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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [v] PREFACE After more than four decades of existence, the microscopic theory of superconnductivity due to Bardeen, Cooper, and Schrieffer (Bardeen et al. 1957) (BCS) has established itself as one of the most beautiful theories in condensed matter physics. Based on quite simple principles, it gives surprisingly good description of many properties of superconductors. Before the discovery of high temperature superconductors, the BCS theory with a phonon mediated electron coupling could be regarded as an almost perfect piece of art. The high temperature superconductivity appeared to be a challenge for the microscopic theory. Apparently, its complicated nature goes, strictly speaking, beyond the BCS model, and many attempts have been undertaken to build a microscopic picture of this mysterious phenomenon. However, no reliable and commonly accepted theory has emerged. Instead, the last decade of intensive studies in the high temperature superconductivity revealed yet another important advantage of the classical BCS theory: Sometimes it works reasonably well even when it is not expected do so! It still remains the best available theory to describe the new superconductors. It also appears that the BCS model originally designed to describe the s-wave pairing in conventional (low temperature) superconductors, can easily be generalized to deal with unconventional superfluids and superconductors. The first successful application was to the p-wave superfluidity in 3He Fermi liquid. Here it provides the theory of a very exciting state with much more complicated and rich structure of the superfluid order parameter (Leggett 1975, Wölfle and Vollhardt 1990, Volovik 1992). Heavy-Fermionic and high-temperature d-wave superconductors are examples where the BCS model can also be used with a great chance for a success (Mineev and Samokhin 1999). This is why the interest in the BCS theory remains alive despite its quite respectable age. The BCS model grew into a highly powerful theory of superconductivity also because of its formulation in terms of the Green functions by Gor’kov (1958). The Green function technique constitutes a complete tool for solving almost any problem within the BCS theory. A very important and useful improvement in the Green function theory of superconductivity has been provided by the so-called quasiclassical method initiated by Eilenberger (1968). The method operates with the Green functions integrated over the energy near the Fermi surface of the normal state. This method is based on the fact that the energies involved in the superconducting phenomena are normally much smaller than the Fermi energy which is the scale of variations of the Green function in the normal state. In the quasiclassical scheme, the calculations are reduced to a more or less automatic action provided the problem is adequate for the model. It is the quasiclassical version of the Green function formalism which is now most frequently used for calculations of various properties of superconductors. end p.v
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [vi] Despite the quasiclassical methods being widely used for practical purposes, their description is hard to find in the textbook literature. The review by Serene and Rainer (1983) gives an introduction to the quasiclassical approach. The book by Svidzinskii (1982) deals with the quasiclassical theory of static properties of weak links. Applications of quasiclassical methods to various problems in nonstationary superconductivity can only be found in original papers and specialized reviews such as, for example, a review by Larkin and Ovchinnikov (1986). The aim of the present book is to provide a basic knowledge of the microscopic theory of nonstationary superconductivity including the most advanced quasiclassical methods. We assume that the reader is familiar with the main ideas of the BCS theory of superconductivity. There are many books on the principles of the BCS theory, and we do not intend to give a comprehensive list of them here. The personal preference of the author is with the book by de Gennes (1966) which contains all the fundamentals which we would need to proceed with the more recent microscopic theory. We try to describe the quasiclassical method in such a way that a newcomer to the field could learn it in a short time. First, we discuss stationary, time-independent properties. We shall learn about the Green function, how to find it for a particular superconducting state, and how to calculate the superconducting properties once the Green function is known. The nonstationary theory of superconductivity requires more efforts, which necessarily use principles developed for stationary problems. In the theory of nonstationary phenomena, the basic concept is the distribution function of excitations. The specifics of superconductors is that the interaction of a superconductor with an external electromagnetic field normally causes a considerable distortion of the quasiparticle distribution on the energy scale relevant for the superconducting parameters. As a result, the behavior of nonequilibrium excitations becomes one of the most important factors which govern the response of the superconductor to applied fields. This is why the problem of formulating the correct description of the quasiparticle distribution is of the major concern throughout the book. We consider several applications of both stationary and nonstationary quasiclassical theory. For example, we derive and analyze the time-dependent Ginzburg–Landau theory which is most frequently used to describe the dynamics of superconductors. We demonstrate how powerful this theory is within certain limits and, at the same time, we emphasize that it is far from being a complete story about the kinetics of superconductors. The great deal of attention is paid to the dynamics of vortices in the mixed state of type II superconductors. There are two good reasons for the choice. First, it is well established now that the dynamics of vortices controls almost all the magnetic properties of type II superconductors, especially those of high-temperature superconductors. It also determines hydrodynamics of superfluids. Moreover, dynamics of superfluid vortices is now believed to have a close relation to other fields of physics such as high energy physics and cosmology (Achucarro and Vachaspati 2000, Shellard and Vilenkin 1994). Second, the vortex dynamics has been the major interest of the author’s research during many years, and it end p.vi
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [vii] is hard to resist the temptation to say something about this fascinating subject. The reader is assumed to be familiar with the basic properties of vortices at least within the framework of the usual Ginzburg–Landau theory. Here we concentrate on the motion of vortices under the action of a current passing through a superconductor in the so-called flux flow regime. We shall see that, in presence of vortices, the superconductor is no longer “superconducting” in a practical sense: it offers a resistivity to the current! This is why the vortex dynamics plays an important role in the physics of superconductors. Of course, there are very many interesting and important phenomena left beyond the scope of this book. For example, we do not consider Josephson junctions and weak links; some aspects of this problem can be found in review by Aslamazov and Volkov (1986), and in books by Likharev (1986) and Tinkham (1996). We do not discuss propagation of sound through superconductors (see, for example, Bulyzhenkov and Ivlev 1976 a, 1976 b). Neither we consider thermoelectric phenomena, etc. Each of these topics deserves a book of its own. In this context, we mention the book by Geilikman and Kresin (1974) which treats acoustic, thermoelectric, and some other effects with the standard Boltzmann kinetic equation. Nevertheless, the quasiclassical scheme is not included there. We hope, therefore, that our presentation provides a basis for description of these and many other properties of superconductors in a coherent way using the simple and more advanced quasiclassical method. The choice of the contents and of the presentation throughout the book is to a larger extent affected by the research in the theory of superconductivity which has been conducted at the Landau Institute for Theoretical Physics in Moscow. I had the privilege to work together with many brilliant scientists during the time when the Landau Institute was blooming with great scientific discoveries in a unique unforgettable creative atmosphere. I have benefited a lot from the Landau Institute seminars and discussions with A. Abrikosov, S. Brazovskii, I. Dzialoshinskii, G. Eliashberg, M. Feigel’man, L. Gor’kov, S. Iordanskii, B. Ivlev, I. Kats, I. Khalatnikov, D. Khmelnitskii, A. Larkin, V. Mineev, Yu. Ovchinnikov, V. Pokrovskii, G. Volovik and many, many more. It is hard to over-estimate their influence and the effect of great ideas that are generously shared by them with everybody who is interested in physics. My special thanks are to D. Khmelnitskii who read the manuscript and made valuable remarks helping to improve the presentation. The book is partially based on the lecture courses given at the Université Paris-Sud, Orsay, France, and at the Low Temperature Laboratory, Helsinki University of Technology, Finland. It is intended for graduate and post-graduate students, and for researchers who work in the condensed matter theory. Moscow and Espoo N.B.K. 1997 – 2000 end p.vii
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 1 INTRODUCTION Nikolai B. Kopnin Abstract: This introductory chapter gives a brief outline of the general ideas of the theory of superconductivity and the basic quantities that characterize the superconducting state are introduced, such as the order parameter, superconducting energy gap, the excitation spectrum, the coherence length, and the magnetic field penetration length. The Ginzburg–Landau model is discussed which provides the simplest description of stationary superconductors and allows for the calculation of the critical magnetic fields. Its application to the vortex state of type II superconductors is described. The upper critical magnetic field is calculated. The microscopic Bogoliubov–de Gennes equations are introduced together with the concept of quasiclassical approximation. The typical problems of nonstationary theory are formulated; the simplest methods of their solution, such as the kinetic equation approach and the time-dependent Ginzburg–Landau model, are discussed. Keywords: Ginzburg–Landau model, Bogoliubov–deGennes equations, kinetic equation, energy gap, coherence length, critical field, vortex We give a brief outline of general ideas of the theory of superconductivity and introduce the basic quantities that characterize the superconducting state. We discuss the Ginzburg–Landau theory which provides the simplest description of stationary superconductors and consider its application to the vortex state. The microscopic Bogoliubov–de Gennes theory is introduced together with the concept of quasiclassical approximation. We also formulate the typical problems of non-stationary theory and consider its simplest methods such as the kinetic equation approach and the time-dependent Ginzburg–Landau model.
 
 1.1 Superconducting variables
 
 第1页 共4页
 
 The most important characteristic of a superconductor is the superconducting order parameter . The order parameter is proportional to the wave function of “superconducting electrons” which form a “Bose condensate”. It is normalized in such a way that its modulus is equal to the energy gap in the electronic spectrum which usually appears after a transition into the superconducting state. The order
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 parameter is a complex function = | |ei where the phase is the same for all condensate particles if there is no current. In presence of a supercurrent, the phase acquires a spatial dependence slowly varying from one point in the superconductor to another. The existence of a coherent phase of the wave function for all superconducting particles is the very essence of superconductivity. Another important characteristic is the energy spectrum of single-particle excitations in a superconducting system. For a homogeneous clean superconductor in absence of currents and magnetic field the energy spectrum has a gap (1.1)
 
 such that all excitations have energies above | |. In eqn (1.1), (1.2)
 
 while En(p) is the electronic spectrum in the normal state, and, EF is the Fermi energy. The energy is counted from EF because, as in any Fermi liquid, relevant excitations are concentrated near the Fermi level. The normal spectrum En(p) of the metal can have a complicated dependence on the momentum p reflecting the band structure of the metal. In many cases, if we are not interested in the end p.3
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved particular band-structure effects, it is sufficient to consider a simple parabolic spectrum En = p2/2m. The order parameter determines both thermodynamic and transport properties of a superconductor. To learn more of the order parameter as well as of other important superconducting quantities we start with the Ginzburg–Landau theory for a time-independent superconducting state.
 
 1.1.1 Ginzburg–Landau theory
 
 第2页 共4页
 
 The Ginzburg–Landau (Ginzburg and Landau 1950) theory is a generalization of the Landau theory of second-order phase transitions (Landau and Lifshitz 1959 b). Consider the free energy of a superconductor. Assume that we can expand it and its gradients: in terms of (1.3)
 
 The free energy expression is supplemented with the Maxwell equation for the magnetic field (1.4)
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 where (1.5) The average of H gives the magnetic induction B. The gradient term in eqn (1.3) is the momentum operator in presence of the magnetic field (1.6)
 
 It refers to a Cooper pair having the charge 2e (e is the electronic charge). Equation (1.6) implies a gauge invariance: the free energy of the system and the magnetic field do not change if one makes a simultaneous transformation (1.7)
 
 where f(r) is an arbitrary function of coordinates. At the transition temperature T = Tc, the coefficient changes its sign and becomes negative for T < Tc, while and remain constant. Microscopic theory (Gor’kov 1959 a, 1959 c) gives (1.8)
 
 where (0) is the density of states at the Fermi level, and (3) 1.202. We use the units with the Boltzmann constant kB = 1. We will derive eqn (1.8) later in Section 6.1.2. Equation (1.8) demonstrates that the free energy expansion in end p.4
 
 第3页 共4页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved eqn (1.3) goes in powers of than Tc. The coefficient
 
 /Tc. which suggests that
 
 should be much smaller
 
 depends on purity of the sample. The purity is characterized by
 
 , where is the electronic mean free time due to the the parameter scattering by impurities. Superconductors are called clean when this parameter is large, and they are dirty in the opposite case. We discuss the microscopic justification of the Ginzburg–Landau theory later. Here we just write down the expression for in two limiting cases. For dirty superconductors, it is (1.9)
 
 where D is the diffusion coefficient. In the clean case (1.10)
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 Here
 
 F
 
 is the velocity of electrons at the Fermi surface.
 
