthe commercM name of Lodexma>etwaadit was notedthat theseparticlu this shapewas were shaped more or less111*peanuts.Therefore, (366) approzmated by a lin-xr trthna-n ofspheresl whichtoucheachotherat (36% a pointso tbnxtGereis no exchnange spheres, but there interactionbetweea ksa magnetostatic interactionbetween them.For tMs exq-, a modelwaa proposed in whichthemagnetization rotaœ coherently kztw-11 ofthe(367j spheres, buttheangleof rotationmaybed-eereatforthe diArent sphere. Thismodelwas called'non-symmetric fanning'.However, computez's were not avHable in thosedays,andcomputation ofthedsF-nt angles by hand '
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 was ratherelaborate. Therefore, it was foundadequate to studyonly (367) an cppraimationcalledtsymmetdc fanning',în whichthereis only one acgle,with one halfof the spheres rotatingat that angle,andthe other halfat minusthesameangle.Eventhisapprofmation was shown to beeasierto reversethanby coherent rotation,whichis not surprishgfor
 
 (3671
 
 .
 
 thisparticulargeometry. Obviously, thenon-symmetric fanning,whichis equieentto thebucklingmodein a cylinder,mustbeeven easierthanthe symmetric fanning, because theenerr is mt'nsmlzed over more parameters, with the symmetdcfanningbeinga particularcase of the iore general minimization. Thismodewas studiedin more detailfor a chainofonly t'tvo spherewith a unl'ar'a1 Gsotropywhoap easyaxisis parallelto thechain a'ds (3681 is actuallyjustan additine to thenucleation Eeldia aJJ (which andthenucleation feldfor magnetization curlingin a chaînofany modœlz lengthhasbeenevaluated bya perturbation scheme. Theproblemof (344) the wholeset of modesin sucha chainof spheres hasnever beenfully solved, but it seems that the resultshottldbevery similarto that of an namelythat the reversal is by curlingabovea certainradius, ellipsoid) Gnningfor a smaller andbynon-symmetric radius,witk vezylittle ckance of any othermode.H any case,the reversalmodes for an elpsoid,and thosefor a chainof sphereq are for dxerentbodyshapes. Theycannotbe compared witheachother,or mhedtogetherin any otherk'ay. Nevertheless, it was quitepopularfor some time to compére the (36% valuestprédicted by eachof theknownmechanisms of fanning,buckling, andcurling'with some experimental results,in orderto ândout which of theseEmechanisms' takesplacein a give,nexperiment.No attention w.xspaidto thediFerent involved,andactuallytherewas not geometries even an attemptto defneany particular even whenspecifcpicgeometry, microscope turesof thesample were aelable. These transmission electron particles whkhcould showed ofa ratherirregularshape, (TEMlphotos (369) certaânly not be described as ellipsoids. Theylookmore like distortedelJe-ss lipsoids, buttheycan muc,h beapprofmated by the pictureof a chain of spheres. However, the realshapewas not even mentioned in thequasîtheoretical hterpretations, whic,h considered it ae a part oftheadjustable parameters, stating,for example, that (370) certainexperimental results llayin therangeconsistent with thechaizsof-spheres andprolateellipsoid models' ! Thediscussed modes were not verywelldefnedeither, with more attentionpaidto thename thanto anysort of a mathematical defnitiop andnucleationGelds usedin thesecomparisons were, more oftenthannot, thoseof curlingin an insnjte cplï/zder With thisapproach there (36% 371qis little wondcrthat too manyworkersfelt freeto inventandproposeall sortsofnew reverx models(372) èinadditionto theesting models ofcoherentrotation,fanning,buckling, andcurling',anddemanded that these new models betreatedon thesamefootingas the tefsting'ones. A dxerentparticleshapecan be easilyima#ned to support modes
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 whichare dsFerent fzomthosementioned here.But no new shaN was ia thue sindies, Msnmed andfor thesamegeometry othermodes caanot takeplazeif properlycalculated. lt shouldlyeespecially notedthat it is not secientfora reversal modeto bavea lowerenerv tlzinthe satura/d state.States withlowerenerr doGst as Kon asihe applied âeldreverses its direciion,buttheyare not necœsnn-ly Rcesible,as explained in xction 9.1-Oneshonldbecarefulto govia enerr minimaon a well-deîned path, andnot to useapprom'mations, whichcan leadto largeerrors, as theyhave in thesemodes.Thee new modesesseutially nAsmmed the ume chainof spkeres, butconsidered a vagaenes aboutthe geometry as an excusefor in the calculations. Thekuass-curling' aadkuasipoorapprovlmations buckh'ng' were particularly ill-defned,andwere hardlymore Gan (370) appropriateto thee case justnames, it beingsvted that tcalculations are ve.rydilcult'. The Knove.l reversal mechanism' named'êipphg', (372), fanaingin couldbethe sameas what usedto be rztllednon-symmetric a chaînof spheres, if doneproperlyaadwith no extra approimations or inconskstendes, suc,h as a total thickncs,T, of tEeTGzlly developed wall'in the chaiwwhichis allowed to belargear than the total number of spheres. ln an invitedtalk at a conference I tzied to point out thesedLs(373) tortedconcepts,but Kncwleat lemstwas not convinced by ihesearrzments.Eepublsshed a lreply'whic: stakdthat thei.r shape (3741 all thereults for an Gipsoid, %,'m of thepartidesinvalidated andallowed to legislate curlingout of efstence,audto choose othermodeat wi11. The recderwill hopefully understltnd that thisapproach leadsnowhere. There are more appropriate of spheres studieof cltn.ims wiihanisotropy or (375j) of spheres wllichare cut beforejoining togeoer(376) ys that Ho à 12000Oe.Theexperlmental smlue for Beelcow partidesof theordezof l>m is 3 000Oe.Slmonr discrepandes are eacoune in practicallyany magnetic mateM,wheathecrystalsizeis hrgeeaoul. It shouldbe particnlnmly notedthat thisdiscrepancy, or paradcx, caan befozmulated withoutanyof theYculatioasin theprevious secdons) aad wouldhaveappliedeven if all that algebza was wrong-The valueof the hasnot even beeausedhere,exceptfor its middleterm in eqn (9.5.55) beingpositive,so that all tke detailsofthecurlingmodedonot exte,rtàe rgnment.At leastthesamediscrepancywoddhaveapplie if thecoherent rotatioawmstheeasiatmodep because it is in theterm withJt%wkic.lt is Tnnlw dirvfnrecommon to c!Jtevetsaz modes.Otkermodes even this may terms,suchastheNz term iu eqa(9.2.10) pancyworsebyhavingadditional for thecoherotrotation,but theterm with Kz is certainlyalwaysthere. For thl'n reason, inventiagnew modescaaaothelpremove the paradox) ev= if atl the discussion in =tion 9.4was wrong.Actually,tke problem wmsalready Hownb6jor6 all the foregoing calmzlations of nucleation felds. Mreadyin 1945Browa13831 hadnotedthat thebarrierfor nucleation of is ai lecast tkat of theanisotropy any sort of a reversal ezezutwbichis
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 theErstterm in eqn(9.5.55), theexeungeaadmagnetostauc justbecause terms are alwan positive. Even this nnt-sotropy œm byitselfis too eaerpr ' coercivityis considerably smallerthanit, in large,andthee-xpersmental all bnlkferromagnetsMoreovezz even the valaœ ofthe coerdvityneednot benKtvlin ordc to rmllh'z-theparadox. Equaïon(9.5.55), or already eqn nacleation impliesa negaiine feldj but domains can 1)e observed (9.2.31), already in zero applied âeld(see sedion4.1). It hasben shownin ution 6.2that the estenceof thesedomMnR is favorableenergetirAlly) but a lowe.r to enter.As ha: enera is not a sulcientconditlonfor the domalns alzeMybeenuplznm-qed in section9.1,the ezstenceof a lowez-enera stateis not suEcieat Torthesystemto beableto repnhthat state. . Theremsonsfor thisparadox are ratherwellunderstood, qualiiaiinelk, andwill belistedseparately forhardandforSOA matlm'm.Eowever, More gotg 1.nt0 thesedetails it must1)e emplxizedthatthediscepandes azetx largeto betakenligbtly.Until thetheozyis modise to takeinto account qnanutazively tke Gectswhic,h cause thtsparadox, everythingdiscussed eAn onlybeapplied in this chapte.r to Enepartîcles. Noneof thisstudyof nucleation can serve a=y usevpurposewhen it comesto czystals which to suppol a subdivision are largeenough înto manydomains. For them it is possible to get awaywitha theorywhichiaores all of this càapte,r d tlte question of howdomains enterinto thecystalz'andtakesit for grantethat theyare thereif theirestencereduces theenira.Theories whic,h onlycompare of vadousconfgurations, sucha,stheone in energies section6.2,or that of domainwallstmtduresi.ll chapter 8, workverywe.ll ' in thisrefon,aadeztn beusedto interpretall xrts of %ta1data. t?y'n.rn A particularlynice p1eis the shape of tlzervfwtxlled N&1spikes,which are formed(384) near non-magaetic inclusionsOncetheirgeneralshape is xuumed,an eaera mlnlmlzaxtion leads(385) to a.ttthe6nedetailsofthdr stracture,with a perfectR to experiment. Suchtheoriaare still being applied(=) , aadtheyare actuallyinevitable, as longmsthepresent theory c=not beextended to takecare of the defects whic,h will be spfvq4ed in wthe followlguStill,thissituationdoesnot jusGydiscarding tMscàapter altogether, muchlessdiscarding the wkoletheoryof micoma&etiœ, as hasbeeasuRested on dubious goulds,discussed in (382). Thenucleation theorydoes for smallpardcle,andthemodiîcations agreewithexpeziment whicàare necto mnlcm it >ee 	gr-ment witàexperiment for bulkmaterials that therewas no gavefheimpression pointin continuing: whenalready H,%wmswrong.Smallpardcles were not available exmerimentally at that tkme,andthewitolef eldwas considered TheOmebnnlr imprazticalwas whe.n thesizeof recording particlœbecnme smallenough, andtheo1d theorysuddenly f tted manyexperimental data. But at that time manyof the originalpapersw&e alreadyforgotten, or misunderstood: andthenew theoretical approwi didnot procedtheway it couldhave.There'wutoo muc,h èfortput intosndingothermodes that wouldft better:andtoolittle efbztput intonecessazy modifcationsin the cttrlingmodethat œuldbeappliHto realparticles. Andin particulvthere isstillno attemptto dowhatBrownmeantio bethenextstepto startwith, namely to fnd out whathappens Jm. thebegkming, theze c/fernucleahom is no change whilethefeld Lsreduced 1oma largepositivevallze, through negativevalue, zero, anddownto a certaân whensomething nucleate.Aher lâat, thelinearequations are not validanymore, andthenext stepshould beto solvethenon-linear equations for more pzgctircfelds,andfollowthe
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 rest of themagnetization hysteresis. In tMs solution,theone that is to be chosen oui of m=y possibilities is the one whic,lk teadsto the nucleation
 
 eigenmode wheaH= -+ Hg%. Rxperlments are readynow for a goodtheory, ' butthispart is s'till .. . the An attemptto dojusttut part (459) for a particttlarcasemissed rnnsnpoint,andafterfndingthenudeation feid,H=,theseauthorssolvH the non-linear equations for IS'I< ISkI. They24591 foundthat tàeeneo ofthe curlingmodei.!lQzis r=ge offeld is largerthaathat of thennlf'ormly mMnetiznl statevwilic,hLsnot surprisinpM it meansis tbatnothlngwill happen in the rangelS'I< ISkl, wkichis essenteythc desnitionofthe f eldin section9.1.Theyshouldhavesolved for H < -tSk!, in nudeaéon orderto 6ndout whathappeas c/er nudeation.Thereare iadeedin the literaturesomeworksin whii the eneo is calculated for IS'I< ISkI, but they (460, look for the energybarrier,whickis a deeren.t problem, 461) in sedion9.4,whichis alsoa or try to Sada localmode,as mentionH aieewmtproblem. A xludon of the non-liapm.r equationswmsonlytried for an infnite whicbis an atyplcalcmse.H that caeit wasfoundthatthere cylinder(360), was one jumpfzommturationalong+z to one along-z, andHc = -Hn. Fora sphere(462) and4ora fnite cylinder(463, thea'eare onlysome 464) apprczimations to the kruecuzlingmodeafternudeahon. Thebehaviour ofaa ''n4nste plxo wmsonlystudied(465) at thefrst stageafternucleation. Nothingbpnbeendonefor a more general ellipsoid, andlt is still needed.
 