 The total free energy is (1.11)
 
 Variation of
 
 with respect to
 
 ,
 
 * and A gives
 
 The requirement of extremum of the free energy leads to the GL equations. Vanishing of
 
 results in
 
 (1.12)
 
 Condition
 
 gives the expression for suprecurrent
 
 (1.13)
 
 1.1.1.1 Discussion of the GL equations Consider first the equation (1.12) for the order parameter. In a homogeneous case without a current and a magnetic field the order parameter is (1.14)
 
 We denote it by
 
 for the reason which will be clear later. The ratio
 
 /Tc
 
 should be small. This implies that the GL theory works for temperatures close end p.5
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 第1页 共6页
 
 to Tc, i.e., when 1 T/Tc 1. Simultaneously we see that temperatures are well below Tc.
 
 ~ Tc when
 
 Equation (1.12) defines the length (1.15)
 
 which is a characteristic scale of variations of the order parameter. It is called the coherence length. The notation for the coherence length is to be distinguished from p that denotes the energy variable in eqn (1.2). We keep both these notations because they are commonly accepted in the literature. In the clean case
 
 we have from eqn (1.10)
 
 (1.16)
 
 where (1.17)
 
 is the “zero-temperature” coherence length. In the dirty case eqn (1.9) gives (1.18)
 
 where is the electron mean free path. The impurity parameter can be expressed through the ratio of 0 and l: (1.19)
 
 so that a dirty limit corresponds to l
 
 0
 
 while a clean limit is for l
 
 0.
 
 Consider now expression (1.13) for the current. Using the definition of the momentum operator eqn (1.6) we introduce the superconducting velocity (1.20)
 
 for a Cooper pair with the mass 2m. We use here the bare mass m of an electron. However, the bare electronic mass is not a good quantity for a metal where the normal-state electronic spectrum may have a complicated form. In this case also the “superconducting velocity” is not a real velocity of Cooper pairs. Bearing this in mind we write the supercurrent as (1.21)
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 where (1.22)
 
 and (1.23)
 
 is the density of “superconducting electrons”. end p.6
 
 第2页 共6页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved The Maxwell equation (1.4) combined with eqn (1.21) gives (1.24)
 
 Equation (1.24) defines the characteristic length (1.25)
 
 In a homogeneous case
 
 This is called the London penetration length. If determines the characteristic scale of variations of the magnetic field. The supercurrent can be written as (1.26)
 
 Sometimes, it can be convenient to use the normalization of the order parameter of superconducting electrons. such that it has the form of the wave function The free energy becomes (1.27)
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 The constants a and b satisfy
 
 and determine the new order parameter magnitude |
 
 in terms of the previous definition of through the electronic mass
 
 2 GL|
 
 = |a| /b which is
 
 . The coherence length is now expressed
 
 end p.7
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 第3页 共6页
 
 The ratio of the two characteristic lengths is called the Ginzburg–Laacfati parameter (1.28)
 
 It is independent of T near Tc and is determined by the material characteristics. For clean superconductors with from eqn (1.10) it is (1.29)
 
 Here a0 is the interatomic distance. Usually, it is of the order of 1/2
 
 pF. The
 
 2
 
 ratio of the Coulomb interaction energy of conducting electrons e /a0 to the Fermi energy is of the order of unity for good metals, but it may become larger for systems with strong correlations between electrons. The last factor in eqn (1.29) is usually small: Tc/EF is of the order of 10
 
 3
 
 for conventional
 
 superconductors, but it is of the order of 10 1 ÷ 10 2 for high temperature superconductors with Tc ~ 100K and EF ~ 1000K. The fine structure constant, e2/ c = 1/137. 1 for We see that the Ginzburg–Landau parameter is normally small conventional clean superconductors, though, in some cases it may be of the order of 1. On the contrary, for high temperature superconductors, which have a tendency to be strongly correlated systems with a not very low ratio of Tc/EF, the parameter k is usually very large. The Ginzburg–Landau parameter increases for dirty superconductors. According to eqn (1.9) it becomes (1.30)
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 Therefore, dirty alloys normally have a large
 
 .
 
 The value of the Ginzburg–Landau parameter divides all superconductors into two classes: type I and type II superconductors. Those with to the type I, while those with
 
 belong
 
 are the type II superconductors.
 
 1.1.2 Example: Vortices in type II superconductors Vortices are very important topological objects in superconductors and superfluids. As already mentioned in the Preface, vortices determine the most fundamental properties of superconductors and their responses to external d.c. and a.c. electromagnetic fields. They play a crucial role also in hydrodynamics of superfluids. We will study the dynamics of vortices in detail later in this book. Here we summarize the main features of vortices which can be deduced from the Ginzburg–Landau model. A more detailed Ginzburg–Landau theory of the vortex state in superconductors can be found, for example, in the book by Saint-James et al. (1989). 1.1.2.1 Transition from normal into the superconducting state The transition from normal into the superconducting state in a magnetic field is of the second end p.8
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved order in type II superconductors. Let us find the magnetic field when a nonzero order parameter first appears (Abrikosov 1957). Close to the transition point the . We linearize the GL equations in a small : order parameter is small, (1.31)
 
 Let the magnetic field be along the z-axis. The vector potential can be taken in the Landau gauge A = (0, H x, 0). The order parameter depends on x and y. Now we have (1.32)
 
 This is the Schrödinger equation for a charge in a magnetic field. We put
 
 and obtain the oscillator equation (1.33)
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 where the oscillator frequency
 
 0
 
 and energy E are
 
 respectively. The energy spectrum E =
 
 0 (n
 
 + 1/2) gives
 
 The highest magnetic field H = Hc2 is for n = 0: (1.34)
 
 where
 
 is the magnetic flux quantum (see below). Hc2 is the upper critical magnetic field below which the transition into superconducting state occurs. It is proportional to 1 T/Tc near the critical temperature. Comparing it with the thermodynamic critical field (de Gennes 1966) Hc we observe that II superconductors with
 
 . For type
 
 , the upper critical field Hc2 > Hc.
 
 end p.9
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 The function, in eqn (1.35) is centered at x = ck/2eH. Actually, the full solution is a linear combination of these functions with different k. One can construct a periodic solution in the form (1.36)
 
 This is periodic in y with the period y0 = 2 /q. It will be periodic in x, as well, if the coefficients Cn satisfy periodicity condition Cn+p = Cn. Then,
 
 The simplest case is realized when all the coefficients Cn are equal. The period in
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 x is then x0 =
 
 cq/2eHc2. The solution eqn (1.36) forms a rectangular lattice with
 
 the area S0 = x0y0 = 0/Hc2 = 2 2 which corresponds to exactly one flux quantum per unit cell. If q is chosen such that x0 = y0, we obtain a square lattice. The | |–pattern has zeroes at the points x = x0/2 + x0n, y = y0/2 + y0m, surrounded by supercurrent flow lines. Indeed, the supercurrent is
 
 To transform this further we use the identity which holds for the function of the type of eqn (1.36): (1.37)
 
 With help of eqn (1.37) we get (1.38)
 
 (1.39)
 
 These expressions suggest that | (x, y)|2 is a stream function, i.e., that the current, flows along the lines of constant | |. If we place the node of | | in the center of the Bravais unit cell, the current along the boundary of a unit cell end p.10
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [11]-[15] is zero: due to periodicity, the lines of constant | | are perpendicular to the boundary. We now calculate the contour integral along the unit cell boundary (1.40)
 
 It vanishes because A We obtain
 
 ( c/2e)
 
 = 0 at the boundary, as we have just proven.
 
 where the integral is over the unit cell and is the variation of the order parameter phase along this contour. It is = 2 since the flux through the unit cell is equal to one flux quantum. Therefore, the phase of the order parameter acquires the increment of 2 after encircling the point where the order parameter is zero. The phase variation by 2 is also necessary for singlevaluedness of the order parameter. Here we come to a vortex: A quantized vortex is a linear (in three dimensions) topologieal object which is characterized by a quantized circulation of the order parameter phase around this line. In principle, vortices with a phase circulation of an integer multiple of 2 are also possible. The axis of vortex circulation is parallel to H if the charge of carriers is positive and antiparallel to it in the opposite case: = sign (e) . For electrons, is anitiparallel to H. We see that transition into a superconducting state in a magnetic field below Hc2 gives rise to formation of vortices. Vortices in superconductors were theoretically predicted by Abrikosov (1957). Let us consider an applied magnetic field H slightly below Hc2 such that Hc2 H Hc2. The solution of the GL equation is the function eqn (1.36) plus a small correction 1. This correction is caused by (i) nonlinear term in the GL equation, (ii) local variations in A due to the supercurrent eqns (1.38), (1.39), and (iii) deviation of H from Hc2.
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 Using the Maxwell equation
 
 we obtain variations in the local field (1.41)
 
 Therefore, the vector potential becomes A = A0 + A1 where
 
 where A is due to the magnetic field Hz. Since the non disturbed function of eqn (1.36) satisfies the linearized GL equation with A = A0, we obtain for the correction 1
 
 end p.11
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 Now we apply the orthogonality condition: we multiply this equation by from eqn (1.36) and integrate it over dx dy. After integration by parts using eqn (1.37), we obtain
 
 We introduce the average over the area occupied by the vortex array
 
 and obtain using eqa (1.41)
 
 It is convenient to introduce the ratio (1.42)
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 which is called the Abrikosov parameter. The value structure of the vortex lattice. Now we get
 
 A
 
 is determined by the
 
 (1.43)
 
 Equation (1.43) shows that | |2 has a small magnitude proportional to 1
 
 H/Hc2
 
 if . In the opposite case, the order parameter cannot be small for H close to Hc2: it jumps to a finite value making the transition of the first order. This is exactly the condition which separates type I and type II superconductors: A superconductor can accommodate vortices and allow a magnetic field below Hc2 to penetrate into it if . On the contrary, the order parameter is always finite and no magnetic field can exist in the superconductor if . Using eqn (1.41) we can find the magnetization of the superconductor
 
 where B is the magnetic induction. One can also calculate the total free energy density. It becomes (1.44)
 
 It decreases with decreasing A. For a square lattice A = 1.18 while for a hexagonal lattice A = 1.16. A hexagonal lattice corresponds to the coefficients
 
 It is the stable configuration in an isotropic environment. On the other hand, a square lattice is unstable: it corresponds to an extremum rather than to a end p.12
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved minimum of the vortex free energy (Saint-James et al. 1969). It can be stable, however, if the interaction with the corresponding underlying crystalline structure is strong enough. 1.1.2.2 Single vortex
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 The previous case corresponds to the situation where vortices are closely packed together: the distance between them is of the order of the coherence length. We now consider the situation when vortices can be treated separately. A single vortex has the order parameter phase which changes by 2 after encircling its axis which we choose to be the z-axis. We take = where is the azimuthal angle in the cylindrical frame ( , , z). We thus assume a cylindrical symmetry of the vortex and look for a solution in the form
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 The vector potential has only a
 
 -component: A = (0, A , 0). We have for f ( )
 
 (1.45)
 
 Here we introduce the gauge-invariant vector potential (1.46)
 
 In our case Q has only an azimuthal component A
 
 c/2e .
 