 10 ANALYTICMICROMAGNETICS ln thisckapteraadthene.u one,mious topicsin micromagnetîcs, outsîde thenucleation problem, will bedecribM.The subddsioniato Annlytic in thetwo Aaptersis ratherartlcial andquitearaadnumeriYstndies between bikary.ln mostcasesthaeis no realdistinction analyticsolutions of b0th.. aadImmerital ones, andm=y physicalproblems use a ml-vkzzre Nevertheless, 1oma (Iidvdc mint of viewto keepthem it seemsdesirable asseparatû cbaptars. 10.1 FerromagneticResonance Thebmsic equationg thisrvnance is eqn(8.5.48), or ratherone ofits modifcadons as eithereq.n(8.5.50) because thereis oz eqn(8.5.52), iways damping s. TheGperimental setup,always hwolves in rpml aa applicauon atloaalmost of a larr DCfeldJzkwhtchholdsthemagaeth. parallel to its direction) z. It mp--avm that thecomponents perpendicular to z are rathersmall)andmaybetakento a frst orderonly,msLsthecmsewith thenudeadon. Besides the DCfeld, thereis aISO an AC feld at a given fzequency) uz, whîc,h dticldes' the magnetization into a peziodic motionat thisfzequenc'y witha smallamplitude. Oneis tàenlooldngfor a reonance of ih%motionat the lequencyu7, whenthe appliedDCfeld Sa passes tàroughtheappropriate valuewhichcorresponds to u?beingthefrequency of one of thenaturaloscadonsof thesystem. eztn beexpresed If theAC feld is sinusoidâ), its time-dependence by a factorcï*'z1 andtke same factore= then beinserted into the steady statesolution of mz andmy. Thelinpxn'zAtion of theequations for mA11 znz andmy LsmathematicaEy the nme msfor the nudeation problem ia sedion9.1,for thesâmevqnvn pdonsusedthere,namelythat the sample is aa ellimoid,aadthat the feld Lsappliedalongone of its majoraxes, wllichis alsoazzemsyn='n for eithera uniazalor a cubicanisokopy, etc. Forthiscase,andwhenthedamping of eqns(8.6.60) or (8.5.52) Lsomitted for simpidty,it ksseenthat theequationsof motionfor the amplitndest mxmely wheathefMtore*f is omitte, are
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 whereall ihe notations are thesame as in section8.5. Thebounde conditions arethenxm e asin thecaseofnudeation, and on thewholethe nudeation proble,m asa particulr caase maybe regarded oftheresonuce problem, for theparticular valueu?= 0.Thereis,however, one big dl-/erence in that the nucleaïon hasa physical meaaing onlyfor themodewhichhmsthelargesieigenvalnw a: discussed in chapter9. J.u the caseof the resonance, @J! the mMescaa be udt.fvl in pzindqle, if theconditions are right,andtheefstenceof one modedo%not ertmmnte t'heothers.And mzmydl#erentmodœhavelndeedbeenstudied anyof entallyin thesnmesample. In spiteof the shm-lxrityy reonxnce modes havebeenstudied without payingmqch attentionto therelationto thenucleation pzobleam Yfozeand afterthispointhadbeendiscussed byBrowmh someways,thetheory (341) of ferromagnetic resonanceis more general th= theequations givenhere, because it somefsmaiacludes otherterms,suchas a s'urhce anisotropp e-p in (158, 466,467J. R n.1Mhasto takeinto accounta more general formof lba.nis usedin thisbook,because thedynxmx'c Max-well's equations Xecis of eddycurrentsandskindepthare important(468) at thehigltfrequemcies usedin theseexpersmenis, whereas theyaze negligible iztsuuc nudeatiom H mosi cases,however, thegeometvis Bmitedto Gat of an inqniteplate equations is Omposed of (4691 , for whichthe solutionof the diferential sinusoidal variatiö'xus, msin =tion 9.3here.Beidesihesesinusoidal mod% rotatioamode thetheoryof resonaax zvwcorizes onlythecoherent (4701, in whîchboih mz aad Aown'msthe tttniformmode'iu tkis contexi), mv aze constants. The non-coherent modc in a.n ellipsoid, knownmsthe magnetostaiic modest withouttheexcbange are onlystudied enera (471), by writing C = 0 in eqns(10-1.1) and (10.1.2), mnn-ngtkem algebraic hsteadofdferentialequadons. Thisapproimaiionis Justifed as longms the ex-perimeatal Rnmples are ratherlargelanda roughestMaiion(472) Aowedthat theneglected exchange term was indeed for the she nesigible IXS?I of spherœ tiken.However: smallerspherewere made(473) later,and ihey were foundto sqppoz'tnew resonancemodœ(4'F3), wkichdewndon tàeparticlesizetandwhic.h havenot beenobservM in larger.parkklesIn suchsmallsphez%j' the exnbxnge bccomes dominant,aad energy it is necessar.y t8 xlve the difeential equationsizt the same way aasin chapter 9. As a ftrs'tstep,this problem wa,ssolved for veoesmallspheres, forwhichthemagnetostatic withtheexchnxnge termis neglkblecompared of For the case a cylindrical symmetrs the whole problemcan be energp solvedanalytically, andtheresultis (472J thesameas thecurlingmode.h particular, in thesemodes, for whichthen=e emcltange rrlod>hasbeen snggeted(4721, thereis a termpropordonal to 1/.R2 in tkeresonanceield.
 
 FITLST INTEGILAL
 
 lt shouldbeparticulatlyemphashed againthat highermodesca.nalsobe excited,andthat theirresonancecan alsobeobserved, unlikethecaseofthe nucleation feld, forwhichonlytheleastnegativeeigenvalue hasa physical xmeaning. Forthe usualsinusoidal variationin a plate,the highermodes Forthe curling are the harmonics, with integralmultiples of thelequency. fromthe largerroots of exchange modes, the highermodesare obtained whichshouldmakethememsyto distinguish. eqn(9.2.26), Recently, resonancesthat maybe assigned to suchrootswere observed in small spheres, but the size-dependence waz not that of kjRI.Sur- . (474) faceanisotropyisa verylîkelycausefor thedference, beingdemonstrated to be ableto makethe theoryagreewith experiment. If it is the (475j reazon, it must alsobetakeninto accountin the nucleation theory.The developed resonancetheory,however, isnot suëciently yet to ruleout othez possibilities, epeciallyin theintermediate sizerange,for which30thmagnetostaticand exchange may be important.H thisrange,some ener#es exchange modesmaybemix.edtogether,andlesseasyto tell aprt. Also, the modeswithout a cylindricalsymmetrswhichhavenot beencalculated,may overlapthe othermodesin the same experiment, espechlly at still smallersizes,whena curlingconiguration involvesa vezylargeexchangeenergy.The theoryof thesemodeshasalsobeenextended(4761 to include,for exnample, damping,whichis lefi out in eqns(10.1.1) amd But this extension did not address tlle mode mifng, or the case (10.1.2). withouta cylindrical symmetry.Before suldently smallparticlescouldbe made,this theorywas onlya mathematical exerdse. But now that such pazticles are available, thesegapsin the theoryshouldbeinvestigated. 10.2 First hdegral It hasbeenmentioned several timesin this bookthat the mssumption of magnetization confguration, in a.n infnite crystal,is a one-dimensional this assumption is quiterisky aadmay leadto seriouserrors. However, madeanywayin manycalculations: whetherJustifed or not. ln some of thesecas thereksno othertheory,andtheycannotbejustîgnored. Besides thedomainwalldîscussed in chapter 8, one-dimensional models havebeenusedin a.nattemptto findthe eS'e'I;t of planarcrystn.lllne defects on nucleation and coercivity.The physicat propertiesin a certainregion were assumed to be diferent9om thosein the rest of the material,and Brown'sequations were solved separately in theperfectandia theimperfect regions,andthenmatched together.Thisproblem was irst solved for (47% a defective constantwaz diferentfzom re#onin whichonlytheanisotropy that in the bulk,aûdlaterextended to a modifcation of theexchange (478) constantC and the saturationmagnetization, Ms,besidœ the anisotropy constantXz. Theformerwas laterused(4794 to explainthe coercivityof a hardYateriat.Thesam6 modelwaz revivedfor the caseof a wall whichis assumed to bealready in thedefective region,iastead of its beingnucleated
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 there.Thecoerdvityin thiscaseis det,ermimM by thepinningofthat wall to thedefect) whichi.smathematielmy thes=e problem msin thed-lFerent physical caqeof t'henucleation. Retzltswere reportedfor a regionfn which vth C audA'zwere mod-t6ed andfor a casein whicâonlyC 2480) 4811, of spMe.Thereis alsoa case of was chauged, as diFerentfnnctions(4821 a fzlm(4832 with a =iable thiclmeœ, for whichthemathematiœ is still essentially thesame. With the new interestin multëplefllmK, the samz onedimensional modelhasbeenllm.Mfor studyizgstrongly coupled ftlms.In tb.iscasethere the of dlFerent are ae two regioms are flms wkth (which compositions) thephyfcalconst=ts C,MsandKzbeingdlFerentforeachof theregions.' Because ofthecoupling, thesolutionin one regionshouldpasssmoothly to that in the oier region,so that the mathematical problemis ldenticalto that of (478), although thesemodelsare alwaysrdnvented withoutpa'ying attentionto tîe previous work.Rmaltsha'vebeenreportedfor two flms, enzt% of whichis œsentially saturated, vdthonlya transitionlayerbetween thembdnga functionof spRe(484), an.dfor a cmseof 1111 variationover eRhofthetwo ftlms(485J, a variaïonfortwo 'Flmswithan mswellas s'uch antiferromagnetic coupling. Detils will not l>e#venherefor any of (486) tkesecases,andit will onlyl:erqrnnmked thatthemssumption ofone dsmensionmay be too restrictivefor describing situadon in many thephysical of theproblems to whie s'ue,h modelsare applied.Evem a largeXl173 ends sanewhe%aadit %nAbeennoted(48% that the efectsof theedges may sometimes beverylargeandvnn invalidate theone-dimensîonat approach. Anmvxmpleis in Fig.10-1-In (a)thema>etization shown schematicvy is parallelto the 11lnlplane,m'eating a charge on thesurfve. 'WhGthe bardmaterialtA' is magaetized to theright,the Gelddueto its surface materialtB' e>n bein a negative chargepointsto theleft, andthe SOf't Eeldwhenthe applied feld is pMtive.In (b)theflms a2enot continuous andone matarialTpenetrates' throughthe otherone (which tun happen in practice). Theappliedfeld andthe magneœation are perpendicular to tàe flm, but the surfaœcbargeof 1A'can st111 crea* a feld at $B' fdd. Suchcasescan #ve in tlœoppositedizection to that of the applied cm've whic.h is qualitatively diferent(487) a magaetizptinn fromthe one exn also(4884 calculated byneglecting thœeefecksSurhceroughness cause a m'mlnar demaoeœation.
 
 Nevertheless, doezst in whichthisusumptsion suc.h calm:lmtions ofone dimeasionality Lsmade. Md once it is made,one maymswellA-xlre advaamicromagnedcs whichis tageof a particularpzopertyof one-dimendonal onlylittle known,although it caa fadlstatetheres'tof thecalculation ve,zy it shouldbenotedthat ima condderably. Beforespe' * thistheorem, true one-dimeaslonal cmse,Le.whenM andU are functions of only(say) z, eqn(6.1-4) becomes .
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 FIG.10.1.Theedgeof a multjlayer f)m madeofa hardmaterhltA>and Surface for thelayers a xft materialCB'. charge is shownschematicuy parallel(a)or xrpendicular(b)to the Sez,wheneqn(10.5-37) is used,where Sc, =
 
 4.52927-C
 
 ,
 
 5.6150A% .v/4xM:
 
 (10.5.38)
 
 providedthat ihe expression underthesquareroot is positive,and 9
 
 + 8wvM' &.a= 8 ;) , a (T'lft% t3t>'2)M, -
 
 -
 
 fr =
 
 0.785398. (10.5.39)
 
 Sincetwoseparate functionsare nsed,thesmallerofthe two radii maybe used,andit is possible to statethata suEcient condition for a nonluniform magnetization stateto havethelowéstenerr is that R > min (Sc$ . j Sez) Equation is usefulonlyfor small'values of A'z-ltis meaniagless (10.5.38) audinvalidif JGLsso largethat the exprt-on underthe squareroot
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 becomes negadve.Bven whenthisexpression îsstill positivejbutsmall,this equationis not usdulbecause it leadsto a verylargeRcz. Therefore, eqn with 'mM.1 is applicable onlyto softmaterialsl segle domnln'in zero appliedfeld, in as muchas theîrshape by that ofan ellipsoid. A more recentmaten'rtlfor maybeapprozmated perpendicular recordhg(512j is madeof aa arrayof parallel nicltelpx-lb.rs, with a uoifnrmdiamete.r anddîem:nce. Usingfor nîckelMs= 484emuand C = 2 x 10-6erg/c,for particlœwith a distmeter of 35nm anda height of 120nm, eqn (10.5.41) yieldsa critical radiusof about50nm, so that thererltn beao doubtthat theseparlclesare uniformlymagneeed in z&o appliv GeldThksestimate isYreadysaëcientto makesure ihat the othe,rsample(512) with a dinae*r of 75nm is alsomadeout of single domains, whichwouldhave1*e.ntrqeev% if ît were thespxrneapect ratio, andis evenmorg sn vith thelargeraspectratio for thisspxrnple. Foranellipsoid whicxisnot ver.gdiferent1oma sphere: thereis alsoan etpansion arotmdthelowerboundfor a sphere. ThiseNmndon is not (513J for ellipsoîdc, now that a rigoroms solutionis Hownfor prolate necessav spheroîds, audit shouldnot bediEcultto extend to oblatespheroids as well.It may bepo%ible, howev&,to adoptsuchaa expaasion for shapes whchare not ezipsoidal at all,as is thecasein reeal pardclo.
 
 10-5.3 Cnbe Mostcomputations on the remanentstateof a: cubet=d othershapes), in the sizerangewhichis normallydm4nuto bea Sfzieparticle',wlll be discussed in the nextGapter.Forthe pmicularcase of a cube,thereis a seeMngly complete study(514) ofall possiblefunctioas of space, whichcmn beexpressed by cutthgthe cubeinto slices. TMScomputation is rigorous withsniî own lamework, slicing but theconstraintofa one-dimenional makestàecriticalsizetàusobtained onlyan qppe,rbound. Thereis alsoanotherproblemwith sue.h computations for a cube,or actuallyforanynon-ellipsoidal body.Thed-agnetizingfeld insidesuch bodiœis not homogenmus whenthey are uniformlymagnetized, andit seemsthat theEeldcomponents Nrpendicular to themagnetization vector Yust eaforce some non-nniformit'y.Moreover, for a unilormlymagnethed
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 cube(ora fnite c'ylinda,or any otherbodywhichhasa sharpcorner) - thedemagne Eeldis formallyinsnite at thecozners.Theintegrated nlnlrnthat it is wrong mngneuutic enera is Enite,but some (431, 515) to use this Eniteenera as in (514J, because the localinfnite Ecldwlll never allowa uniformlymagnettzed confguration. This clztimhasbeen œntroversial f or manyyears,because it cltn alsobesaid(3921 that a sharp corneris onlyan approzmation whichcannotest on an atomicscale,auy more thana smooth, empsoidal surfacec-an(see alsosection11.3.S). Thecalculadon described in tMssedionis restricted to an unusualcase ofa cubemadeof a smallnumberof atoms,in an attemptto undezstaad thetransitionto the atomiclimit, bypatticularlyavoiding the use of the of a conttuousmaterialas htroducedin chapter7. It has approvimation already inthat chapter thatthisapprovlmation musibrpltlc beenmentioned do= if thetheorytries to de.alwith dis-taacœ of the orderof a unit cell, andit is alwayspossible that even tensofunit e.qllK maybetoo smallfor usingsafelytheapp-vimations of micromagnetics. It maybenecessazy to start wondpn-ng aboutusingthisthezy for casœwherethe wholesizeof thepardcleis oalya fewtensofunit cells? as are some of the venesmall partideswhichare alremzly beingstudiedeoezimentally. Aadit may sked ' ' some lilt on, or at lemst indicationto, thesolution #vesomepre of the quœtionofwhat a sharpcorne monnsin smallparticlesTheatoec llmit in thepresentcont- doesnot Gtendas fa.raq an attemptto start with a modelwhichmayreproduce themagnetization as in Fk.3-1-Nobodyhu ever approacxe depicted thispart oftheproblem. Also,it Lsnot practicalto studyhundreds of latticesitesby themethod whichis d-ribed hexe,andonlyninespinsare used,in whatis supposed to be an iadicationof what happens with the others.Allowingtheamal fuctuadons in s'uck a smalltpvticle' wouldhavemade themtoo strongfor thiscase,thusdistorthgthephysical pictureforsomewhat large.r padicles. thermalagitation is notused, Therefore, nor isthereuy attemptto change theclassîcal spinsinto quantum-menharical onœ, whichshouldbe donein the atonzic1''m5t.Thespinsare left to be the nln.qs'ical vectorsusedin micromavetiœ,because the mn-m purposeis to studythe limit of the =nll sphere. x-nvnptionof a physir-qlly The modelLsthusmadeout çtîpoiatspiaswhichare locnllzed i'athe latticepohtsofa bccunit cell,whose cubeedgeis a. Onlyninesuchspins are considered, whckcomplete one unit celkThefrst one of thesespinsis locatedat thebodycentrez whichis takenas the point(0,0,0) in Cartuian = cœrdinates. Theotherekhtare at 1zcm,whea'e pç (+1,+1, +1)is the positionvectorfor theïth spin.Thenumbezing ofthespiasis Rcordingto thescheme shownin Fig. 10.2. The exchange interaction is x-nmedto benon-zero onlybetween nearest ùeighboursj wkichmpxnKbetweenSzandthe othereightsphs.The exchangeeaerr is takenas theexprœsion in eqn(2.2.25)., but J isreplaced
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 FIG. 10.2.Thenumbering sckeme of ninespinsarranged ia a bcclattice. by the more flrnlliar exchange constant,C, accozding to thedefnitionin leading to eqn(7.1.6), = :2c..
 
 -
 
 C 9 ?a1ï=2 mu zzuj -
 
 (10.5.42)
 
 .
 
 theunit vectorin thedirection of the pertmit volume,wherezzu denotes i-th spin.A similarexpression was alsousedia a calculation wkich (332) ignoredthemaaetostaticenergyterm, but did havean interactionwith an applied feld. Tkat case (332) assumed a surfveanisotropy, without in thebody.Hereonlya volumecubicanisotropy is used, anyanîsbtropy withoutXa,whichleadsto theanisotropy enera perunit volume, 9
 
 Eu= A-z i=1
 
 2 2 ''Hrzsrz:. 2 2 + mamj. ; a rn.: * m6
 
 .
 
 (10.5.43)
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 H practice(516) it turnedout thafthis equatîon,as written, was useful onlyfor positiveKï, namelyfor the easyaxes along(1001. ForKk < 0, whichmeanseasyaxes alongg1:11), theaccuracy of computation fromthis relationwas ratherpoor.A muchbetteraccuracycouldbeobtained by rotatingtheaxesto z', y' andF, with z' alongg111) oftheoziginal axesz, in thesecoordinate. &,andz, andviting eqn(10.5.43) The magnetostatic enerorîs takenas the interactionof dipolesat the
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 latticesiteswiththe dipolarfeld ofeqn(7.3.21), before the introduction of the physically smallsphere. Thisenerr is written in termsof the vectors Pï j
 
 =
 
 Pï - PJ1
 
 (10.5.44)
 
 Fherepy = (+1,+1, +1)is the positionvectorfor the f-th spin,already mentioned above.With this notation,the maRetostatic energy,per unit volume,in thepartiçularlatticeassumed hereLs
 
 su =
 
 82$.J2,a 9 m: . mj ' ' pf,j)(my p;,,.)+ s: - 3(mf a s 81 ï=2 .2+y lpi,j.l lpi-j'l #=
 
 w''herethe termfor ï
 
 =
 
 1 is written separately, andis
 
 (10.5-45) (10.5.46)
 
 Thetotal enera of this systemwas minirlézed numerically for the 18 directions of the ninespinsfor C = 1.73x 10-6 erg/cmj andfor eithe,r MS = l7ooemu/cms aadKï = 4.7x 1O5erg/cm3 1 or MsV 484emu/cm3 = 104 these éndKï -4.5 x Thefrst of caseshasihephysical erg/cm3. cspamrneters of iron,aadthe second one hasthoseof nickel,usedin spkte .ofthefazt that realnicke,lEasaxl fcc andnot bccstructure.Foreitkerof . these largerthan cases,the exchange enera is manyordersof magnitude ''theotherenera terms,if a realisticvalueis USHfor thelatticeconstant, c.. Sucha big dxerence makesit very docult to obtainany reasonable in calculating the total energy,andaayattemptto rnl'nlrmlzethe 'accuracy lènergy encouaters a largenoise.Thetrick used(5161 for the mlimization ' was to stazt with al unphysicvy largevalueof the cubeedgea, for which ' theexchange largerthan enera was onlyfouror fve ordersofmagnitude kïheotherenera terms.Forsucha case,theenergy minlmlzation couldbe carriedout with a su/cient accuracy.The valueof a was then reduced, àztdthe enera was miaimizedagain,usiagas a start the valuesof the 18anglesobtained for the previousc. This procedure was repeatedp and 6yelimiuatiugthenecessity to computethe enera for angl%whichwere ratherfar fromthe minimum,it allowed a,a extrapolation ofthe minimum signlcantlatticeconstantc, of severalâ. energystateto the physically , . Theresult that thelowest-enerrstatewas not for positiveJf.1was (516) one of uniformmaaetization. It was a statein whichmz. = 1,but mu for ï''> 1 was not exadly1, althoughtheywere all vez'ynearly1. Theactual lowest-energy confguration couldbeexpressed by one angle,because to a *zy highaccuracyithadzns. = ms. = msm= m8. = mzv = m4v = mzv = = m4. = mr. = mg. = mcy = m5u = m%u= rzgv, with 148 M andma. '
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 10-*.Fornegative ofapprovsrnately X'z,txe same relations
 
 cocrdinxte were cbteed in thetransformed systemz?, #r, a'ndF with z'
 
 alongtheeasynxn'sto thenn-lqotropy. Theangles werean orderofmagnitude smallerthanfor the Xet> 0 cxse,whichis to beexpec%d because of the same fattor in the assumed values fozM2. H Iealsto a dferenceof two ! 1omsaturation,1 ordersof magnitude in the average deviatzon (mz). ït hasthus beenprovedthat thereis no cubewhicàis smallenough for the nniformlymaaetizedstate to bethe one with tkelowestenergy, in spiteof thefact that over shoz'trangesthe Gxch=ge enerais xveral ordersof magnitude large,rthnn theotkerenermrterms.ln otherwordq the Wndamental theorem'of Brown,whichhazb-m rsgorously proved for a spîereandfor a prolatespheroid, d- not holdfor a cabe,aadwill obviouslr not holdfor an erensionofa cubeto a prksm. Themathemadcal dtfeencebetween a sphere anda cubeis that tke demagnetizing Geldofa nniformly magnetized sphereis homogeneous, wlkilethat of a cubeis not. ln a uniformly magnethed cube,thezeisalways a tzansverse demagnetidng Geld, whichmaybevez'ysmallcompared with theexch=gefeld, but it is never zero-Therefoaat leastwhentheanglechange continuously anddo values,thereis always not havecertaindiscrete a s 'hght, batfnite, tilt out of theuniformlymagnetized state.Thephyhcal sigecaaceofthcseefl'et is not vez'yclear,aadis quttecontroversial, depending on theviewof whether ksa betterapprotmationfor the behaviour of a small a cubeor a sphere magnetic paticle in reallsfe. Of eonme,,it ksnot thematterof the extremely smalldeviationfrom saturation, whièh is negli#blefor dmcsta11 applications. Thecontroversy is ofBrown,described in seon 9.5.Thesamereasoning abouttheparadox abouta non-uniform demagnething Eddappliesalsoto a saturationby the application of a magneticEeld,and leadsto the conclusion that a cubecxn never bestridly Mturatedby any ânite,'//ZWJO= feld. And if the crystaldoesnot start 1om mturation,the wholeargument of sedion 9.5 may not be valid. Thispossibilityfor thezuolutionof the parHox badbeem longkfore tkis calculation of thecube,andhad suggested (515) alreadybeendiscussein theoldrcviciw(œ2j ofthe paradox.It hasbeen strengthened bymanyobservations 518,519) of domes at thetip of :517, whlRknzs, whchare not drivenawayby the appliedfeld. Thesetwo problmmq aa not quite thesame, andthereis a diference between a slightly incomplete sataratioain thevichity of the corners, aad a wholereversed domain there.These reve.rsed domldnna2enndoubtedly real,but theyoalyapplyto lave crystals, andtheîredstence may only mMn. thatsome smplesmustbeput in a largerfeld before measuring the nucleation, as dkscussed in section9.5.Theslightdeviations at the edges mayor maynot besuëdentto st.artthenudeation processlom, andthe cubeXculationdoesnot reallycbangethiscontrcversial issue.It is still the sameo1dproblemofwhichis a betterapprozmadon for wwtlparticles,
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 aadit shouldbe rememberetltat micromagnetics resultsdoagreewith cerlma-n e'xllerimemts on mcll partides:including particlc with very odd supes.Tkeoretically, t%enudeation problemwas alsosolved for kn4m'tely longprisms,whichhavea square(5201 or a recvngular(291, cross521) section. However, an l-n6nit.y is alwayssuspicious in theseproblems, andat theproblem not solves, ofthe axtyrate,theinlnity in thiscaseonlyevades, approRhisdiscussed in saturation neartheHges.A morerecentnumerical section11.3.5. that tNeeAI:tof$heedges It hmsdemonstzated on nnmezical resultsis negvble, provided the discretizaûon is suëcientlyEne. to address A moxcationof the cubecalculation was 'USM the (522) problemof wheier the minMaleneranon-llniformstate ksdueto the highsymmetuof the cabe.!(norderto breakthissymmetry, spinnumber 9 of Fig.10.2was moved fzomthe positionp: = -(1,1,1)to -A(:,1,1), with l havingeitherthevalueàaor thevalue1.25.Forb0th cmse.s tkerestllt em-, but b0th for lazgea w&e quitediferentfzomtàoKf or the previous ofthemextramlatedto thesame resultsas beforefor realisticvaluœof several i for a.
 