 Equation (1.24) becomes
 
 For
 
 0 it is (1.47)
 
 This equation can be solved in the limit put f = 1 for . Equation (1.47) gives
 
 1 where
 
 L
 
 such that one can
 
 Here K1(z) is the first-order Bessel function of an imaginary argument. For z the function K1(z) = 1/z, and it decreases exponentially for large z:
 
 The constant at Q is chosen in such a way that A diverging for
 
 1
 
 = Q + ( c/2e ) is not
 
 . The magnetic field is
 
 where K0(z) is the zero-order Bessel function of imaginary argument. For z it is K0(z) = ln z, and it decreases exponentially for large z in the same
 
 1
 
 end p.13
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 FIG. 1.1. The order parameter and the magnetic field near the is suppressed vortex. The vortex core, i.e., the region, where has the size of order of the coherence length ; the magnetic field and currents decay on the scale on order L. way as K1. Therefore, the magnetic field produced by a single vortex decays exponentially for and it is
 
 for
 
 . For small
 
 the logarithm is cut off at
 
 ~
 
 where f starts to decrease.
 
 Equation (1.45) for the order parameter magnitude f takes a simple form in the c/2e . It is region L where Q = (1.48)
 
 The function f decreases as f for 0. At large distances , the function f 1; it remains f 1 also for longer distances of the order of L where Q decays due to the screening currents. The region near the vortex axis with the size of the order of where the order parameter is decreased from its value in the bulk is called the vortex core; the order parameter magnitude | | vanishes at the vortex axis. The vortex core is surrounded by supercurrents which, together with the magnetic field, decay away from the vortex core at distances of the order of L. The schematic behavior of | | and Hz is shown in Fig. 1.1. The cores of neighboring vortices do not overlap when the distance between vortices is larger than . The intervortex distance can be found from the condition that each vortex unit cell carries one magnetic flux quantum. If we replace a Bravais unit cell by a circle of a radius r0, we have
 
 which gives
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 Therefore, vortices can be considered separately if H
 
 Hc2.
 
 end p.14
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 1.1.3 Bogoliubov-de Gennes equations
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 The simple Ginzburg–Landau description introduces many important characteristics. We see here the order parameter , the coherence length , the magnetic-field penetration depth L, the superconducting velocity, etc. The Ginzburg–Landau theory provides a reasonable description of a superconductor in the vicinity of the critical temperature. To learn about properties of superconductors at lower temperatures, however, one needs to go to a more microscopic level of description. A comparatively simple approach is provided by the Bogoliubov–de Gennes theory (Bogoliubov et al. 1958, see also de Gennes 1966). Unfortunately it has a manageable form for clean superconductors only. We briefly summarize here the main ideas of the Bogoliubov–de Gennes method. We derive the Bogoliubov–de Gennes equations later in Section 3.2. The single-particle wave function has two components: the particle-like function and the hole-like function which satisfy the so-called Bogoliubov–de Gennes equations (1.49)
 
 K denotes the set of quantum numbers. Here we encounter the excitation spectrum K as an important characteristics of superconductors. For simplicity, we consider a parabolic spectrum of normal electrons. The wave function is normalized such that (1.50)
 
 The order parameter itself is determined self-consistently from the BCS equation in the form (Bogoliubov et al. 1958) (1.51)
 
 Here UK,K is an attractive pairing interaction. The sum is over the states of the system and K is the energy spectrum which is found from eqn (1.49). A new quantity appears in eqn (1.51), namely the distribution function nK of excitations. In equilibrium, it is the Fermi function
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 We shall see later that the distribution function of excitations is of a crucial importance for nonequilibrium processes in superconductors. If the magnitude of the order parameter is constant in space, we can look for a solution in the form end p.15
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 (1.52)
 
 where
 
 is the order parameter phase. Substituting it into eqn (1.49) we find
 
 (1.53)
 
 with v = p/m. The energy spectrum becomes
 
 K
 
 =
 
 p
 
 where
 
 (1.54)
 
 In this equation,
 
 is the Cooper pair momentum per particle, and (1.55)
 
 Usually, , so that the energy is defined by eqn (1.1). Equation (1.54) determines the energy spectrum only for a constant magnitude of the order parameter. Moreover, one has to assume that the super current (or ps) is also constant. The Bogoliubov–de Gennes wave functions are (1.56)
 
 They are sometimes called the coherence factors. In the momentum space, equation (1.51) becomes
 
 and the self-consistency
 
 (1.57)
 
 Equation (1.57) determines the order parameter as a function of temperature in a spatially homogeneous situation.
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 1.1.4 Quasiclassical approximation If the order parameter and/or current vary in space, eqns (1.54) and (1.56) are no longer valid. Solution of the Bogoliubov–de Gennes equation (1.49) would become an impossible task if not for a very important observation. In almost all known superconductors, the Fermi momentum pF is much larger than the characteristic wave vectors associated with the order parameter variations / 0 where 0 is the zero-temperature coherence length defined by eqn (1.17). This implies that the particle wave length is much shorter than the characteristic scale of variations of the order parameter. It allows one to use end p.16
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 where p and p vary in space on distances of the order of Gennes equations take the form
 
 . The Bogoliubov–de
 
 (1.59)
 
 We denote vF = En/ p and assign the index F to indicate that it is the velocity taken at the Fermi surface. Moreover, we neglect because
 
 which is much smaller than | | since pF (1.51) becomes
 
 0/
 
 as compared to | |
 
 1. The self-consistency equation
 
 (1.60)
 
 The possibility to separate and then exclude fast oscillating parts in the quasiparticle wave functions known as the quasiclassical approximation is provided by the relations between the magnitudes of the superconducting- and normal-state characteristic parameters of the superconducting material, namely 1. It is this fundamental property of most of superconductors which pF 0/ makes the BCS theory so successful in its practical applications. The major simplification is that the momentum dependence of the pairing potential is separated from the coordinate dependence of the wave functions p and p in the self-consistency equation (1.60). The momentum p enters the wave functions only as a parameter. Moreover, equations (1.59) are now each of the first order.
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 Therefore, the mathematical complexity of the theory is considerably reduced. The accuracy of the quasiclassical approximation depends on how well the inequality (1.61)
 
 is satisfied. For conventional low-temperature superconductors, the parameter /EF is of the order of 10
 
 3
 
 thus the accuracy is very good. High temperature
 
 superconductors have /EF ~ 10 1 to 10 2 so that the quasiclassical approximation is less universal. However, it still has a reasonably solid base for validity, though description of some phenomena requires a more careful analysis. Using this approximation, one can formulate a very powerful quasiclassical method which is indispensable for solving spatially nonhomogeneous problems of the microscopic theory of superconductivity. It also makes the basis for the modern end p.17
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved microscopic theory of nonstationary phenomena in superconductors. The great advantage of the quasiclassical nonstationary theory is that it can incorporate, in a coherent way, various relaxation mechanisms including interaction with impurities in superconducting alloys. It is this quasiclassical method which is the main subject, of the present book.
 
 1.2 Nonstationary phenomena Nonstationary theory considers behavior of superconductors in a.c. external fields (electromagnetic fields, sound waves, etc.). It treats transport phenomena such as electric or thermal conductivity, and thermopower. Problems associated with a d.c. electric field should also be considered within the nonstationary theory. Indeed, a d.c. electric field accelerates electrons which should then relax and give away their energy to the superconductor. This produces a time-dependent or dissipative state where the absorbed power creates a nonequilibrium distribution of excitations. The nonstationary theory should provide a consistent approach to the whole class of such problems using the superconducting characteristics discussed above.
 
 1.2.1 Time-dependent Ginzburg–Landau theory
 
 第3页 共6页
 
 The simplest description of nonstationary processes in superconductors is provided by the so-called time-dependent Ginzburg–Landau (TDGL) model which generalizes the usual Ginzburg–Landau (GL) theory to include relaxation processes. The TDGL model is widely used, it often gives a reasonable picture of superconducting dynamics. However, as distinct from its static counterpart, validity of the TDGL theory is much more limited. It is not enough just to be close to the critical temperature. The necessary condition requires also that deviations from equilibrium are small: the quasiparticle excitations should remain essentially in equilibrium with the heat bath. For real superconductors it is, in general, a very strong limitation. It can normally be fulfilled only for the so-called gapless superconductivity. The latter corresponds to a situation where mechanisms working to destroy Cooper pairs are almost successful: the energy
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 gap in the spectrum disappears, but the order parameter retains the phase coherence, and the supercurrent is finite. These mechanisms are: interaction with magnetic impurities which act differently on the electrons with opposite spins in a Cooper pair (see Section 6.2). inelastic (not conserving energy) interactions with phonons (see Section 11.2), etc. We shall consider these examples later. For instance, inelastic scattering by phonons is characterized by mean free time ph. The condition for applicability of the TDGL theory is . Due to a comparatively large magnitude of
 
 ph
 
 (for example,
 
 ph
 
 ~
 
 10 9 s as compared to / ~ 1011 s 1 for A1), this condition is only satisfied in a very narrow vicinity of Tc. In this section we consider a phenomonologieal derivation of the TDGL model. Its microscopic justification will be given later in Chapter 11. The TDGL model is constructed in the following way. In equilibrium, the GL and A: energy eqn (1.3) has a minimum with respect to end p.18
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 If the superconductor is driven out of equilibrium, the order parameter should relax back to its equilibrium value. The rate of relaxation depends on the deviation from equilibrium: (1.63)
 
 where is a positive constant. This equation, however, is not gauge invariant. For a time-dependent state, the gauge-invariance requires, in addition to eqn (1.7), that the equations describing the superconductor do not change under the transformation (1.64)
 
 where f(r, t) is an arbitrary function of coordinates and time. To preserve the gauge invariance of eqn (1.63) we add the scalar potential to the time-derivative in the form (1.65)
 
 The second equilibrium condition of eqn (1.62) is generalized in the following way. The current in eqn (1.62) being just a supercurrent in equilibrium is now replaced with js = j jn which accounts for the fact that a part of current can be produced by normal electrons in presence of an electric field: (1.66)
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 Here
 
 n
 
 is the conductivity in the normal state. As a result
 
 (1.67)
 
 Finally, the TDGL equations become (1.68)
 
 The total current j = js + jn has the form (1.69)
 
 where js is defined by eqn (1.13). end p.19
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 and of the vector potential (or current) (1.71)
 
 The ratio of these two relaxation times (1.72)
 
 is independent of T. Separating real and imaginary parts of eqn (1.68) we obtain (1.73)
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 and (1.74)
 
 where we introduce one more gauge-invariant (scalar) potential (1.75)
 
 in addition to the vector potential Q defined in eqn (1.46). Equation (1.74) can also be obtained by calculating the variation of the free energy with respect to the order parameter phase (1.76)
 
 With help of eqn (1.65) we obtain from eqn (1.76) (1.77)
 
 which is nothing but eqn (1.74). end p.20
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 eqn (1.77) gives (1.79)
 
 Writing
 
 we obtain (1.80)
 
 This equation defines the new characteristic length (1.81)
 
 which determines the scale of spatial variations of the gauge-invariant potential . In equilibrium, when the electric field is absent, the potential should vanish according to eqn (1.80) since a d.c. electric field exists as long as varies in space. In other words, lE is the distance over which a d.c. electric field decays into a superconductor; it is thus called the electric-field penetration length. At the initiates a conversion of a normal current into a super same time, a nonzero current according to eqn (1.79). We discuss this in more detail later in Chapter 11.
 