 11 NUMERICALMICROMAGNETICS 1.zt all thenumezixcamputations in mitzomaaetics, neazlyall the computertimeis spenton computingthe magnetostatic energyterm for the ' dl'Ferentmaaedemiînn coMgurations whicha2ebeingtried.It must be that thisfeatureis independotof thecomputational method, emphuized andis a rstqnltoftheinevitable factthatthemmetostaticenera is defned by a six-foldintegral,as explained in section6.3,wher- all otherenergy terrnqinvolveonlya three-fold inteeon. Fortàisrenmnnit is important to choose an eEdentandRfrective method for computing themagnetostatic term,whileaaynumerical Anxlysis methodwilldofor theothertarms.The deseptionwill, therdore, start fromthisterm. 11.*1 Maaetostatic Ene-rr Manyof thenumerical computations aze based on themethoddeveloped and byLcontej for computing irst a onedimensionat domainwall(301), thena twodimensional one g310). In two dimpnsions, the wallstructureis assumMto beindependent of the dimension z of Fig.8.1.Thewall re#on, I=IS a and1,1S è, of the z&-plane is dividedintoNz x Nv square prims, of<de
 
 l
 
 =
 
 25 = -2a . Nv N. -
 
 (11.1.1)
 
 ThelatterrelationlMits thepazameters to thf- whichrxekkisf.r bNz= lNv, but tikislimitationdoesnot Gectthegeaerality of the method,becauœ thewidth 2/, rxn 1xextended arbitrarilyinto thedomx.inK. ne badcmssumption isthat witkin e-xrtb of theprisms,-c,+ IL K z S -c + (f + 1)A, -b'+ JL S tr S -: + (J+ 1)A,themaaetizatioadoesnot nnn Fora constantmxgnetization iaeachprism,thesrstterm in eqn(6-3-48) wan-qhes, whilen .M ia thesecond term is a constant,widchcnn bemoved in frontof theintegral-Thehtegrandthencontainsa.nalgebraic Rnction, whœeintevalis HI)= ia prhciple-ltis thuspossible to obtaiaan anazytic exprœsion forthecontribution of tuztbpzismto themagnetostatic potential, andthewholepotential isthesummation of thesecoatributions over alltheprisms.lt shouldbenotedtàatthisl-%nlquetransforms a volumocharge if it eists, to that of surhcechargeon the four sudaces contribution, a the prisms.If the magnetization doesnot changebetween one prism
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 pad îts neighbour, the contributionof a positivechargeon one sideof the sudace between themwill beexactlycancelled bythe contributîon of the negative chargeon the othersideof the samesurfaceBut if thereis somechange, the diference between thesesurhcecharges to a expresses, ''frst orderin smallquantities,the contributionof the spatialderivative of whicheventually to the contribution ;:6f the magnetization, converges theârstintegralin eqn(6.3.48). Oncethe totalpotentialLsknown,it caa .%. e substituted in eqn (6.1.2), andthen in eqn (6.1.7), to înd the total hagnetostatic enera. The latter integrationcan be exprusedagainas ahotàersummation of the integrationove,reacàof the prisms,whichcan .àzso becarriedout aaalytically, once M Lsmovedin lont of the integral sign.Theresultis (3104 that the magnetostatic energyperunit walllength in the z-d/ectionLs .
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 (11.1.2)
 
 The whereAmandCmareeuluatedfromthe above-mentioned integralsqxpressions for thesecoelcientshavebeenevaluated, andare given,in transformations havebeenimplemented in orderto (3. 10).Somealgebraic lake thesecoeEdents more suitable for accurate numerical computations. 1TJ heyare listedin tbisimproved fnshionin (5234. It shouldbe particularly , émphasized that theaccuracyof thesecoeEcients is veryimportantfor a 'ereliable computation. Experience shows that evena rathersmallinaccuracy in the coeldentscaa,n leadthe wholecomputation astray,andendup in Cacompletely Anotherway to increase the accuracy wrongconfguration. i,s.to combine togetherthe contributions fromtwo neighbouring prisms, the subtraction of nearlyequalnumbers. thusavoiding Thedetailsof tids modifcation are described in (5244. The four-timessumnaation in eqn (11.1.2) wouldbecome six (which timesizkthreedimensions) is a manifestation of the long-range natureof magnetostatic interaction.Everychange of the magnetization in any one prismWects the energyevaluation for all theotherprisms..A.s hmsalready khi!kpropertymakesthe computation beenmentioned, Umemuchlarger than it is for the other energyterms,but thereis no way to avoidit. Therewere certainatt/m pts, reviewed in (27(1, to approvlmate this longinteraction by a local îeld. They were not successful, andonlyledto range '.intolerable znistaku.It is Justimpossible to substitute a short-range force .
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 for a long-range one, ucept for a spedalcasewhichwill be disolqqfvl i:a Section 11-3.4. Themos'timportaatadvaatage of this method,namelyof writing tîe magnetœtatic is that the coecients enerr in the formof eqn (11.1.2), .A,aandCmneednot beeYuatedover andover againwith everyitcation of themsn'lmlzation andstored,onlyoncea process-Theyare computed, beforethe aztualcomputation starts.Any othermethod involves at least some computaticn whichhasto benztnqed equieentto thesecoeEcients, iteration.Thlsrepetion mxnr timesov& do%make out againfor evea'y Therefore, all othermethods whichhaveever b- usedj a big dxerence. ald whic.h ve reviewed in (2881, eitherusean împossibly longcomputation time or gointo rougkapprofmations, or b0th. Computhg X,xaadCmonlyoncealsomeansthat onlynegligible &mpu*r <meis swnt on them.Therefore, it doesnot makeanydîFerence if theyare easyor d-llcultto compute, nor is thereanyreason to tzy to save tx'tain appremations,or sometîmeon theircomputation byintrodudng otherhaccuracies. ln spite'ofthat, therelzavebeenmitnycompuvtions, alsoreviewed in (9M), iawhicxtheiategration evertheprismfacuwas just replaced by theâeldof a dipoleat its centre.TMKpresumed simpMcadon leads to the samerestlltof eqn(11.1.2) with sliltly diferentvalueof .4m andCm.lt is not a bignumerical diference in the coeedents, but it can rnnve(288) a bigdifereace in the reults. Andit is completely unnecesary whentheexpressions for w4,m andCmare kaownandpublished, andit is to store them oace and for all on the MorYver, no troubleat a11 computer. ( that it doesnot makea diference that they manyantkorsArmso convinœd donot eve,nmendonif theyusethecorrectcoecieni of TmRoatea or only an approzmation for them.It is thusdilcult to evaluate properlymany themwit,henn% of thereults in theliterature,or to compare other. Thes=e vgumentrnn J2mn beappliedto anotherapprozmation, used in manytwo- andthree-dimensional compqtaïons. Ia this appremation, theiategration is replaced over themuare(ortke cube) by the.feldat its cemtre,dueto the charge on the snGltcesatoundit. Again,this method leadsto thesamerelationas ix eqn(11.1.2), onlywith somewhat dferent values TMsapprozmarof ArzandCm, andagahit is quitemmecesar-r. tion has13ee.11 by rqnimingtbat it is easyto ckangeit Fom justifed(299) a cubeto othergeomeGesBut to mehat leasttit seemsvery strange to intoa'calculation iatroduce an inaccuracy onlybecause it is easyto.introinto aaother calculation. lt is true, ofcourse,that ducethe>me inaccuracy themGhodof TaaBonte is retrictedto one particala'r geometry, andwhen anothergeometzy is needed, it is necxury to workout thoseintegrals 1om thebeginning. lt mayalsobe.necessary to ur.- certaiaapprofmations for geometries for whichtheseintegralsHve not beeaevaluated. But thereîs no renqnnat all to iatroduce haccuracies into cazesfor whichtheaccurate coeEcients are alteady known.
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 The generxh-mation of this methodto three dimensions, with prisms replaced by cubes: enables computation in three-dimensional bodiœ, suck as prïsms.Tîecoeldemts for writingthe magnetostatic Hteractioxsxmong
 
 cubes) andthemagnetostatic A subdivision enerr term,are listed5n(525). 1nt0cubeswas n.ltknurvalfor the studyof fnite drcularcylinders (526), discnq.-din section11.3.6.Whenthe surfacedetai.ls are not importantz or whenthe cubesare smallenough, suc.h a subdivHon can beusM ia prindplefor othershapes as well.Anothergenernlîzation of this method yields(52% the coeëcients for a periodicdomzu-n wall j but only for an. essentially Go-dimensional casein wlzic,h thezeïs no dependence on y of Fig.8.1.It n.lpnindicated(52% a hrgesavingin computing thefour-fold summationsr whichnxn be usedin the cmseof eqn(11.1.2) as well. Tta-e.p Fora sphere: theA111 three-dimensionxl hasnot b*n worke out, buttwo simpliîedcasesezst, for 'twodifereatphysicalassumptions. One is a one-dimensional case, in whiG the sphere is sliced(2524 into planes coordinates. Theotherproblem alongthedirectionof one of theCaztesiam is twodimensional, havinga cylindricalsymmetu	etostatic energyof a Tvenstructure,but onlyif it Lsdoneonce. 1na this energymust becomputed typicalenergyminimization, tkousands of
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 times,fzoma magnetization distributionwhichkeepschanging withevery iteration.Present-day are too slowfor this task)exceptfor those computers khoare readyto spend(529: Sseveral to many'CPUweeks on solving sucha problem. Improving thetechnique didnot change thistime-scale (530) 531j buëciently to makeit more usefal. thenumedcalanalysks technique hasreturaed ?. In one recentcase (532j to the ideaof LaBonte, of computing(and a1lthe coeëcients for storing) themagnetostatic energyterm beforestartingthe actualiterativeprocess of the enera Dinimization.It hasnot beenpresented as such,although the authorsshouldhaveHown aboutthis idea,andthe computations alreadycarriedout by usingit in mauyproblems. 1nthis case)the b%ic discretization element is a tetrahedron) for whichthe LaBontecoeEdents numerically bytwo dxerentmethods. It is clnsmed to pre computed (532) bea veurgeneralmethod,but it hasonly beenusedfor a certainprism, with the alreadyzknown coe/cients,couldhave ,forwhichcubicelements, beenusedjustas well 1 .2 Enerr M'nlmlzat on Calculation of theotherenera termsis straightforward. Fortheanisotropy of densities suchas eqn(5.1.5) or (5.1.8) is just vnera term, integration broken intoa sum ofintegrals over individualprisms(orcutes). Andsince 1hemagnetization is assumed to bea constantin eachof thesesu'bdivisions, eachintegrationis equalto the area of theprism,or thevolumeof thecube.'I'hesameappliesto the enera of interactionwith an applied feld) if used. Theexchange after energycan be obtaaeddirectly9omeqn (6.2.45)) bubtracting the energyof the uniformstate, as is donein eqn (6.2.46). T.hereis no contribution 1om the bodyof the subdivisions, wherethe neighbours are parallel to eachother.Therefore, thetotal exchange energy i'sthe sum over a11the surfxcesbetween neighbouring subdivisions) of an eoression similarto eqn(10.5.42): whichis derived directlyfromthetheory kb. f Chapter 2. LaBonte(310) didnot doit thisway.lnstead,hestartedfrom theclassical expreasion ofeqn(7.1.4), andapprovimated it for smallangle, practicany workingout the derivation in section7.1backwazds. Theresult, however, is the same. For curvedsubdivisions, suchas the quasi-toroids ùsed(253) for a spherejthe procedure is essentially the same. It is also thespmefor a one-dimensional study(53% of an 534) infnite cylinder,in whichthe magnetization depends only on p. It hasbeenpresented as a 'newtechnique, andnamed the latomiclayermodel',in orderto (Iistinguish that theseauthorsunderstand to applyonly to ij 1ommicromagnetiœ, ThelattercasealsoIeft out themagnetostatic analyticcalculations. energy ''tèrmaltogether, becauxthey dealonly with the curlhg lmodel'. ' , Theforegoing shouldbea su/cientoutlinefor writingthe total enera t in a form whichca.n be coded as a computersubroutine. Thereare very eEcientcomputerprograms for minimizingan expreasion in a subroutine
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 whichdepends on several parxmeters, andit may seemat frst sightthat tkereshouldbenb diicultyin Iainimizing thetotalOergpEowever, these whh zespectto a rehtivelysmall programsare limitedto ml-m-rnization numberof parameters, usuallyoftheorderof 10.TheyOnnot beusedfor m'pnl'roizizg theenerr with respectto the maretizationvectorin p-qzth of the discrete in the presentcontext,because is subdivisions thdr numbe,r typkallyin the rangeof thousands or tensof thousuds,audeven morein theliteratuzefor the minimization Thereare two methods iœlf, au.d in bothof themthe expresionfor the enerais frst usedto compute the eFective magnetic Eeld,desned h eqn(8-3.41), at eathofthesubdivisions. Thisfeld, Hem, is essentiuythederimdve of the eaerr with respectto thelocalmaaetizauonvector,andrxn be evaluated numerically for each of thesubdivisions directly1omtheenergyexprasâion, withoutgoingback to the do6nstion in eqn (8.3.41). ln one method, u>d in e-g.(253, 310,3231 326,327,337,524) andothers, themaretizationvectorin 1nn% subdivision is zotatedto the dizection of tkisfeld,mn',atthat position-After swepingthrough allthesubdivisions, themxr-mum angleofthisrotationi.aanyone of themis compared with a by presettolerance. Theprocv of rotatingthesetof m(J, poht point J) thegrid is continued uatiltMsmnvl-rnntmaugleis smallertlmn throughout the required toleranœ, at whichstageeqn (8.3.40) is obviously fulved to withinthistolpmnce. It can beshowathat in thismethodtheenergyalways decreases fromone iterationto thenert. Thispropertyis an advaatage for relativelysim' p1eenergymanifolds, andat leastit ca= never go wrongif therei.s onlyone miMmum. lt maybea disadcantage if thereare at least two energy them,in whichcmsea minima,with a certainbazrie.r between staz'tin the vicinityof thehigherminimnvn thereywithout may converge evez crossing over to thelowerminimum. The othermethod:used1, for exxmple,(299, andin many of 324) the numericalcomputations whichwill lx d-lpztussed latervis to solvenumade>lly the dynamic equation(8.5.50) or oae of its vadations discussed in section8.5.For staticproblems, suchmsthestructureof a stationaxy domldnwall,or the remanentstate of a pazticle,a dxmpingparxmeter for induhonin that equationis ehosen arbitrarily.Themainadvantkage of thismethodis that it ksreadilyadapted(32% for realdynxmicproblems, suchas a moeg waz,or thevariationof themagnetization aftera mxgneticfeld ksapplied.Forstddly staticmagnetization coafgurations, this methoddoesnot seemto haveany admntage over the previous one, or at leastnone %J'xbeenclaimed in any ofthe publications desczibing it. lt betime xnsuming,becaceintermediate stagœevolved in time mayn.ltkn are of no particularinteestin this b''ndof computation. In an improved. variationof this method(532) equadon is m'ittenfor eve.ry , the dynnamle one of tbesubdividons separately,' aadnot for thewholesample,andthe is adlusted in ezach iterationto bemslargeae possible) as longas time-step
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 theenergyis not allowed to increcac in any singlestep.Sincethispurpose is automatically aeievedbythe othermethod, in the foregoing, descdbed the advanvgeof this methodis doubtfulat best:for any statîcproblem. Of course, it is irreplaceable whenthe realdynamics is sought,exceptfor the case of a wa2lmovinguriformlyat a constantspeed,for whichthe statictechniques can be applied, aasdiscussed iztsection10-4,andas done in, forfwvitmple,(3371 . Thebestdescription of the detailsof integratin.g the timodependent equationcxn befoundin (5351, anda comparison of the . diferentmethods for this integrationis givenin (536) . ln eithercasejtheboundary conditions haveto beenforced by choosing specialrulesfor the magnetization in the subdivisions on the surface. For exampleo whena domainwatlis supposed to endin a domainon bothsides, in thefrst andthelastrow of prismsis alwayskeptS'XE':I themagnetization = O in the appropriatedirections The boundazy conditiont'?M/t'?n .g310q. can beenforced by addingextrasubdivisions justoutsidethe materiallin is (5374 whichthe magnetization a mirrorimageof thosejustinside,or by other(310) methods. Theconvergence ofeithermethodis quiteslow.lt hasbeennoted(538) that a muchhsterconvergence can be achieved vez.yofkenby grouping subdivisions to be changed togetherat eachiteration, insteadof setting the magnetization in one subdivision at a time.Therefore, the number of iterations,and hencethe computationtime, cnn be muchreduced,if a certainpatteracan beîdentîfled, for a cooperative magneticchange, or a mode,in a largegroup.This method,however, hasonly beenusedin a specialcase (538) of a domainwall motion,for whichit is rathereaEyto identifythepartsof the wall,andmakethemmove together.ldentWing therelevantCmodes' in othercaEesis not that simple,andit still takesa deeper studybeforethismethodmaybemore generally used. A more dratic approach of thisknd is to grouptogetherseveral ofthe subdivisions pevmanentlv and treat themas one entity:by aEsuming that themagnetization is alwaysthesame în eachmembcr of thegroup.lf done for the wholesample, this assumption onlymeans a crudemesh,whichis easierto solvethan a fne mesh,but leadsto a loweraccuracy.However, whenthis technique is usedselectively, it maysave computations without losingthe accuracy.lt was actuallyused(323) izt the computationof the domainwallin very thic,kflms, for whichit can be safelyassumed that the magnetization variesmuchmore rapidlynear the surfaces than in the middleof theflm. Therefore, a fztesquaremeshwas taken(3234 onlynear the surhees. Fartherawayfzomthesurfaces) several squareswere grouped together into ratherelongated rectangles. Ofcourse,thereisa bigdlFerence between thequalitativestatementthat thevaziationis more rapid'near the sudace, andthe quandtadve choice of a particularsizefor the rectangles awayfrom the surhce.This particularcase was justifedby its passing it at leastbetterthan the self-consistency test of section 8-4,whichmakes
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 some# ld guesse, whichare alsobeingpublished. Butthistest nltn' oalybe appliedaftera1lthecomputations are done.Thereshould besomewayfor . a quantitative of the use of this technique, preferably before',. justlcation startiagthemainpart oftheiterations, butthispart hasnever beendone. Thisdrawback is onlyone of several unknown andunestablished points. audassumptîons whichare justbeingusedin micromagnetics computations withno justifcation. ln theolddays,whencomputerresourceswere limited andexpensive, programmt-ng usedto beapproached muchmore carelllly than in more recentyears.lt wmstaken for granted)for exn.rnple: that a by mmniag at lemst one case whichcltn besolved programmustbechecked Malytically,andcompadng the results.Of course,it is not practicalaay more to doit for everyproblem, butsomesortof checkng is essential, even i
 
 if the full three-dimensional problemis studiedwithoutapprozmations, assumptions' butevenmore so whensome Ssimplifylg are introduced. The otherextremeof havingno checks at all is toodangerous, andits restlltsare never reliable. Thecomputeris a veryusefulandmwerfultooltandit cAn do'wonders if properlyused.Butit is certainlynotasubstitutefor thinking: andit istoocommon amistaketo letthecomputermake all thedecisions. It bnAbecome muchtoo eas'ynowadays to writea programandrun it, so that oneoftenwonders if certainpublished resultsrefectsomephysical realits or are merelytheeFect of an overlooked error in theprogramming, or in thelogicleadiagto that program.It mayalsobejustdueto an approxy mationwhichtheprogrn.rnmer doesnot stopto thinkabout,or whichmay havebeencopiedfzomanotherwork,in whichthat approzmation isjustifed, andyet maynot bejastifedin thenew contextofanotherparticpllxr problem. Several suchdllcultiesic thepaœticular cmseof micromagaetics computations, whichstiz awaita solution,are listedhere.Someof them or even solved, in someof thestudies. But they mayhavebeenaddressed, are not mentioned in thepublicatioas, whichmay bebecause manyofthe resultsate beingpublished in conference proceediags withstrictlyenforced sizelimits,in whichthemostinteresting pal't is oftenomitted.
 
 1. Thesizeof subdivisions is chosen arbitrarilyin most of thereported computations, andin manycasesthis sizeis not even mentioned, as criterionis known, if it merean unimportant parn.rneter. Noclear-cut but thereis an obviousguidelinebetween two lsmits.On the one hand,themeshshould not betoofne,sothattheapprozmation of a continuous materialpdiscussed in Chapter7,isstill valid.Ontheother fne to allowthemagnetostatic hand,themeshshouldbesuEciently eneraterm to developfully thecomplicated structuresthatit usuatly pzefers. If thesubdieionsare too crude,themagnetostatic energy is too high,insteadof becoming negligible as it normallyisrbesides thepossible introduction ofdiscontinuities, andconverging (53% 5401 to (541) a wrongresult.A cntdesubdivision for may be adequate
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 ca:essuchas (542, are studiM 5V),whenthewalksaadthedomains
 
 withoutthedetvs of thewalls.But it Lsceztpimly not justledwhen the wall detvs are neede,suchas in (324) wherea 10m thick 'l= is dividedinto 128prisms,makingtheprismsizeabout'?8nrn. TlzisprismsizeLscn orderOJ magniinde largertha.nin someof the predousworks,andit is onlyusedin orderto elximsomerœultsfor thickerSlmsthanever studiedGfore.Thisarticle(3242 dou not even commenton tMscxoice of theprlm ssze, andit ha.s otherfault.s too, suchas.not even mentioning whetherthemngnetostatic enerr term is computed as in.sedion11.1,or by someapprozmation. ThesafestmethodLsto computefor a certninmesh,thensub. divideit furtherandrepeatthe computations, to sœ the efect of thefne.rmœh.ThisproMureis almoststandard in lesscomplicated computations. Thusfor vamplein (530J the accure wmscàecke fordferentmeshes by eompxhng tlle Eeldof a saturated sphere with theknownanalyticrcult. Thischeckis certnx'nly muchbette.rthan theâeldof a Mturated no check at all, but it is inadequatej because spheze not be a good memsm.e for the feld ofthemore complex may confgurations. Fœthe actualenera mlnlmlem.tion in (530) ele, 2639 mentswerejustGosen, withoutkying anyothersubdivsion. h a Ititz modelfor a sphere, for wbichthe magnetœtadc enera was solved analydcally, andoalyGeexcxange term was computed numerically, it wmspossible to start witha 31x31subdivision, thenincemse (M0) it to 33x33,andfmazyuse 66x66.A muchpreferable approach is a systemauc studyof the Kect of subdivision Mze,msdonei.atwo andthree(545) dimensions, but it is not alwayspracticalfor (544) problems in whic,hthecompute.r resocces azepushed to their mafThus,a mnrn lîmlt mstqkonhappens in maaetostaticcomputations. detailed studyoftheArzturacy hasbeenreNrtedforsome numerical computations of theLoonte eneldents,but ne- of the (532, 546) itself.Of courseit Lsimportantto mnlre sure complexmsnîrns'zmtion that Ge cœëdentare accurate,but it is not suëdent-Evenin a c%e suchms(532) whic,h is compared directlywithexperiment, it is alsonecessary to check that therestof thetheoryis doneproperlylt to allornateGtweena cox- anda fne may beadvantageous (54% mesh,butthemnin pointis to endup with a suKdently 5nemeshz 2. The approvhto A'n6nltyis never welldefnednttmerically. It r.n:n onlybeexpected from to betakensuldeatlyhr themainbodyof the computations, but thereis no clear-cut guidplsne on howfar is suldentlyfar-Agaia, it is necessazy to try more tlzanone wzue,and a check hmsnotbeenreported in anypublicadon. H domain yet sueA wallœmputadons, for uampleo thedomains are expected to start at 2 = :i:a of Fig. 8.1,wherea should belargeenough to allowa G'11
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 spreadof thewall.And yet, thisa is justGosenarbitrarily,without askngwkether it islargeenougkl andwitkouttryingt/oseetheelec't ofusinza latge.rc. In a numerical rlution oftke rl-earential equadons tphebehaviour at infnity is an Hportantboundary (6.1.4)-(6.1.6), condition, but shonldthesnfnit.gbetalcenas 5 timest'heradkus of theferromaaetic body,or 50times,or what?H studying a spheze, it Lsmentîoned that thepotentialne not becomputed onlyin the sphere, but alsoin a dmuch largersurrounding re#onoffreespaœ; butno indicationss llger'. Forthe 15292, #venon howlazgeis Cmuc,h adualcomputations, 2639dements were used in thesphere, and7534 outside, andif aly othernumbers were tried,theywere not reported. in seckon8.4,are veary 3. Self-consistency tests,suchas those diMussed Mportantto c,he that the resultsmakesenœ,andare not merely theresultof somemistxkMyor ofwrongappzozmations. Usingthem is theonlyknownwayto dxa'm that for a certainrazgeof theilm tMckness, theneseded third dimemsion cannotchaage t'hecomputed tw>dimensional wall enerprvery œnsiderably. No improvement of thisinformation, ève,n thecomputational accuracy byitselfrxn reveal i.f thosecomputations are 100% reliableand 1eefromerrors. The dx-lcult.y ksthat thesetmtshaveonly bee.ndeveloped for static,or for nnt-forzlzly movhg,domainwalls.It is, thereforev lmportantto develop similr testsfor othercaso, andto ure the es-ting tests wherever theyapplpAny publication in whichthe self-consistency test is ignoredshouldbe suspctedandnot reliedupon.Thetest is ocntïtcffre, andan articlesucàas (3021, whichonly >ys that the resultswere 'tested'this way,vithout specifying the ruulting nnTrnbersj looksstraageat best. 4. Theway computational resultsare presented is the most diëcult probl= in trying to extrac'tMormation1ompublished results.The stm.ndard methMfor preenthg twœdimensional wallsksby plots suchas theone in Fig. 8.3.Theydonot revealall the fmedetails, but at leasttheygivea goodideaof themainstructure.Forthr* dimensional structures,this methodis desnitelynot goodenougk but no betterway hasbeendeveloped yet. Thethree-dimenshonal picturœmadeout of twœdimensional arrows in (529, are incom531) prehensible. Evenreladvely simplestructures,suchas thoseof (526), or of otherswhich wlll bediscussed in thenext section,are not mucà clearer,althoush a cuà1548) can sometimes helpto seemore details. Sucxplot are relativelyeasyto followin the or= presentations in colzfeences, whendiferentdirecdons are shownin deerentcolonvst but thesecolours az'eusuallylpstin the publkshed procrMvh-nr. The problemwill be at leastpartiallysolved if thee fgurœare pnblished ia cololmbut thereseem'to besometechnic/deculties,whic.h also
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 apply to the presentation of certainexperimental results,suchas Although there are already several publications in colour,e.g. (549j. 551,552), ihey are still quite rare, andthe wholeproblemneeds (550, a more drasticsolution. Actually,the bestwayto presentnumerical resultsis to buildan analyticapproximation to them,as discussed in section8.2.Thismethod,however, is ver.ydecult, andhashardly ever beenused. 5. Theconvergence criterîonfor termînating theiteratîonsLsthelemstdefnedparameter in micromagnetks computatîons. Dxerentauthors use dxerentcriteria,andtheirvaluesseem to be chosen arbitrarily. Thereis never any attemptin the publication to just# the value usedin a particularstudy,andin mn.nycmsesthis numberis not even mentioned there.At a frst glance it mightseem that a rather largevalueof thîs criterionis adequate if only a roughestimation is wanted,but experience showsthat this criterionshouldbem'tzcà smallerthan the requbed relativeaccuracyof structureor enera.In to a structurewhich manycasesa choiceof1say,10-4mayconverge can be changed drasticallyif the computationis continued with a criterionof 10-6.In one (unpublished) case, the energy convergence of the systemchanged by about3%whenthe maxlmumanglewas changed 1om 10-4to 10-6.lt maynot befhe same changei.l other cases,but themere factthat it cazzhappenshouldwarn workezs that they must bevery carefal.Morethan one valueshouldalwaysbe tried,andit is wrongto rely on any one guess. 6. Theeventual checkofevezytheoryin Physicsis its agreement with experiment. J.uthecmseof micromagneticsf however, sucha checkks thanhelpful.It should oftenprematurej andmaybemore misleading bebornein mindthat thistheory,in its presentform,is very much oversimpl/ed, neglectiag importaatfadorssuchas magnetostrktion, surfaceroughness andcrystxllineimperfections, discussed in section 9.5.Theefec'tof surface anisotropy is not knowpbut it islikelyto affed stronglythe experimcntal data.TheseXectsare ignored(553) in mostnumericalcomputations, althoughtheyare easierto introduce therethan into the analyticstudies. Therefore, an agreement of the resultswith someexperiments is likelyto bea mere coincidence (554) that only covers some computational errors, espedally sincethese computations oftenmakean arbitraryandunjustifed choiceof other such as the Jl.nl'sotropy and exchange constants.The parameters, (553) real challenge of computations at this stageis to do themcorrectly for an idealparticlebeforeconsidering realparticles. Because of a11thesedilcultiœ anduncertainties, manyof the results
 