 1.2.2 Microscopic argumentation Let us discuss how one ran justify the TDGL model microscopically. The TDGL equation was first derived by Schmid (1966) and by Abrahams and Tsuneto (1966) using a Green function formalism. We consider here a more simple method based on the BCS equation (1.57). Assume that ps = 0 and put
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 where ( p) is the density of states in the normal metallic state. We assume that ( p) is approximately constant and equal to the density of states (0) at the Fermi surface, where
 
 for a parabolic normal-state spectrum. This assumption will be discussed in detail later in Chapter 5. Next, we transform to the energy Integration in eqn (1.57) through pd p = pd p using eqn (1.1). The function p changes its sign during Integration over d3p. To account for this, we note that 1
 
 2np = tanh (
 
 p/2T)
 
 is
 
 end p.21
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved an odd function of p. Let us define p as an analytical function in the complex plane of the variable p with a cut from | | to + | | (see Fig. 5.1). We obtain (1.82)
 
 Now p can be both positive and negative provided . The function | |. Equation (1.82) p changes its sign as p varies from p > | | to p < correctly transforms into the normal state spectrum p = p if | | = 0. The BCS equation (1.57) becomes (1.83)
 
 where we put Up,p =
 
 |g| Vp,p and denote
 
 =
 
 (0) |g|. The factor Vp,p is the
 
 spherical harmonics of the pairing interaction. For s-wave pairing Vp,p = 1. The integration runs over positive and negative energies. It is limited from above by | | < BCS. The tipper BCS cut-off energy is determined by the particular pairing mechanism.
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 Consider a limit of small and assume s-wave pairing for simplicity. With our definition of p as an analytical function, eqn (1.83) becomes (1.84)
 
 Here we drop the subscript p at for brevity. If the order parameter depends on time the energy becomes shifted due the external frequency . To obtain the correct, shift, we notice that is a single-particle energy while refers to the frequency of a Cooper pair. Therefore, should be shifted by /2. According to the casualty principle, we require that ( ) is an analytical function in the upper half-plane of complex . As a result, eqn (1.84) takes the form
 
 Expanding it in a small
 
 we get
 
 (1.85)
 
 Since
 
 the last line of eqn (1.85) gives end p.22
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 in the time representation. As we shall see later, the first line gives the usual GL part of the equation. Comparing this with eqn (1.68) we find the microscopic value of the relaxation parameter (1.86)
 
 The derivation is based on simple intuitive arguments. However, it is not generally correct. Indeed, it treats nonstationary processes by including the into the energy spectrum and ignoring the processes which external energy are associated with relaxation. In fact, this derivation implicitly assumes that
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 both the energy spectrum and the quasiparticle distribution remain the same as in equilibrium, i.e., that the relaxation is infinitely fast. We shall demonstrate later in Section 11.2, that this picture is appropriate only for gapless superconductors. The result eqn (1.86) itself is literally applicable only for gapless superconductors without magnetic impurities. We stress once again that general limitations of validity of the TDGL model come from nonequilibrium excitations: equation (1.85) becomes incorrect as soon as the deviation from equilibrium increases.
 
 1.2.3 Boltzmann kinetic equation Consider an alternative scheme of treating nonstationary processes which is capable of incorporating the quasiparticle relaxation. One would expect that it is the Boltzmann kinetic equation that is appropriate to describe nonequilibrium dynamics. The Boltzmann kinetic approach has been discussed in detail by Betbeder-Matibet and Nozières (1969), and by Aronov et al. (1981, 1986). We give only a brief outline here. A derivation of the Boltzmann equation is given later in Section 15.2. With an account for a nonequilibrium scalar potential excitations in eqn (1.54) is defined with
 
 the energy of the
 
 Where is introduced by eqn (1.75). We neglect, the term in eqn (1.55). The canonical form of the Boltzmann equation for the distribution function for a situation where the order parameter, supercurrent, and, external fields are slowly varying in space and in time, has the form (1.87)
 
 The group velocity and the elementary force are defined as (1.88)
 
 The force fL is the elementary Lorentz force acting on a particle in a magnetic field. end p.23
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 where the Bogoliubov–de Gennes coherence factors are determined by eqn (1.56). The expression, for the phonon collision integral is rather complicated and we do not write it here. The electric field enters the kinetic equation through the time-derivative of energy according to (1.90)
 
 because
 
 Solving the Boltzmann kinetic equation one can find the distribution function which should then be used in the BCS equation (1.57) for self-consistent determination of the order parameter. Equation (1.87) is simple and transparent. However, its region of applicability is very limited because the order parameter and the supercurrent were assumed almost constant in space. In fact, attempts to use this equation together with the spectral characteristics of a superconductor for slow varying | | and ps may lead to incorrect results because the excitation spectrum eqn (1.54) is itself only defined for constant |A| and ps and does not contain corrections which would appear if | | and ps become functions of coordinates. Moreover, the Boltzmann kinetic equation uses a concept of quasiparticle spectrum. The spectrum is well defined only for a clean superconductor such that . Dirty alloys can not be incorporated into the Boltzmann scheme. Again, we are in a situation where the use of a more general microscopic theory is vital. The kinetic equation approach is not reduced to a TDGL scheme as T approaches Tc. In fact, these two descriptions do not overlap. Indeed, for the TDGL model it is important that the distribution function of excitations does not deviate from equilibrium. On the contrary, the kinetic equation approach implies that deviations from equilibrium do appear in a time-dependent state of a superconductor. The kinetic theory based on eqn (1.87) can give a hint on the limit of applicability of the TDGL model. If the order parameter gradients are slow on a length scale of order of the mean free path, the kinetic equation can be transformed into a diffusion-like equation which gives (compare with eqn (10.107) on page 211) (1.91)
 
 end p.24
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 The corresponding contribution to eqn (1.85) is much larger than the TDGL term
 
 due to a long-range diffusion relaxation. In the opposite limit, where the order parameter varies over distances shorter than the mean free path, i.e., when , one generally has
 
 The corresponding contribution is by a big factor time-dependent Ginzburg–Landau term.
 
 larger than the
 
 We observe from eqn (1.91) that a nonequilibrium correction to distribution is small compared to the TDGL term only for a hydrodynamic limit when . This is exactly the region of the so-called gapless superconductivity associated with inelastic scattering of electrons. The conclusion is that the TDGL model is expected to work only for gapless superconductors.
 
 1.3 Outline of the contents All the simple theories considered above have a limited applicability. The TDGL model can treat nonstationary problems in cases when the order parameter and magnetic field vary in space. Moreover, the effect of impurities can easily be taken into account. This model, however, works only for small deviations from equilibrium and only in a close vicinity of Tc. On the contrary, the kinetic scheme of eqn (1.87) can work at low temperatures and include large deviations from equilibrium. Unfortunately, it is not suitable for spatially inhomogeneous problems. In addition, it is not designed to deal with superconducting alloys where the mean free path is comparable to the coherence length, i.e., in cases when the excitation spectrum is not well defined. A theory which is supposed to describe nonstationary properties of superconductors in the whole range of parameters and in a general, spatially inhomogeneous situation, which would include various types of relaxation processes in a self-consistent and universal way — this theory should provide answers at least to the following problems, (i) How can one define the order parameter and other physical observables in a nonstationary state? As an important part of this general issue, there emerges a problem of calculating the energy spectrum (or other equivalent characteristics of a superconductor if the spectrum is not well defined) in case when the superconducting state is not spatially uniform and varies in time, (ii) What are the processes which determine the distribution of excitations under nonstationary conditions? And, last but not least, (iii) what end p.25
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [26]-[30] are the practical methods for solving nonstationaiy problems and for calculating the physical observables? We shall discuss those problems throughout this book and describe a general approach which is able to deal with these problems in a coherent way. It is the Green function technique, and, in particular, the technique which uses the real-time Green functions. The important component of the general theory is the quasiclassical method which provides the easiest way of practical implementation of the Green function technique. The theory is based on general principles of the BCS scheme. In addition, it includes interactions of electrons with impurities, phonons, and electron–electron interaction. We start with the general definitions of the Green functions. We describe the BCS theory and derive the Gor’kov equations. Next, we introduce the quasiclassical approach. The real-time Green functions are introduced using two different but completely equivalent methods: the Keldysh formalism and the method of analytical continuation of the imaginary-time Matsubara Green functions onto the real-time domain. We obtain the general expressions for the order parameter and other quantities and derive transport-like and kinetic equations for the distribution functions of excitations. For practical implementations of the general formalism, we derive the TDGL equations and consider other examples of nonstationary phenomena. A considerable part of the book is devoted to the vortex dynamics as a problem which incorporates almost all nonstationary phenomena existing in a superconducting state. Discussion of the vortex dynamics for each particular system starts with an introductory section which elucidates the main processes characteristic for the system under consideration. Let us now turn to the general definition of the Green functions. end p.26
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 2 GREEN FUNCTIONS Nikolai B. Kopnin Abstract: This chapter introduces the second quantization formalism based on Schrödinger and Heisenberg operators. It defines the temperature and real-time Green functions for Bose and Fermi particles and discusses their analytical properties. Keywords: second quantization, Green function, Fermi particle, Bose particle, Schrödinger We introduce the second quantization formalism and define the temperature and time-dependent Green functions which will be used throughout the book.
 