 (5541
 
 .n théliteratureare doubtfal.ln the next sectionlsome resultsthat reem more rellablethanotherswill besummarized, but even theseresults
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 withnewer reseaz'ck. Detils whichcannotbegivenherec>n '. maychange l)efoundin the citedpttblications. 11.3 ComputationalResults 11.3.1 DomainW'tzlùs Mostof the computationz resultsfor statiG180*walks havealrpmz!y %en ltstedi:asection8.2,andwill onlylxabrie:yredewed kere-Thereis ùeithe,r Gperimentat nor theretâcalinformation ou the wallstructureoz energ in bulk materixlK.We Yt Gimation of thewallenergyin tke bulku' ' 1ntC still based on theone-dimensional calrm on of theLandau andLifskiiz wall,dœcribed in sedion7.%whiey is most probably wrong.Computer reourcw are e%austed at aa ironGl= tkinbness of about3 to 4 Jzmand. tkereLsno wayto tell whatkappens for a large tidckness. At abouttltnxt tkirvnerxs theres= to l)ea kansition(3D) 1oma thin 6lm confgurall1epthelette,rtC' to a tion, wherethecurve on whichMz = 0 is shaped HlFereatconfguration lîkethe letterCS'. for whichthat cmwe is shaped lf tkis transitioneists, it maybean hdicationfor thewatlstructurein the bulk.Howe-, even in thetMckestGlmswhichcouldbecomputed, there was no Gangeover fromGe C- to tke S-typestructure-Theener#es of tkesestructura bdngverynearlythes=e at t%hthickness, eitherone of themcouldbeobtained, depending on the symmetryof tke startkg
 
 conîguration (323). For aa intermediate tkckness,betw- that of a fewJzmaxd that of abottt0.1Jzmj or somewhat less,thesituationisqaitecleaz-There are xme two-ap'menskonal computations ofthewallstmctureandener, 'whic.à#ve 't the resultsmsdescribed in section8.2.Thereis n3= a thr enKional computation in this thicHus region,nxmelyup to a tlzio.knvof E (555) 5OOnrn whëc.h is taken to bealzeady tbulk'.But tkis studyusœ a rough ? . apprormation forthemaretostaticenetv, andvery=de subdivisions. Forstill tkinnerflms,a three-dimensional computation beomesessental, but none of tke published resul?is dear-cut, because theyare basedon. an approzmation for the maretostaticenergytm that ca,n (52% be avoided now. Ia particular:no computatkon skowsa transîtionfromthe Blockwall to tke crosmtie wallat a thickness whkh may becompatible with tke experimental olerntions on metallicElms.A changeover from the two-dimensional BloGwallto a symmetricNéelwallwas sought(556) butnot found.Instp-'td of a well-deâned transitionjthecomputatkons (5565 enountereda widethielrnesregionin wikic.h noae of thcsetwo strttctures was stable.Thisrpvnltis not surprising in viewof the fact that cross-tie wallsare observed in thni sizere#on, bat this structurecannotappeamin a computation whicàis constrxlned to be two-dimensional. lgnoringtMs ex-pedmental fac't,some otkerexplanation was soughtin (5561, with an that tramsidon by an applicationof a magnetic feld. attemptto enforce
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 In the case of ferrites,the periodicityalongz of Fig. 8.1 is usually rgplaced by a ldnkin the wall,whic,h is 1% pronounced thanthecross-tie jsructureof permvoyflms.Forthis case, manymore detailshavebeen andcompared withexpeziments but onlyfor a smallpart éùmputed (5571, i'f 'the wall; in the vicinityof the changeof wallchiralityalongz. Some 1è. o-dimensional computations point the way on howto take 559) (558, :4 t'dtoaccountthe dependence on the thizddimension, z, bysumming over 'éhe periodicityalongthat direction.However, thesecomputations didnot yeàllyaddress theproblemof a cross-tie wall,andwere only donefor the '#priodicstructureHownas the tstrongstripedomnsns'. Thetheoryof the Xéelwallin very thinflms is not very cleareither.In particulaz, thereis .Ep of sucha wall whic.h obeysaayself-consistency test.A computation A wallmustdevelop aa e-x-tra asymmetrywhenit moves,as explained is section 10-4. This asymmetr.g can be clearlyseen in numerical solutions L such as These computations have also been done dseqn (8.5.52) (56% 561). for the case of a two-dimensional wall movingthrougha regionin $62) b'' hichthe anisotropy constantchanges, as in ssm-lln.r, butone-dimensional, )7' c)51. culationsdiscussed in section10.2.Thesestudies,as weEas the one ir'hick addruses the efed of eddycurrentzon the wallmotion (5634) are .;f. twœdimensional in rather thin iestricted to oneor structures flms. The . 'J. fnclusions abouta thinkness of 1#m; for exxmple,ire not basedon (5634 Theyare actuallyobtalned bqmputations at this:1mthickness. byscalhg 6hé. physicalparameters of the material,andcomputingfor 0.1yzt flm i:ickness, size, without payingany attentionto the changîng subdivision )7 or convergence criterion,or any of the otherpointsIistedi:l the previous iection. A muchhigheraccuracyfor thickerfllmswas repoted (337) ) but f,hatstudywasonlyforuniformlymovingwalls,audcouldnot beextended fztllargevelocides.It couldnot be extended to vezythick Alrnneither, because of the same limitationsof the computerresources,mentioned in itke foregoing f or thecaseof a staticwall.A dynn,rnic studyof a 2yzmthîck , X'lmshowed(5644 a transitionfzomthe ;C, to the LS) sjjapeoj jjje wau btwjmcture, mentioned in theforegoing, but this resultwas obtainedwith a Similarly, studiesof the motion(565, of a part of a 1.ndesubdivision. 566) wallis alsosubject to the above-mentioned limitations iwhree-dimensional hterestingtrick (567) isto apply forthestaticsofsucha wall.A particularly eriodic feld to the computed wall to stabilize its iodic structure. ,*)p. pe llt'. .kshasbeenmentioned in sectfon 8.2,a verygoodapprofmationforthe jh flm thic-kness cmn be obtained byenforcing #all structurein intermediate than any iero magnetostatic are muchfmster energy.Suchcomputations in this chapter,but theyinvolvethe problemof ijf the othersdescribed G'ttingT' . M = Otogetherwith the constraint1Mi= Ma-Ia a mriation usedfor three-dimensional computations, the frst $f this method(5684, sïonstraint V - M = Owas mainvinedat eachgrid point, but the second = Ms, wmsnot. Instead,iM1 was allowed to change fzomone tme,1M1 .'
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 point to another, with an eventual towardsthe same laterignored, andneverusedage. Somecomputaïolsof domin wallstructuzeslkavenlnnbeenutended for looldnginto theaualysis of magnetic forcemiezoscopy data.ln (MF'M) one extreme(569, 5701 themeuuredmagnetic confzgration was lzkken 571) as Onstaat,aadtheresulting maaeticconâguration in theAGMtip was computed. ln theothe,r extzeme(572) the fne detailsof a two-zimensional wallwere computed, - into accountthefeld dueto the measurlgtip, but thedetalls ofthetip magnetization were neglected. TMsmagnethation was assumed to becoastantwithintheLspheriœk tip, andv?msallowed only one degree of freHom, for it,sdirectlon to bezotated in sucha waythat the total enerr of tip aadsample is a minimum.Such aal approimationmay bejustifed by m-urements ofthemagnetic feldin thevidmityofa sltam MFMtip, whichseemto bewellapprox-imated bya (dipolar) feld of (5734 Of course,thesemeasurements a sphere. were made withouta sample, and of whai happens whenthesampleis nœby.Moze mar not beindicaove detailedcomputations of a.nenerr minimumofthetotal energy, allowing a mriablemagnetic dlen-bution in boththe sample andthetip, are hinted at h Ref-19of (572), but neitherthedetils of thecomputations, nor tkeir resulk,were ever pubishM. The conclusion Fom(572) was that the m-mnurementhmsa negli#ble eFecton themeasured that tàeestence pattera.Anoppositeconclusion, ofthememuring tip hasa verylargeefecton themeasared magnethation pattern,wmsre,VACSII in 15311 . Tkerexsonfor these diserentcondudons is not Hown. Finazy,it shouldbeemphasized that this discussion h%beenlimited to a 180*wall,ignoringotherwallslsuchas 90Oonas.Wkenthelatterare straightlines,theircomputation is rathersimilarto thosepresctedhereThereis alsoa largenumber of worHon thestatics(330) aaddynnxnsœ of euaedwll.1lq, whichare outsidethescopeof thisbook. (574) 11.3.2 Sphm Thetheoretical remanentstateofa ferromagnetic sphere hasbeendiscussed in section10.5.1. It was provedtherethat belcwa œztainTcritical'Teusj thelowesteneraris thatofthe uniformlymagnetizestate,but thisradius wmsonlygiventheremsa reliable lowerbound.Theaaalytically Ycuhted had upperboundstnrnedout to l)e muchtoo large;an.dtheirevaltiation to be doneby nnmerical methods. Usingthemethod dacribedin sKtion11.1)of subdividing a sphere into the qnMi-toroids def.nedby eqn (11.1.3), the lowu-energyconfguration was computed forone case (2532 of a uninm-al xnîmotropy aadtwo cmses(509) . of a cubicn.nisotropy. Ttshouldbeemphmsized that becusethesecomputar tionsare constrxx-ned to cylindrir4lly smmetric confgrations,thc result is in prindplean upperboundto theenerr of clJpossible confgurations.
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 Therefore, the criticalradîuswhkh theyimplyis alsoan upperboundto the true ra dius. ln thetwo computed caies for cubicmaterials , the upper boundsthusobtained were onlyabout40%hrger thanthe lowerbounds. Together they thusdeinethe criticalradiusto within the accuracywith whichthevaluesofthephysicalparameters are known. Forunieal cobalt, however, thediferenceis muchlarger.The computed upperbound(253) of 34.1nmis smaller thana11upperboundscomputed Vfore,butit is stîll threetîmesthevalueof 11.5nmj whicheqn(10.5.34) yselds forthephysical of this material.It is still a roughestlmation,andit is not clear para.rneters whathappens i'n the case of very largeanisotropies: for whichtheupper andlowerbounds of Brownare particuhrlydiferentfromeachother. Themagnetization confguration justabovethecriticalradsusis made essentially of two curveddomains, althoaghthe wordmaynot beproper in this context,because the $wa11' between thesedomalns extendsover an of thesphere. appreciablepart Thesedomains havea cylindrical symmetry, not onlyin thecomputations for whichthissymmetuis assumed, butalso wîth no constraints: in a full, three-dimensional compuvtion(52% at 531j leastin as muchas it is possible to see i.n.the published confguration. lt seems that the wholeconfguration is very well approfmatedby the Rîtz model(462), as defnedin eqn (10.5.40). The latter was originally desîgned to studythe magnetization reversalby the curlsngmode (462j beyondthe nucleation feld. But sincethe studyof'curlinghadalready beenforgotten,thisconfguration was presented lusa new typeycalled (529) a tvortex'structure.Theabove-mentioned two domains shouldbeimagîned as oppositely magnetized, in directions parallelto an easyanisotropy ao-ds, andthewall between themis mostlymagaetized in circles. If the anisotropy mnishes, theinnerdomain is tmiformlymagnetized, in thedirectionz of thepreviously appliedfeld,or very nearlyso. Theouter domainis mostlymagnethed in circles,namelyMç is azmost equalto Mst with a smalltilt towardsz. ln both domains,the cylindricalcomponent Mpis very small.The average Mz in the remaneatstateis quitecloseto Mn for a radiusJustabovethe critkal value,and is ratherlargeeven for conssderably largerradii.Al1thisdescription is actuallybased onlyon those whichassume a cylindlicalsymmetry(5754 computatîons to start withp the resultsof the111,three-dimensional because computations (529, 531) are not veryclearin the published The latter were tîme-consuming fkures. computations, whichapproached the sphere as a limit of a polyhedronwith forwhichit was diëcultto obtaina suëcientaccuracy for verymanyfaces, parxrneters known9omthe analyticanalysis, suchas the nucleation feld. whether lt shouldbenoted,though,that it is still an openquestion (576) a sphere is a betterapprofmaiionthan a polyhedron for therealphysical situation,whenStcomes to verysmâllparticles) whichdonot containvery manyatoms. Thedirection z doGnot haveany meaning whenboththefelda=dthe
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 anisotropy are zero. Therefore, thedesczibed two-domain structurehasthe sam:energyfor any direction;andcnn berotatedfromone directionto aaotherwithoutazky a,n infnitesimal magnetkx enerprbarrier.Therefore; feld shouldbeableto tura a largepart of the magnetization into that feld'sdirection.1.notherwords,the initialsusceptibility îs infnite,at lemst theoretkally.Suc,h a.n infnity (ora very largevaluein a non-ideal cmse) couldbevery usefulfor transformers, or readheads, if it were possible to makea suëcientlygoodapprovimation for suchsmalljandisotropic, spheres in real life. This ideais not a complete fazdasy, now that ve,t'y mtn.llparticles, withan almostspherical shape; havebeenmnrle(473, 474). Their=isotropyis not zero, andtheymaynot besmallenough yet, bit suchfurtherstepsmaystill bepossëble. For sucha,n isotropicsphere, if it is smallerthan the criticalsizeof thenucleation shouldbe bycoherent rotation.Thenudeation'' eqn (9.2.29), âeldfor this modeis 0 according to eqn(9.2.10), because Kï = 0 and Nz = Nz. In this case,the Stoner-Wohlfazth modelof section5.4should apply,with all thearguments as presented there.Thewholemagnetization curve then.consists of threebranches. First thereLsthe IineMz = Ms, of a saturationin the ea-direction, fl'oma hishfeld downto zero feld. At H = 0 thereis one jumpto a saturationin the -z-direction,whkh is followed by thebranchMz = -Ms for al1negative felds.Tlziscurve is reversible; namelyit is followed againfor a feld increasing fzomnegative valueiThecoercivity is thuszero; theremanot magnethation equazs Msl andtheinitial susceptîbility is izdnite. If theradiusofthe sphere isjustabovethat cdticalsize,theremanent. state consistsof the two domainsdescribed in the foregoing, for which Mr = (Ma) andthemn.gnetization cuzve < Ms.Thereis still no hysteresis, is completely reversible, according to thecollective information fromRitz models(462, andnumerlcal computations 531,575). The 54%57% g52% saturationMz = Ms is followed 1om thehighfeld, downto thecurlklg nucleation feld of eqn (9.2.28)7 wbichis positi'lle in this case of Kï = 0. Thenthereis a cuzve,whichis nearlybutnot quitea stzaight line,leading fromthenucleation Eeldto a positiveremanencevalue,Mr. At H = 0 there is one jumpto -Mr, andthenegativepart of the Inagnetization curve is symmetricto its positivepart.The coercivityis thuszero, andtheinitial susceptibility is still infnite)althoughtheinitialjumpbringstheaverage magnetization only to Mr, andnot all the way to Ms.With increasing radius,H,vincremses, a.ndMr decremses, until at somesizethelinefromthe = 0-Forthissizej nucleation pointlead.s to thepoint(Mz) azkd largerones; 'Fnste: theinfnity disappears, theinitialsusceptibility becomes tendingto = and Mr 0. . . 4*/3, Thetheoryis muchlessdeveloped for Kï # 0, anddefnitelyneeds more studies. Thereaz'everyfewcomputations andevenfozthemmost (529) 53117 of the detailshavenot beenpublishedTheyare a11for a sphere whose '
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 gs 0-2.It seemsthat whena uniafal anisotropy radiuskssuchthat Mr1Ms lsiaddedto this sphere,in sucha my that the nucleationfeld is still Mr v=ishes.It i.s ratherdiëcult to understand thereason for this Jositive, lkfect, andevenmore diëcultto Endouti:fthisbehaviouz Lstypicaal, or îf it Amplies onlyto a specialcase.Thereisno hysteresis aroundH = 0 in these tomputed curves, andthe coerdvityis zero. Thereis, however, a certain kysteresis loopfor numerically large,positiveandnegative, appliedEelds, pearthe nucleationandthe approackto saturation.A similarhysteresis in single-crystal ironJlr?.s . lt wms fear saturationhasbeenobserved (578) 'then presented as a vers6cation of a certaintheoryof phasetransitions, that thishysteresis should onlyezst for cubicanisotropy, yhichpredicted Thetheoretical ààdonlyfor a feldappliedin the (111) direction. efstence bf this phenomenoq in unlnMalspheres defnitelyprovesthat theremay ube mechanisms otherthan thisphasetransitionthat ean accountfor its thedetailshavenot beenworked out. 6. bsermtion, but :.. M theseresultsjas wellas /1 of chapter9: are lirnitedto the case ùfxzerosudace Hsotropy.The latter rnnyplay a,n importantrolein real butitz theoryhasnot beensuëdentlydeveloped yet.Exceptfor jarticles, only beenstudied ipme approfmationsfor trivial cases,the spherehzp.q for a certainfo= of surface anisotropy. Fozthis cmse,the nucleation .,746) 6,e1d by thecurlingmodecan beemluated analytically. lt ictuallyinvolves changing onlythe valueof q2in eqn (9.2.28). Aùothermode, (06,553) the coherent rotationwhkh is not an eigenmode once sucha,ll r'èpladng Hisotropyksintroduced, rztlledfor a numericalcomputation(579) of Hn. M athematicmllyj this modeis somewhat equivalent to the bucklingmode 1 z'il nxte prolatespheroids, if thereis sucha a:a'n 11 cylinder , or in elongated lodein them-Forlackofa bettername,thismodernn.y, therefore, becalled Surface anisotropy hasalsobeenincluded in somecomputations bpclrlz'ngthey were carriedout for of the wholehysteresis curve. Formally (348) shapes,but sincethe magnetostatic éiveraltwo- andthree-di=ensional k'nerr was not incltt ded, theastualshapecannotreallyplayanysignl6cant role.Besideits inclusion i'a the exchange ruonance modes, mentioned in 10.1)su'rface anisotropy hasalsobeenincluded in a recentstudy S,èction of the unifoz.m mode. (580)
 
 1.1-3.3 Prolatûs'.pàcrtétf Mothing equivalent to eqn(11.1.4) hasbeendesigned for anyellipsoidother rihana sphere,whichmakesit dilcult to computeany of its properties. Forthe prolatespheroid thereLssome, but very limited,guidance 1om nnnlyticcazculations. It is knownthat the uniformlymagnetized stateis ihelowest-energy remanentstatebelowa certainsize,but only the lower houndof eqn(10.5.41) caa be give,n for that size,andno reliableupper Thenucleation hasbeenprovedto beby boundhasever beencalculated. coherentrotationor by curling.The possibilityof a third modeha: not
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 1:*e.11 ruledout, butit was shownthat it may onlyeist for unpractically longandnarrow prolatespheroids, in theregionwitha question markia Fig.9.2.Fortke same surface anîsotror as in thesphere, its e-E'Hon the onlytheeue of qin eqn(9.2.31). nurlingnucleation ield is (553) to modi'f.r Thereaze onlytwo numerical studie (531, of prolatespheroids, 581) andonlyfor an mspect ratioof 2:1.ney usedtime-consuming methods to compu*the hysteresis curve for several particular radii,with andwithcut anisotropyThenucle-ation Geldincreased by exactly2A%/Ms from (581) = 0 but tàe coercivity incren.qd!d $tsvaluefor Jtez bylessthan 2I%(Ms>=' s, c, t'I'iC.II is reportedaq Clleah= 0.04, Thesmallest semi-major = 0.04. whicàis probably mpltntto beC/(4etiegseldat thecor'àûrs. nis dilculty wa solvebythedemonstntion thatthecoz'ne.rs (544) l'Vve a negligible efecton thecomputed mavetizationcovguradon, if tliesubdivision is sAtmciently fne.It hasaduallybeenclm'med before(392) iàkatit takesonlv of the oxdGof aa atomicsizeto reohœ that *- a deviadon ). . lTàâzllty by a rathersmallvalue,but theargumeat remaiaecontrowrmx'lzàhe new approvî 2544) provu tkat it vmsnot even necasazyto godownto 7 .? Jr.atomic ee, andsubdivisions smallerthanthe $exckange length of the 'mxe were adequate for removingthe divergence at the corners. Such àlresult mayse= strange,butan analytkmodel(611q gaveit a plausible pliyicaleolzmation,not onlyfor a twodimenskonal corner but alsofor the .
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 thrn-q dimensional one dkquu-q.qdvl in thenex'tsection. Tfit werepMdble to saturate a plxnztr tîe enerr needed to keep square, it saturated wouldhavebeenisotropic(see thearamentsin secuon6.3.1)Thevery slightdeviations fzomsaturation,however, do dependon the direction, anisotropy ixtsquarœ,as found thuscausinga tcovgurational' b0thin computations andin erperiments on some thin flms. (612) 11.3.5 Prism hs mentionein section10.5.3,Brown'sr'fundxmeatal theorem'doesnot holdfor a cube,aadthereis no m'vp belowwhicàther-anent stateof a cubevill bethe uniformlymMnetized one. Actlmlly,this condusion could haveben drawnd-l-ctlyfrom eqns(8.3.37) and(8.3.38), whic.h inclcde,in principle, a11 theminimnm state,'rzza= 1 and enerastates.lf tkehlnsfoz.m mz = mv = 0, is substituted in theseequations,it is seen tîat ther cau befulflledonlyif S'z = Hv = 0. Andtheserelationse.xn onlybefulWlled 5feitherthe bodyis au ellipsoid,or theappliedfe'ld is not homogeneous. Eowever, this propertyof a cubewas not seriously discussed lml;ilsome computadons revealed the equilibriumstatesof sucha cube,and (6134 madetheproblemquantitative. Beforediscussing th- result, a semanticpointneeds to be clarled. WoenBrown(520) lookedinto ihe nucleation in an l'M4nitely longprism, he notedthat all ihe possible eigenfunctîons couldbearranged in groups, according to thesymmetryclmss of theOmponentszrz. andn6. ThisdmsXcation waq tho extended for the case of a rectangular prism, (2912 -a K z f % -b S y K à, with z exiending all the wayto l'n4nity.In particular, thenucleation modefor whichm. is an evenfunctionin z and an oddfunctionia y, whilemu is oddin z a'adeven in ybwas #venthe name kurling',because it is basically madeout of a ma&etization vector whichgoesaroundthe prismiû quasi-dzclœ. It is topologically theume structureas Gat ofthecurlingmodein a sphere, or in otherellipsoidsThe modefor whichm. is oddin m andeven ï.ay, whilemv is even in z and oddin y, lxks 1% thevedors describing the:ow out of a centre.lt wms all the above-mentioned giventhenxme fanticurling'l because symmetries are opposlte to thoseofthecurlingmode-For somereaders it maybeeasier to visualize this structureby followingtheequations forthecomponotsof t>e ma etc., as sped6ed ixï section 10.5.3. When same mMnetizamw , tion structura were rediscovered œsmssible minimalenergystatu (613) in zexoappliedEeld,it was somehow felt necessary to #ve.themnew namœ. Oneof therp-œenns to drawa distinctive rnxyhavebeenan attempt(613) linebetween thesclassical' micromagneticsy andthenew, numerical studiesthat the nxme tcurling'was 'œmmonly Thestatedjustifcation was (613) takento mean the reversal mode'andas suchit did not ft msa nn.mefor a state.Therefore, thecurlingwas renamed theLvortexconfguration'axd theanticqrling was renztmed theTowez'state.I never czmld âgureout why
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 two magnetization confgurations that lookthe sarnecannotbe calledby thesamename,butthe newnameshavestuckin themeantime aad (576)) are commonly usedby many. ' The zesultof thesecomputations was that in zero appliedfeld the lowest-enera svte was that of the anticurling, or vortex,belowa certain size.Thisstatementwas formulated in (613) the morc cautiously , because waz not really sulcieni for small cubes, but the result was accuracy very in section10.5.3, confrmedin thestudy(S16j described andthenin (545q. Of coursej the actualconfguration in extremelysmallparticlesis of vez'y' little interest,because the systemwill not stay thereanmay.For a vezy smallsize,the superparamagnetism of section5.2shouldtakeplace. ln this structurezthe deviation 1om the eazy-es directionz is only for the magnctization near tze corners of thecube.Fora sulcientlyf ne meshv themagnetization is (5451 parallelto z, with negligible deviations, at a distance of one exchange lengthfroma corner. Withincreasing cubesize, the magnetization at the cubecorners tilts hrther in the radialdirectionj but the magnetization insidethe cubeis still not asected, so that the Mais small.Abovea certainsize,thelowest-energy decreMe in theaverage statebecomes that of curllng,or vortex,with a sharpdecrease in the (6134 phasediagramof the magnetization Mz. A detailedandcomplete average structuresf or diferentanisotropyconstantsanda still largersize,is given in (545), andsomeresultsfor diferentprismsare reportedin (614) . the minimalenergyfower) lf a largeGeldis appliedin thez-direction, tilts more towardsz, but con:guration shrinY, nxrnelythe magnetization it never saturatesby completely closingthisstructure. Therefore, it was considered to gointo the nucleation of chapter 9, andtheRII unnecessary hysteresis it1 curve was computed by applyinga largefeld, reducing (613$ thenreversing ît, andminimizing thc totalenergyfor eachfeld. Therewaz no attemptto check whetherthecoercivitythusobtasned depended on the vaiueof theinitial,Csaturating' feld?or at leastno suchcheck was reported. Ofcourse, it is formallytrue that it is not absolutely to look necessary into the nucleation evolving if thereis no saturation,anda continuously magnetization confguration art be computed. However, it is too risk'yat bestto use this approach. The non-lineardiferentialequationshavean ' enormousnumberof solutions, not all of whichare minimalenerarstates. These solutions belongto diferenibraachc,wkichare intermixed together in the non-linear case, andcan only be separated andresolved whenthe equationsare lincnn-zcd. 1.nmy mind,allowingthe computerto decideon howto stayon one branch,andat whichpoint to jumpto anotherbranch, involves a too-optimistic viewof the abilityof the computer. I believe that it is betterto studyellipsoids, f or whichthe demagnetizing feld is better defned,at leaztas a frst stage,until the basicproblems are understood. But even in problems in whichline-artz' ation in orderto fnd a nucleation modecan beavoided, or doesnot efst, it mustbe somehow introduced
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 bdorethesolutioncAn beconsideremeanimgful. anmay,as a check, Theproblem of whetherthe sharpcozaerof a cube(orsimllla bodic) bnnanyphysicalmeaning hmsbeenhigblyconkoversial for a longtime.It 545,565) is settlednow bythe estemati'cstudic (5M, tàatjustf its use if 'thediscretization is suldentlyfne. R is not clear,however, whethera ' suEciently fne discretization is indeedusedin all the published studiœ, andthereare otheruncertainties there.Evenif curved bodies maybetoo dccult to dealwith in thecomputationsy it is possible for evnmple to put rounded bodies, wktha Howndemagnething feld: at thecozaers,wioout complicatinê 'tàer%t of the calculation. Fozelongated prismsit is possible to taperofthe edges, whic,h willn.1Mmakethemlookmore likem=y ofthe realpartidesas %en in the eleceoamicroscope. Theremayalsobe other but none of themwas ever tried.It is mx-tnly waysto indudenudeation, bexusemostpYpleare happyto getrid of theaudeation problem, which theyconsider to l)e an unnecessary auisanceIt is not. It is an import=t guideon whereaadon whichbranchto start the computations. It is an vential part for thcsewhowan.tthel computations to havea physiœ meaaing, aadto allowan insisllt on howto continue 1omthere.It is a nuisanœonlyfor thœewhowant to computesometldng fast enough for proentiqgat thenext confprenœ, aaddonot waatto bebothered bythe necpmm-ty to checkthe validityofthdr results. Evenin computations ofa simplecubeas dp-qrtrl-bed in theforegoiag, in whichthepartklenever satarates,magnetization co tioasdonot just keepevolving continuously-There azestlll (613, 615,616J œrtzu-ntswitnhz-ng modes': and1donotseewhytheymustbedl-eingukshed fzomthelclxquical' nucleation modes whichare decribedi.achapter9. For nvxrnple, in very smallcubes,the b>ic structureof the'fower'stateis mainul'neduring the reversal, but in orderto switch,this :owe,.r hmsto dosefrst. Fora smallfeld appliedin thenegative directiony thetendency ofthefoweris to open(613) further:whic.h makœit more diëcultto reverse.It tztkasa still more negativefeld to maketNestructuresuddenly close,andswitch into the directionof thefeld. Forlargercubes,thisfoweropen until it -ons. In eithercase,tkereks suddenly intothecurlingco jumps (613) a clpumcut bxvzler, an.d aztually ît îs quîte obdous that thereis no eaergy hysteuiswithouta barrier.Givingthe proccs a diserentname, suchas nucleation ajumpor a switcà,do%not changethehct that a well-defned Moreover, proceqconfnedto a pnirticulr =dG hasjustbeendescribed. this modemust bethe frst one encountered whenthe êeldLschanged, wkichmeansthe feld fœwhicNtheenerr barrierjustfattens,msin .Fig. 9.1.Evadingthisissue,andlettiagthecomputerdecideon theJump, may lruzl to the correctresult,butit is certainly not guaranteed to doso. . v Someof the reported rœults(613) for the verysmallparticlesare not muclzdœerent 1om thoseobtained by the Stoner-Wo%lfnrth model,desebedin section5.4,for ellipsdds. A closerlook(544, revealed that 616)
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 theirswitching is actuallyby anothermode,whichdoesnot efst in ellipidids,andwhichwas giventhe name splayingmode.lt shouldbehelpful the closeness itt includethis modein computations because to the known coherent rotationmodemaybetakenas some sortof a checkofthe comandthemaîndxcalties,however, are Ejuter program.Themainproblems, in the studyof the biggerparticles, for whichthereare sometimes trather qèmplicated magnetization andmuchmore care must con:gurations' (6131, be exercised before determining thejumpintoor out of suchstates. , is evenstrongerin studies Thisnecessity to beverycarefal of elongated t rprismsmadeof little cubes,thoroughly reviewed i.xt(61$, as well a,sin the othercmsesmentioned in that review.It alsoappliesto othercomputations pfbodieswithsharpcorners, suchas two interactingcubes(618, and 6191, thecylinderswhichare discussed in thenext sectiomTherehavealsobeen of elongated ikore recentcomputations prisms,andindeedit seems (554) : thattheyhavenot ben donecarefully, andtherefore leadto wrongresults. thenucleation feld always helpsin removing seriousmistakes, r Knowing butit shouldbenotedthat it maynotalwaysbesuëcient. Fornvp.rnple,in khecomputations of a sphere, onlythebe#nnjng discussed in section11.3.2, ofcurliageltn bechecked against the analyticresultfor thenucleation feld. Aftertlzis start, the structurechanges continuously, till a certainfeld Ls reached at whichthereis a jump,andthecurlingconfgulation is replaced b.y something else.Forthe locationof the latterjumpthere'isno analytic andcomputations in that vicinityneedthe samecare whichisneeded juide, lbrtheftrstjumpîna cubeor a prism.Ofcourse, a programthat reproduces correctly theErstjump ismore likelyto bereliableforcomputing thesecond oneas well,butone r-n.nneverbe sure. It should bebetterto havesomething analogo'as to thenucleation theory,whichwoulddetermine the beginning pfa new mode,even whenit startsfroma complexconfguration. ' Iu prindple,the nucleation problem neednot bedefned(as in chapter startingfromthe saturated state.It is the only 9.) in termsof a deviation çasewhichhasbeenstudiedin detailso far, butit Lsnottheonlypossiblty. T.. herewereactuallysomeinitial attemptsat ofa crudeanalytictreatment byrotation 4fothercasestoo.In one case,thehysterciscurve started(3432 6'f the magnetization alongthe Stoner-Wohlfarth curve: andjumping to èurlingfromthere.Therewas no searchfor othermodes, a=dtheprocess the Jump started wmsnot very diferentfromthoseof chapter9, because ibma uniformly-magnetized state,even if it was not thesatuzated state. stabititywas checked byconsiderîng smalldeviations Jnanothercase (304), fromone-dimensionat maaetîzation structures.Suchstructuzes werefound . to bealways unstable,andto justcollapse, so that it was not necessary to létudythe detailsof thecollapse. Thereîsno specialdimculty, however, in developing a more general thefroma non-uniform magnetization state,sayMc(r)ory, of a tnucleation; U'ne wayLsto adda smallperturbation, so that bothMo(r)and dMz(r),
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 of Brown'ssvtic equations + wMl($ are soludons withthe Mc(r) (8.3.40)
 