 2.1. Second quantization
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 The Green function formalism uses the method of second quantization. We
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 summarize its basic ideas (Landau and Lifehitz 1959 a, Abrikosov et al. 1965) to make the presentation self-consistent. We mostly follow the style of Abrikosov et al. (1965) in this chapter. The reader who is familiar with the general definition of the Green functions can proceed directly to the next chapter. From now on, we use the units where = 1. Consider first a system of N Bose particles which can occupy quantum states with , .... Here x is the set of general coordinates. We wave functions describe a state of such a system by a set of numbers N1, N2, ..., which show how many particles are in the states 1, 2, ... The wave function for the state with the occupation numbers N1, N2, ... is symmetric with respect to transposition of particles: (2.1)
 
 Here im are labels of the states, and the sum is taken over all possible transpositions of the labels im. The prefactor takes care of normalization. We introduce the operator ai which decreases the occupation number in the state i by 1. According to eqn (2.1), its only nonzero matrix element is (2.2)
 
 The conjugated operator increases the occupation number by 1: (2.3)
 
 Therefore (2.4)
 
 so that (2.5)
 
 end p.27
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 For Fermi particles, the occupation, numbers may be either 0 or 1 only, and the wave function is antisymmetric with respect to all variables: (2.7)
 
 2010-8-8 10:51
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 Here P takes +1 or 1 depending on whether the state i1, i2, ... is obtained by an even or odd transposition of some initial configuration, respectively. Creation and annihilation operators now have the matrix elements (2.8)
 
 Therefore, (2.9)
 
 The commutation rules are (2.10)
 
 (2.11)
 
 Consider an operator of the form (2.12)
 
 where L(1) depends on a single coordinate (single-particle operator), L(2) depends on two coordinates (two-particle operator), etc. In terms of creation and annihilation operators, we can write (2.13)
 
 where the matrix elements are
 
 and
 
 The operator in eqn (2.13) acts on the occupation numbers of particles. This definition holds for both Bose and Fermi particles. end p.28
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 2.1.1 Schrödinger and Heisenberg operators
 
 第4页 共6页
 
 One can introduce the operators (2.14)
 
 Operator (x) creates a particle at the point x while (x) annihilates it. These operators are called Schrödinger “particle-field” operators. We have (2.15)
 
 (2.16)
 
 (2.17)
 
 The upper sign is for Fermi particles while the lower is for Bose particles. The , which for definiteness is coordinate x may also include spin. The operator taken to be dependent on spatial coordinates, can be written as
 
 Here
 
 and
 
 are the spin indices.
 
 Let the Hamiltonian be
 
 . The wave function obeys the Schrödinger equation
 
 (2.18)
 
 Its solution can be symbolically written as (2.19)
 
 where F is
 
 H
 
 does not depend on t. A time-dependent matrix element of an operator
 
 (2.20)
 
 This is the matrix element of the operator (2.21)
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 This operator is called the Heisenberg operator. Its convenience is in that now one can use time-independent wave functions H to calculate time-dependent matrix elements. The time dependence is transferred to the operators. The time derivative of
 
 is
 
 (2.22)
 
 Note that the commutation rules for Heisenberg operators taken at the same time are the same as for the corresponding operators in Schrödinger representation, since the exponential factors cancel in products of two operators. end p.29
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 2.2. Imaginary-time Green function 2.2.1 Definitions
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 The imaginary-time (Matsubara) Green function is defined for imaginary time t = i within the interval
 
 as follows: (2.23)
 
 for
 
 1
 
 >
 
 2
 
 and
 
 (2.24)
 
 if
 
 1
 
 

 
 2
 
 and
 
 for
 
 1
 
 

 
 2
 
 Moreover
 
 We also have (2.37)
 
 The Green function is now defined as (2.38)
 
 which coincides with eqn (2.32). It is very important to note that since the Hamiltonian of the system is also constructed of the operators, it is the use of end p.32
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 © Copyright Oxford University Press, 2003-2010. All Rights Reserved imaginary time which allows us to place all the operators in proper positions consistent with the T operation. This is possible if the Green function is defined where = 1 within the time interval 2 It is exactly the reason why we consider an imaginary time: for a real time it is impossible to define unambiguously the order of the -operators. There exists an important relation which couples G( < 0) with G( > 0). Indeed, if we make a cyclic transposition under the trace operator
 
 Comparing it with eqn (2.23) for
 
 (d)
 
 , we obtain
 
 > 0, we see that
 
 (2.39)
 
 For phonons we get (2.40)
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 Equation (2.39) is of a great importance. Indeed, let us make a Fourier transformation in : (2.41)
 
 (2.42)
 
 Because time is defined within a finite range, the frequency is discrete . These frequencies are called the Matsubara frequencies. One has
 
 end p.33
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 Therefore, the Fourier components (2.44)
 
 are nonzero only for (2.45)
 
 The Green function determines all properties of the system. For example, the particle-number operator is (2.46)
 
 Thus, the particle density becomes (2.47)
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 Using this equation one can find momentum density operator is
 
 as a function of temperature, etc. The
 
 Therefore, the momentum density is (2.48)
 
 2.2.2 Example: Free particles For free noninteracting particles the statistical average is taken over the states of every particle independently of other particles. The energy is (2.49)
 
 and the Schrödingor operators are
 
 Since the Hamiltonian and the particle-number operators are (2.50)
 
 the creation and annihilation operators satisfy
 
 end p.34
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 We have for
 
 >0
 
 As a result,
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 since
 
 The average for Fermi particles is
 
 For Bose particles it is
 
 In these equations, n(p) is the average equilibrium occupation number or the distribution function which is different for Fermi and Bose particles. We now take the limit V
 
 using
 
 and obtain (2.52)
 
 where r = r1 – r2. For
 
 < 0 we write
 
 (2.53)
 
 The phonon Green function can be calculated in a similar way. The Schrödinger operator is end p.35
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 where
 
 0 (k)is
 
 the phonon energy. The result is
 
 (2.54)
 
 where
 
 It is useful to look at the free-particle Green function in the Fourier representation. Consider a Fermi particle. To calculate G(p, n) we take G( > 0) and use eqns (2.44) and (2.52). We have (2.55)
 
 For Bose particles we get (2.56)
 
 For phonons we have (2.57)
 
 2.2.3 The Wick theorem
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 Consider the statistical average
 
 taken over the states of noninteracting particles. It is the sum over all the quantum states. The wave functions of each state are normalized in such a way that the normalization constant is proportional to the system. Therefore, the average has the form
 
 where V is volume of
 
 end p.36
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 The matrix elements for the whole combination of a-operators are only nonzero if there are equal numbers of creation and annihilation operators belonging to the same state. For example, nonzero is the term (2.59)
 
 where the states with n m are different from all other quantum states. Nonzero are also other terms which ran he obtained from eqn (2.59) by transpositions of the indices n, m, etc. If there are four creation and annihilation operators belonging to the same state the nonzero terms have the form (2.60)
 
 where n m. Expressions of the type of eqn (2.59) are different from all other nonzero terms like eqn (2.60) in that the former have as many summation as there are 1/V factors. All other terms have at least one extra factor 1/V. Since the number of quantum states is proportional to the volume of the system, only the terms of the type of eqn (2.59) remain finite in the limit of a large volume of the system V . We come to the conclusion that, in the limit of V system, the statistical average of a combination of
 
 , i.e., for a macroscopic -operators is nonzero only if
 
 all belong to different the pairs of creation and annihilation operators quantum states. This implies that the statistical average can be calculated for each pair of operators independently. Indeed, the Hamiltonian and the particle-number operator of non-interacting particles, which both consist of pairs of the aa -operators, commute with any pair of aa states. Therefore,
 
 if they all belong to different
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 (2.61)
 
 since Hamiltonian is an additive function for noninteracting particles. The fact that all
 
 are in the interval
 
 exponents again before all the
 
 allows us to put the -operators.
 
 In other words, the statistical average of a T -product of a large number of -and
 
 -operators is equal to the sum of T -products of all possible
 
 pair
 
 averages. The sign of each term in the sum is + if the corresponding sequence of end p.37
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved the -operators is obtained from the initial sequence by an even transposition, and it is – if the required transposition is odd. This is the contents of the Wick theorem. For example,
 
 The Wick theorem is of crucial importance for the Green function technique. Indeed, the Hamiltonian of the system is usually made up of various combinations of the particle operators. If the particles interact, the Hamiltonian contains the operators to powers higher than the second power. They come in the exponent, and a general expression for the Green function is thus hopelessly complicated. Here the Wick theorem saves the situation. We can expand the exponent into the power series in the interaction Hamiltonian and obtain the sum of terms which are various even powers of the particle operators. According to the Wick theorem, each term can be reduced to a product of several Green functions of noninteracting particles. As a result, we obtain an expression for the full Green function of interacting particles as a series of terms containing powers of the interaction strength and products of noninteracting Green functions (Feynman diagrams). This allows one to find the full Green function to any desirable accuracy in the interaction strength. In many cases, the summation of such a series can be performed analytically, which results jn the so-called Dyson equation for the full Green function. The Dyson equation is the central result for the Green function technique because it provides the algorithm for calculation of the Green function and thus of any physical observable of a complicated system of interacting particles. A more detailed description of the diagram technique for various systems can be found in the book by Abrikosov et al. (1965).
 
 2.3. The real-time Green functions
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 2.3.1 Definitions The real-time Green function is defined as (2.62)
 
 The Heisenberg operators are determined through the real-time S-matrix which is defined similarly to eqn (2.35) (2.63)
 
 The real-time S matrix can be obtained from eqn (2.35) by a formal substitution it. end p.38
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved The statistical average in eqn (2.62) is taken at a time instant t0. This definition implies that, at the time t0, the system was in thermodynamic equilibrium; the field operators evolve since then according to the Schrödinger equation or as determined by the S matrix in eqn (2.63). Note that the Hamiltonian can now be a function of time. The real-time Green function defines the density matrix and thus it is this function which determines the physical quantities for a time-dependent system. For example, the particle density is (2.64)
 
 We define also the so-called retarded GR and advanced GA Green functions: (2.65)
 
 for t1 > t2 and
 
 for t1 < t2. Similarly, (2.66)
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 for t1 < t2 and
 
 for t1 > t2.
 
 2.3.2 Analytical properties Consider the Fourier transformed retarded Green function (2.67)
 
 We assume for simplicity that the Hamiltonian does not depend on time. The Fourier transformed Green function GR( ) is an analytical function of in the upper half-plane of complex . Indeed, in this case we can calculate the integral t2 < 0 by shifting the contour of integration into the upper
 
 in eqn (2.67) for t1
 
 half-plane of . Since GR( ) is analytical, the integral vanishes, and we have GR(t1, t2) = 0 for t1 < t2 as it should be according to the definition. Similarly, GA( ) is an analytical function of in the lower half-plane. end p.39
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 (2.69)
 
 To do this we note that the matrix elements of the Heisenberg operators are (2.70)
 
 where (2.71)
 
 with Nn = Nm ± 1. Therefore, for t > 0 according to eqn (2.65) (2.72)
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 and GR(t) = 0 for t < 0. For the Fourier transforms we have
 
 Therefore, (2.73)
 
 where
 
 0 and
 
 During the derivation we use the identity end p.40
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 In the same way we get (2.74)
 
 For the Matsubara Green function, we have for
 
 >0
 
 (2.75)
 
 This gives (2.76)
 
 where k = (2k + 1) T for Fermi particles and k = 2k T for Bose particles. Comparing eqns (2.73) and (2.74) with (2.76) we arrive at eqn (2.69). end p.41
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 3 THE BCS MODEL Nikolai B. Kopnin
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 Abstract: This chapter applies the Green function formalism to the BCS theory of superconductivity — the Gor'kov equations are derived which make the basis for the further analysis. The Green functions are used to derive the expressions for such physical quantities as the superconducting order parameter, the electric current, the electron density, and the thermodynamic potential. The Bogoliubov–de Gennes equations are derived from the Gor'kov equations. The Gor'kov theoy is used to derive the Green functions in a homogeneous state, the gap function, the critical temperature, the supercurrent, etc. Keywords: Gor'kov equations, Bogoliubov-de Gennes equations, order
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 parameter, supercurrent, critical temperature We apply the Green function formalism to the Bardeen–Cooper–Schrieffer theory of superconductivity and derive the Gor’kov equations which make the basis for our analysis. We couple the Green functions to such physical quantities as the order parameter of the superconductor, the electric current, the electron density, and the thermodynamic potential. We derive the Bogoliubov–de Gennes equations from the Gor’kov equations. Several applications of the Gor’kov theory are considered.
 