 appropriate bcundary ctmditiona. By substituthg bnthMn andM0+ Mt in thee equations,andleavingout evezytmrmwlkichjs highertka.athe frst orderi.ne, it is pceble to obtaina setof lineardiArentialequations with boundaryconditions 4ordetermizdng Mz(r).It is thenpossible,ia prindple,to look for the wholeeigenvalue spectrumof theseequations, in thesame way msia scme cues in Gapter9. TheEeldvzue at wkich anothermode. Colloq.C3,21 68-: (Paris) 77. 116.'Fllrsch, A. A., Allslea,E. andF'riedman, N. (1969). Maaeticanisotl induced byan electricfeld, Pltys..I,ctt.,28A, 763-4. ropy 117.Lewis,B. (1964). Thepermalloy problemandmagneticannealing in bulknickel-iron alloys,Bcit. J. .4J)PI. Pltys.t15, 407-12. 118.Sambongi, T. and Mitui, T. (1963). Magneticanne/ingegectin cobalt,k Phys.Soc.Jcptm,18, 1253-60. M. (1962). 119.Thkxhashi, Inducedmagneticanisotropyof emporated flrns formedin a magnetic f eld,J. A1vl.Phys,33, 1101-6. 120.Lewis,B- (1964). Thepermalloy problem andazdsotropy în nkkeleon magnetic flmq,Brit. J. .4.PJI. Phys,15,531-42. 121.Hibino,M. andMaruse,S. (1969)Rotatable magnedc aaîsotropy h electron-microscope specimens of perm/loy,Japan.J. .4.PPI. Phys.)8, 366-73. 122.Cohen, M. S.,Huber,E. E. Jr.,Weiss, G.P.andSmith,D. 0. (1960). Investigations into theori#nof anisotropy in oblique-inddence ûlms,Z ' Appl..FW:>.V 31, 2915-2S. ' 123.Torok,E. J. (1965). Origi.na'adGectsof localregionsof complex biaxialanisotropyin thin ferromagnetic fhlmswith unsaxial anisotropy, Z Appl.Pltys.,36, 952-60. 124.Kenchp J. R. andSchuldt,S.B. (1970). Concernsng theorisnof uniatal magneticanisotropy i.uelectrodeposited permalloy 61mqJ. AlvL .P?z:.s.: 41, 3338-46. Oblique-inddence 125.Cohen,M. S. (1967). magneticanisotropyin coalloySlms,J. AIVl-ph:q.s.1 deposited 38, 860-9. 126.Wt-ll-tn.m s, C. M. (1968). Efectsof 3Heirradiationon anisotropy-feld inhomogeneity andcoerciveforcein thin permalloy Slms,J. APpl..P?z:>., 39, 4741-4127.Yaegashi, S.)Kurihara.T. andSegawa, H. (1993). Epitaxialgrowth andmagneticproperties of Fe(211), J. Appl-.JW:.s., 7494506-12. 128.OnorH.) Ishida,M., Rzjinaga, M-, Shishido, H. a'adInaba,H- (1993). Tex-ture, microstructure, andmagneticproperties of Fe-coalloy'GlvIK formedby sputteringat an obliqueangleof knddence, J. AP#.Phys.t W., 74, 5124-8;& Michijima, M.,Hayashi, HoKyoho,M., Nakabayazhi, anisotropy Komoda,T. andKira T. (1999). Oblique-incidence in very 35y3442-4. thinNi-Fef lms,IEEE(Eiuns. Magnetias, 129.Johnsop K. E., Mirzamnxnî, M. andDoerner,M. F. (1995). In-plane
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