 3.1 BCS theory and Gor’kov equations The BCS Hamiltonian (Bardeen et al. 1957) contains the attractive interaction between electrons. This attraction is needed for electrons to form Cooper pairs which then condense into a superconducting state. We consider a spin-independent interaction. This leads to a zero-spin (spin-singlet) superconducting state which is what one usually has in real superconductors. The Fermi statistics of electrons requires a spin-singlet state to have an even parity with respect to the transposition of the particle coordinates or (which is the same) with respect to inversion of the relative momentum of particles. This means that the super-conducting state should be of either s-wave or d-wave (or of other higher-order even) symmetry in the relative momentum of particles. We start our consideration with the s-wave superconducting state and will consider some specifics of a d-wave state later. There can be various physical mechanisms of attraction between electrons. In the phonon model, for example, the attraction is mediated by an exchange of phonons. The pairing interaction usually works in a restricted energy range and vanishes for energy transfer larger than some cut-off value BCS. In case of phonons, the interaction is effective only when the exchange of energy is less than the characteristic Debye frequency D. If the interaction is relatively weak the characteristic energies of particles participating in the superconducting phenomena, are much smaller than both the Fermi energy and the cut-off frequency BCS. In this case, a point-like interaction between the electrons in the form
 
 is a reasonable approximation. An attraction corresponds to g < 0. The limit of small interaction corresponds to where is the density of stales at the Fermi level in the normal state. It is called a weak-coupling approximation. end p.42
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 The Hamiltonian and the particle number operator
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 can be written through the Heisenberg operators which are defined in eqn (2.29). commutes with the Hamiltonian, the operators and Since representation will have the same form as in eqns (3.1), (2.46).
 
 in this
 
 Using eqn (2.31) we can calculate the time-derivative of the Heisenberg . Commuting with the Hamiltonian and the particle-number operators operator taken at the same time we get (3.2)
 
 Here x = ( , r). The time-derivative of the Green function is
 
 ( G) denotes the Green function jump at 1 = 2 according to eqn (2.28). The last line can be simplified using the Wick theorem:
 
 end p.43
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 Here we need some discussion: First, we note that the decomposition of the
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 four-operator average into a product of two averages of pairs of the operators is strictly true for noninteracting particles according to the Wick theorem. Here we perform the decomposition for real, and thus interacting, particles. There are two major types of interaction. Interactions of one type are such that do not result in the superconducting behavior. We neglect them. This is a model approximation; the quality of the model should be considered separately for each particular case. For example, it is not correct, of course, for a strongly correlated electron system. However, for usual superconductors, where electrons form a Fermi liquid with weak correlations, the BCS model proved to be very realistic. The interaction of the second kind is the one which results in the superconducting pairing. What we should have done with this interaction is to expand the average of the four particle operators into the power series in the interaction strength g and then to average each term using the Wick theorem. We would obtain the series of diagrams containing the non-superconducting Green functions. Performing summation of this series we would then obtain the full Green function as it appears in eqn (3.3). The second major feature of the model is as follows. The averages in the third line in the r.h.s of eqn (3.3) do not disappear in the limit of a macroscopic as it was assumed earlier during the derivation of the Wick volume V theorem. The reason is that now the average (3.4)
 
 contains a macroscopic number of particles because of the Cooper pairing effect: due to a small attraction between electrons they form pairs which then condense into a ground state. This is the basic assumption of the BCS theory. The average of eqn (3.4) has the form of a wave function of the condensed Cooper pairs, i.e., of the superconducting electrons. The first and the second terms in the r.h.s. of eqn (3.3) have the form
 
 where
 
 is called the self-energy. The self-energy leads to a renormalization of the chemical potential . In addition, it introduces a small imaginary part proportional to the small g. In the BCS model, this relaxation term is ignored, and the only effect of the interaction is assumed to be the pairing leading to a nonzero average of the type of
 
 . In the phonon model to be discussed in
 
 Section 8.2, the self-energy is of the order of ; it is much smaller than the characteristic superconducting energy in the so-called weak-coupling limit to which we restrict end p.44
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved our consideration. However, the relaxation part can be important for nonstationary processes; we shall incorporate it where appropriate while considering nonstationary phenomena throughout the book. Dealing with the BCS model, we omit the self-energy from the expression for the time-derivative of the Green function. Finally, we obtain
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 where (x1 – x2) = (
 
 1
 
 –
 
 2)
 
 (r1 – r2). We define the new Green functions
 
 (3.5)
 
 (3.6)
 
 They are called the “anomalous” or Gor’kov functions. We also define (3.7)
 
 Here we take into account that g < 0. The equation for the Green function becomes (3.8)
 
 The function F
 
 (x1, x2) is odd in transposition of the particle coordinates and
 
 spin indices because of the Fermi statistics of electrons. For a pairing interaction which has an even parity in the orbital space such as an s-wave (or d-wave) interaction, the Cooper pairing can only occur between the electrons with opposite spin projections into a singlet state and the pair wave function is antisymmetric in spin indices:
 
 We can write
 
 where
 
 is the Pauli spin matrix. We also denote
 
 Since our interaction does not depend on spin, the Green function G is proportional to the unit matrix in the spin indices: end p.45
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 As a result, we obtain from eqn (3.8) (3.9)
 
 This equation, contains an unknown function F and the quantity (x) which is expressed through another unknown function F. To find these functions we need more equations. The equation for F can be obtained from the second eqn (3.2) in a way similar to that used to derive eqn (3.9). We have (3.10)
 
 The equation for F contains the function (3.11)
 
 It is easy to see that (3.12)
 
 We have for F and
 
 :
 
 (3.13)
 
 and (3.14)
 
 Equations (3.9), (3.10), (3.13) and (3.14) form the system of generalized Dyson equations for the BCS model. These equations are known as the Gor’kov is called the order parameter. We equations (Gor’kov 1958). The quantity have already encountered it in Chapter 1. It has exactly the same meaning as in the Landau theory of second-order phase transitions: it is zero in the non-superconducting (normal) state and nonzero in a superconducting, state. It is proportional to the wave function of superconducting electrons and thus is a
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 complex function. According to the definition of eqn (3.7), we have (3.15)
 
 This is a self-consistency equation: it couples the order parameter with the function F which has to be found from equations containing . The function G(x1, x2) describes a particle moving from point x1 to point x2 while describes a particle moving from point x2 to point x1. The latter particle is equivalent to a hole. According to eqn (3.12), the fact that the Gor’kov and on equal footing is a equations contain manifestation of the particle–hole symmetry of the BCS theory. end p.46
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 and the matrix operator
 
 where (3.17)
 
 These are called the matrices in the Nambu space. The Hamiltonian
 
 is now
 
 of the measured from the chemical potential . It is equivalent to previous chapter. The four equations for the four Green functions can be written in the compact matrix form (3.18)
 
 We can apply the operator to act on the second coordinate x2. To find the corresponding equations, we multiply the derivatives of eqn (3.2) taken from the (x1) from the left. After decoupling functions of the coordinate x2 by (x1) or of the averages using the Wick theorem we find for the BCS model (3.19)
 
 where the conjugated operator is
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 (3.20)
 
 Here
 
 coincides with
 
 .
 
 3.1.1 Magnetic field In the presence of a magnetic field, the momentum operator should be replaced with (3.21)
 
 when it acts on scalar potential
 
 or , respectively. For a stationary electromagnetic field, the can be incorporated into the chemical potential . Therefore, it
 
 does not appear in stationary problems. The operator
 
 becomes
 
 (3.22)
 
 where now (3.23)
 
 end p.47
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 where (3.24)
 
 The electron-number density is (3.25)
 
 The electric current can be expressed through the Green functions using the momentum density of eqn (2.48):
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 (3.26)
 
 or (3.27)
 
 The factor 1/2 is canceled here due to summation over spin indices implied in the definition, eqn (2.48). The fact that the spatial derivatives enter the inverse operators for the Green functions and the expressions for the electric current in combinations –i – (e/c)A and i (e/c)A is a manifestation of the gauge invariance of the theory of superconductivity. Indeed, a change in the phase /2 of the single-electron wave function by an arbitrary function /2 results in the -change in the order parameter phase: it can be compensated by the variation of the vector potential . Since the magnetic field H = curl A does not change, the by (c/2e) superconducting state is invariant under the transformation of eqn (1.7) on page 4. Therefore, the vector potential should always appear in the combination with to preserve the gauge invariance. This the order parameter phase A – (c/2e) gives a convenient test for checking whether the calculations which we are doing are correct.
 
 3.1.2 Frequency and momentum representation Equations for the Green functions are more convenient in the frequency representation. We denote = 1 – 2 and write
 
 end p.48
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 where
 
 n
 
 = (2n + 1) T. The operators are
 
 (3.28)
 
 (3.29)
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 The matrix Gor’kov equation in the frequency representation is (3.30)
 
 (3.31)
 
 The self-consistency equation for the order parameter becomes (3.32)
 
 since we have to take similar way
 
 =
 
 1
 
 –
 
 2
 
 = 0. The electron density is obtained in a
 
 (3.33)
 
 The limits in eqn (3.33) need to be taken because G(r1, t1; r2, t2) is discontinuous at (r1, t1) = (r2, t2) and the sums for = 0 do not converge. The electric current becomes (3.34)
 
 or (3.35)
 
 The limiting procedure is not necessary for eqn (3.34) since the discontinuous part vanishes as a result of action of the differential operators. The order parameter equation and the expressions for the current and electron density can be written in terms of the real-time retarded and advanced Green functions, as well. We start with the order parameter equation. The sum over frequencies n = (2n +1) T can be presented as
 
 end p.49
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 and
 
 encircle the poles of tanh ( /2T) in the upper (lower) half plane,
 
 respectively. Contours contours
 
 are obtained by shifting the respective
 
 onto the real frequency axis." title="Fig. 3.1. Contours of
 
 and encircle the integration over complex frequency. Contours poles of tanh ( /2T) in the upper (lower) half plane, respectively. Contours are obtained by shifting the respective contours onto the real frequency axis." > FIG. 3.1. Contours of integration over complex frequency.
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 Contours
 
 and
 
 encircle the poles of tanh ( /2T) in the
 
 upper (lower) half plane, respectively. Contours
 
 onto the real
 
 obtained by shifting the respective contours frequency axis.
 
 The function tanh( /2T) has the poles at contour
 
 are
 
 = (2n + 1) iT, i.e., at
 
 =i
 
 n.
 
 The
 
 encircles all the poles of tanh( /2T) in the upper complex
 
 encircles all the poles of tanh( /2T) in the half-plane of while the contour lower complex half-plane of (see Fig. 3.1). In the upper half plane, the function is an analytical function and coincides with F
 
 n
 
 for
 
 =i
 
 n
 
 when
 
 n
 
 > 0. In
 
 the same way, the function is an analytical function in the lower half-plane and coincides with F n for = i n when n < 0. We can now shift the contours in such a way that
 
 +
 
 transforms into
 
 to and transforms into to + . Finally, we have
 
 and goes along the real axis of
 
 from
 
 which goes along the real axis of
 
 from
 
 (3.36)
 
 The order parameter equation becomes (3.37)
 
 The electric current is
 
 end p.50
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 (3.38)
 
 or
 
 The transformation to the real frequencies for the electron density cannot be performed straightforwardly because of the discontinuity of the corresponding Green functions. The discontinuity results in a divergence of the integrals over the remote contours. Let us first separate the contribution to the density from the normal state. The remaining part of the Green functions G then decreases quickly enough for large , and the integrals over remote contours vanish. As a result we obtain (3.39)
 
 or
 
 where N0 is the electron density in the normal state. The retarded and advanced Green functions satisfy the same equations as the Matsubara functions with the replacement n = –i : (3.40)
 
 where the inverse operators are (3.41)
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 The factor tanh( /2T) appears as a result of the replacement of the summation over imaginary frequencies with integration over the real frequencies. It has a simple physical meaning. Indeed, (3.42)
 
 where
 
 is the Fermi distribution function expressed in terms of the energy from the chemical potential.
 
 measured
 
 end p.51
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 The particle–hole symmetry equation (3.12), in particular, implies (3.44)
 
 or (3.45)
 
 In the momentum–frequency representation, the order parameter equation becomes (3.46)
 
 or (3.47)
 
 The current is (3.48)
 
 or (3.49)
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 The electron density (3.50)
 
 or (3.51)
 
 3.1.3 Order parameter of a d-wave superconductor Until now we assumed a point-like interaction between electrons independent of particle momenta. In general, the pairing interaction may have a dependence on end p.52
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 where ( ) is a Fourier transform of the (attractive) interaction matrix element. For simplicity we consider systems which have the inversion symmetry. For such systems, the order parameter has a definite symmetry in the momentum p because of the general parity of Fermi particles. The full order parameter including the spin degrees of freedom is an, odd function with respect to transposition of particles. If the pairing occurs into a spin-singlet state which is odd in spin indices, the remaining orbital part should be even in the transposition –p. This requires that the of the particle coordinates, i.e., in the substitution p potential U(p, p1) is even in p –p and, of course, in p1 –p1, as well, since it is symmetric in p
 
 p1.
 
 One can expand the pairing potential in terms of orthogonal eigenfunctions of angular motion
 
 The s-wave component which we denoted earlier as Us = |g| is independent of the momentum directions. The next expansion term represents the so-called d-wave pairing potential. In some cases it can be favorable, for example, because of the crystalline symmetry. If the crystal has a symmetry axis around the axis c
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 the d-wave potential has the from
 
 where
 
 (3.53)
 
 where is the angle between the momentum in the crystalline (ab) plane and, say, the a axis. The factor 2 is introduced for normalization. It is easy to see that the order parameter has a form
 
 with the amplitude satisfying the self-consistency order parameter equation (3.54)
 
 3.2 Derivation of the Bogoliubov–de Gennes equations The Green functions can be expanded in terms of the eigenfunctions of the matrix Schrödinger equation. Let us introduce the functions u(r) and (r) and construct a vector in the Nambu space
 
 Let the functions u and
 
 satisfy the matrix Schrödinger equation
 
 end p.53
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 where EK are the eigenvalues, i.e., energy spectrum of the Hamiltonian The two equations
 
 .
 
 (3.56)
 
 arising from matrix equation (3.55) are called the Bogoliubov–de Gennes equations. We have encountered them already in Section 1.1.3. The functions u and coincide with the Bogoliubov–de Gennes wave functions (Bogoliubov 1958) discussed earlier in Section 1.1.3. The conjugated vector
 
 satisfies the conjugated equation (3.57)
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 where
 
 acts on the left. In components,
 
 (3.58)
 
 which are the complex conjugated eqns (3.56). Since u and are eigenfunctions of a linear operator, the functions belonging to different states are orthogonal. We normalize them in such a way that (3.59)
 
 Moreover, the functions u and
 
 constitute the full basis thus
 
 (3.60)
 
 Using the wave functions u and
 
 we can write
 
 (3.61)
 
 It easy to check that the function defined by eqn (3.61) indeed satisfies eqn (3.40) with the operators defined by eqn (3.41). The infinitely small imaginary term end p.54
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 is the density of states in a superconductor per one spin projection. The operator Tr is the trace over the Nambu indices.
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 3.3 Thermodynamic potential Here we derive a useful relation between the thermodynamic potential and the Green functions for a BCS system (Kopnin 1987). We first recall the definition of the thermodynamic potential. According to eqn (2.37) (3.63)
 
 where (3.64)
 
 and T is the time-ordering operator in the imaginary “time”
 
 . The sum in eqn
 
 (3.63) denotes the sum of the diagonal matrix elements over the quantum states. In the BCS theory formulated through the Green functions which satisfy the Gor’kov equations, the order parameter plays the part of an external field. In this context, the BCS Hamiltonian measured from the chemical potential should be written as (3.65)
 
 It plays the part of
 
 in eqn (3.64). We consider an s-wave pairing for
 
 definiteness. Here is a single-particle operator. The sum is over the spin indices. The Hamiltonian can have also terms describing interactions with other external fields (including impurities) and interparticle interactions. With the Hamiltonian (3.65), one can directly reproduce equations (3.9), (3.10), (3.13) and (3.14) for the Green functions. The last term is added to ensure that the thermodynamic potential has a minimum for the value of the order parameter which satisfies the self-consistency equation. end p.55
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 ,
 
 with
 
 , and A:
 
 (3.66)
 
 The variation of the S-matrix is expressed through variations of the Hamiltonian (3.65) and contains the Green functions defined according to eqns (2.38) and (3.6): (3.67)
 
 (3.68)
 
 One has from eqn (3.66) (3.69)
 
 where
 
 is the effective Hamiltonian
 
 (3.70)
 
 It is easy to see that a minimization of self-consistency equation (3.32).
 
 sn
 
 with respect to
 
 * leads to the
 
 Let us perform transformation into momentum representation. The variation of the thermodynamic potential can now be written as
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 Here we omit the spin indices and denote p± = p ± k/2. Including the magnetic energy, we find for the total potential (3.71)
 
 The total thermodynamic potential has a minimum also with respect to variation of the vector potential A because of equation (3.34) for the current. end p.56
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved One can check that eqn (3.71) holds also for a nontrivial pairing interaction determined, for example, by eqn (3.53). One only needs to replace the order with parameter
 
 in the first term in the r.h.s. of eqn (3.71) and introduce the momentum– direction average in the r.h.s. of eqn (3.71).
 
 together with
 
 in the last term
 
 3.4 Example: Homogeneous state 3.4.1 Green functions
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 Consider a homogeneous state where the order parameter does not depend on coordinates, and the magnetic field is absent. The simplest way to solve the Gor’kov equations, eqns (3.28), (3.30), is to use the momentum representation of eqn (3.43). We have for a homogeneous case
 
 For the Fourier transformed Green functions we obtain (3.72)
 
 where p = p2/2m according to eqn (1.2). In a metal, the chemical potential EF The solution of the Gor’kov equations is
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 (3.73)
 
 Similarly, (3.74)
 
 The retarded and advanced real-time functions are
 
 which comply with the particle–hole symmetry of eqns (3.44) and (3.45). end p.57
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 where (3.76)
 
 This equation coincides with eqn (1.1) in Chapter 1. The Green functions have poles at = ± p. This means that ± p is the energy spectrum of excitations in a superconductor. There are two branches: one with positive and another with negative energies. We also notice that energy of an excitation cannot be less than | |: there are no excitations with energies below the energy gap | |.
 
 3.4.2 Gap equation for an s-wave superconductor
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 Inserting our solution for F into the self-consistency equation we can find the order parameter as a function of temperature. We have (3.77)
 
 We integrate over the momentum with the help of (3.78)
 
 where d space.
 
 p
 
 =
 
 F
 
 dp and d
 
 p
 
 is the increment of the solid angle in the momentum
 
 (3.79)
 
 is the density of states for one spin projection in the normal state. Indeed, the or T which is much smaller than characteristic values of p are of the order of the Fermi energy EF. Therefore, the momentum is always close to the Fermi momentum, and we can replace p with pF everywhere. At this stages, we explicitly employ the quasiclassical approximation introduced in Section 1.1.4. We see that the quasiclassical approximation results in a substantial simplification of calculations even at this initial level. The function under the Integral in eqn (3.77) has poles at . Shifting the contour of integration into the upper half-plane of the complex variable p (see Fig. 3.2) we find (3.80)
 
 where = (0)|g| is the interaction constant. Inspection of this equation shows that the summation over n diverges logarithmically at large frequencies. This end p.58
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 ." title="Fig. 3.2. Contour of integration, over d p. We denote ." > FIG. 3.2. Contour of integration, over d
 
 p.
 
 We denote
 
 . is because the pairing interaction was assumed energy independent. As we have already discussed, however, the pairing interaction is restricted from above by a characteristic energy BCS. For a weak coupling approximation, the cut-off frequency is much larger than Tc but considerably smaller than EF. The energy cutoff is equivalent to truncating the sum at a limiting number : (3.81)
 
 This equation determines the temperature dependence of the order parameter. The order parameter vanishes at the critical temperature T = Tc. To find Tc we put = 0 in eqn (3.81) which becomes (3.82)
 
 where C = 0.5772 ... is the Euler constant. The critical temperature is found to be (3.83)
 
 where
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 = eC
 
 1.78. The critical temperature is thus much lower than
 
 0
 
 in the
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 weak-coupling approximation 1. It is due to the divergence of the sum in eqn (3.81) that the order parameter does not vanish: a small is compensated by a large logarithm in ( BCS/Tc) which introduces a new energy scale BCS for the temperature. Equation (3.83) also applies to a d-wave superconductor because we omitted the angle-dependent p in the denominator of the self-consistency equation. Equation (3.81) can be presented in terms of real frequencies. Using expressions for retarded and advanced functions, we obtain
 
 end p.59
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 FIG. 3.3. Contour of integration over d p. After shifting the contour into the upper half-plane, the integrals are determined by poles.
 
 (3.84)
 
 Integration over d p can be performed by shifting the contours of integration into the upper half-plane of the lie complex variable p. For | > | |, the contribution to the integrals come from the pole
 
 for the
 
 retarded fund ion and from the pole for the advanced fund ion (see Fig. 3.3). If | | < | |, the poles are at for both the retarded and advanced functions. Therefore, for | | < | |, the retarded and advanced functions are equal to each other, and the integral vanishes. We have
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 (3.85)
 
 Equation (3.85) is nothing but eqn (1.57). To see this we use eqn (3.42) and express p in terms of e through eqn (3.76). Equation (3.85) gives the same value of Tc as eqn (3.81), of course. It can also be used to get the order parameter value at zero temperature: (3.86)
 
 Therefore, at T = 0, (3.87)
 
 3.5 Perturbation theory 3.5.1 Diagram technique Let us assume that the operator consists of a main part plus a small correction. For example, we can consider the case when the magnetic field and end p.60
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 the order parameter are small. We can separate the operator corresponding to a free particle
 
 into the part
 
 (3.88)
 
 and a perturbation defined by eqn (3.70) so that . There is not small but the magnetic field is may be other possibilities; for example, small, etc. Let us look for the Green function in the form of an expansion in powers of perturbation. We write
 
 where
 
 Green function of a free particle:
 
 and the correction
 
 satisfies the equation
 
 The full Green function can be written as a series
 
 or in the form of the Dyson equation (3.89)
 
 The Dyson equation (3.89) is equivalent to the Gor’kov equation (3.18). The same expansion holds also for retarded and advanced functions, as can be seen from eqns (3.40). The series expansion and the Dyson equation can also be represented as graphs. Let us ascribe a single line to the Green function Green function
 
 , a double line to the full
 
 . Two ends represent two coordinates x1 and x2 We denote the
 
 interaction by a wavy line with one coordinate. As a result, the full Green function can be presented either as an infinite series of diagrams, Fig. 3.4(a), or as an graphical Dyson equation, Fig. 3.4(b).
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 3.5.2 Electric current The electric current can be calculated using eqn (3.38) and the Green function which can be found, for example, by means of the perturbation theory. We have
 
 end p.61
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 FIG. 3.4. Diagrammatic representations for the Green function. (a) The perturbation series. (b) The Dyson equation.
 
 In the momentum representation we have (3.90)
 
 The last term is called the diamagnetic term. It should disappear in the normal state if one neglects the Landau quantization in a magnetic field. We prove this using the Green function of the normal state. In the presence of magnetic field
 
 in the leading approximation in A. Since
 
 p k
 
 p
 
 vFk, we get
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 The first term does not give a contribution to the current. Since p
 
 k, we have
 
 We use the identity
 
 Therefore,
 
 end p.62
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 The corresponding contribution to the current is
 
 This cancels the diamagnetic term. end p.63
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 4 SUPERCONDUCTING ALLOYS Nikolai B. Kopnin
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 Abstract: This chapter explains how to incorporate scattering by random impurity atoms into the general Green function formalism of the theory of superconductivity. The cross-diagram technique based on the averaging over
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 random impurity positions is derived using the Born approximation for the scattering amplitude. Impurity self-energy is derived. Homogeneous state of an s-wave superconductor is considered. Keywords: alloys, impurity, Born approximation, cross-diagram technique, self-energy We learn how to incorporate scattering by random impurity atoms into the general Green function formalism of the theory of superconductivity. The cross-diagram technique is derived using the Born approximation for the scattering amplitude.
 
 4.1 Averaging over impurity positions We describe a simple and powerful method how one can incorporate the interaction between electrons and random impurity atoms into the general BCS scheme. The method has been developed by Abrikosov and Gor’kov (1958). It is assumed that physical properties of a superconductor containing a large amount of random impurities can be obtained by averaging over realizations of the disordered impurity potentials. Another assumption is the Born approximation which implies that the scattering potential is small compared to the characteristic atomic potential the latter being of the order of the Fermi energy of the host material. Each impurity interacts with electrons via a potential u(r ra) where ra is the position of an impurity atom. Let us consider this interaction as perturbation and calculate the Green function. We assume for simplicity a homogeneous order parameter. Generalization for a spatially dependent order parameter is straightforward. The Green function has the form
 
 Here (0) refers to a superconductor without impurities. Note that the Green functions on the both sides of each impurity potential have the same frequency n because the impurity scattering is elastic. We introduce the Fourier transformed Green functions and find
 
 end p.64
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 FIG. 4.1. Graphic representation of interaction with impurities.
 
 (4.1)
 
 We omit the index n for brevity. This series can be presented graphically as lines separated by crosses, where each cross designates the scattering potential u, Fig. 4.1 Since the impurity atoms are distributed randomly, summation over positions of impurity atoms can be substituted with integration over their coordinates, i.e., with the averaging over positions of impurities and multiplication by the number of impurity atoms
 
 where nimp is the concentration of impurity atoms. The integration results in -functions of the corresponding differences of momenta in eqn (4.1). The first-order correction in eqn (4.1) gives (4.2)
 
 In the second-order correction we separate first the terms with ra rb, i.e., the terms where the impurity scattering occurs on different atoms. The average gives the -functions (p p1) and (p p1). The second-order term becomes (4.3)
 
 If we now collect the terms of all orders in u where scattering; occurs on different atoms we obtain the effective correction to the Hamiltonian in the form
 
 This term is not important: it can be incorporated in the chemical potential. We shall omit this contribution in what follows. Consider now the second-order term where scattering occurs at the same atom ra = rb. The sum gives
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 (4.4)
 
 Here we introduce the “self-energy” (4.5)
 
 Since both p and p1 are close to the Fermi surface, the scattering amplitude depends only on the angle between p and p1: |u(p p1)|2 = |u( )|2. The scattering amplitude determines the scattering mean free time. In the normal state it is (4.6)
 
 One can introduce the scattering cross section
 
 p, p1 .
 
 In the Born approximation
 
 The scattering mean free time becomes
 
 For an isotropic scattering by impurities |u( )|2 = const, the self-energy is independent of the momentum direction: (4.7)
 
 Here the scattering mean free time is (4.8)
 
 The corresponding contribution to the Green function can be shown on, a diagram as a dashed line connecting two crosses belonging to the same atom
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 (see Fig. 4.2). Consider now higher-order terms in u. The terms where all the atoms are different have already been taken into account. The rest can be separated into two groups. The first contains such scattering processes that each atom only participates twice. On a diagram this corresponds to various combinations of dashed lines connecting two crosses. The second group involves processes where each atom participates more than twice. One can show that the contribution from more than two crosses per atom is smaller than that from two crosses per end p.66
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 FIG. 4.2. (a) Averaging over positions of one atom. (b) First-order self-energy.
 
 FIG. 4.3. Averaging over positions of two atoms. (a) and (b) Dashed lines do not cross. (c) Dashed lines cross, which restricts the interval of the momentum directions. atom by a factor u/EF for each extra cross. Indeed, the diagram with three crosses gives
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 We put ra = rb = rc = r and integrate over d3r. We get
 
 where
 
 end p.67
 
 第3页 共7页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved
 
 2010-8-8 11:07
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 第4页 共7页
 
 FIG. 4.4. The condition that all the momenta are close to the Fermi surface imposes a restriction on the momentum directions. The estimate shows that compared to
 
 (0)
 
 (3)
 
 ~ nimpv2(0)u3(p). It has an extra factor v(0)u(p) as
 
 . Since
 
 the factor v(0)u(p) ~ u/EF The ratio u/EF 1 in the Born approximation. It is this approximation which we adopt for our consideration of the impurity scattering. Therefore, the processes with two crosses per atom are sufficient for us. The processes where each atom participates only twice can be of two different types shown in Fig. 4.3. The first type has dashed lines which do not intersect, Fig. 4.3 (a,b). The second type has intersecting lines. Fig. 4.3 (c). For example the diagram with four crosses gives
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 The intersecting lines correspond to ra = rc and rb = rd. After averaging we obtain
 
 All the momenta which are arguments of the Green functions should be close to the Fermi surface, |pi| pF. This condition imposes a restriction on the integration range over the angles of the momenta (see Fig. 4.4). For example, end p.68
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 FIG. 4.5. Graphic Dyson equation for interaction with impurities. the range of the azimuthal angle
 
 ~ G/G ~
 
 p/EF.
 
 The characteristic
 
 , therefore, this restriction reduces the contribution from the intersecting diagram by the factor . This factor is small for metals 1/ (pF ) 1. Therefore, we can neglect all intersecting diagrams. On the contrary, the diagram without intersections corresponds to either ra = rb and rc = rd (Fig. 4.3 a) or ra = rd and rb = rc (Fig. 4.3 b). These diagrams do not have restrictions on the integration over the angles, therefore, they have to be taken into account. After summation of all the diagram, we obtain an expression of the type of eqn (4.4) where the function (0)(p1) in the self-energy and the function (0)(p) from the right are replaced with the total Green function containing all the diagrams: (4.9)
 
 where the total self-energy is (4.10)
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 For isotropic scattering, we have (4.11)
 
 The Dyson equation (4.9) is presented graphically in Fig. 4.5. It is equivalent to the equation for the total Green function in the form (4.12)
 
 with the operator
 
 where is defined by eqn (3.28). The matrix self-energy can be written in components: (4.13)
 
 The method of averaging over the impurity atoms which leads to the Dyson equation in the form of Fig. 4.5 is called the cross-diagram technique. Its characteristic feature is the absence of intersecting lines (impurity averaging) which connect different crosses (impurity atoms). end p.69
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved The Born approximation provides quite satisfactory description of interaction of electrons with impurity atoms in many cases. Sometimes, it is, however, not sufficient for describing fine details of electronic properties, especially in d-wave superconductors. Beyond the Born approximation, one has to take into account various processes with more than two crosses per atom. This results in a substitution of the Born amplitude u(p) with the full scattering amplitude. For a strong scattering potential, the so-called unitary limit, the exact amplitude may be substantially different from that in the Born approximation. We do not consider such problems here. Some examples of full scattering amplitude analysis have been discussed by Buchholtz and Zwicknagl (1981). Graf et al. (1995), and Graf et al. (1996).
 
 4.1.1 Magnetic impurities
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 Considering interaction of electrons with impurities one has to distinguish between the scattering by nonmagnetic impurities and that by impurity atoms having a finite magnetic moment (Abrikosov and Gor’kov 1960). We already noticed that magnetic impurities scatter differently the two electrons which make a Cooper pair because of different spin states of the constituent electrons in the potential of the magnetic impurity. Recall that the functions G, on one hand, and F, F , on the other hand, have different spin structures; G is proportional to the unit matrix in the spin state, while F is proportional to the antisymmetric matrix i y. Therefore, the scattering amplitudes contain different projections of the impurity spin operators. One can write, therefore, (4.14)
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 and similarly for
 
 in terms of
 
 . On the other hand,
 
 (4.15)
 
 with a similar expression for
 
 in terms of F .
 
 The corresponding scattering times are (4.16)
 
 (4.17)
 
 One can define the difference of these scattering rates as (4.18)
 
 where s is the spin-flip scattering time. It can be shown (Abrikosov and Gor’kov 1960) that end p.70
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 (4.19)
 
 Here u+ is the scattering amplitude for an electron in the state with the total spin S + 1/2, and u is the scattering amplitude for an electron in the state with the total spin S 1/2; S is the spin of an impurity atom. This is the so-called spin-flip time: the average time between collisions resulting in a change of the spin state of an electron. The scattering amplitudes can be parametrized by two different scattering cross sections 1 and 2 associated with the diagonal and off-diagonal components (i.e., with either the functions G and Green function , respectively,
 
 or the functions F and F
 
 of the matrix
 
 4.2 Homogeneous state of an s-wave superconductor Consider a homogeneous s-wave superconductor without magnetic impurities. We assume also that the magnetic field is absent. In the Fourier representation, the Gor’kov equations are (4.20)
 
 (4.21)
 
 We shall see later that can take
 
 to be real and thus F = F
 
 . Moreover, for a homogeneous state, one and
 
 . The solution becomes
 
 (4.22)
 
 (4.23)
 
 The self-energies are (4.24)
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 The Green functions for a homogeneous state depend only on the magnitude of the momentum. We shall see that the momentum integrals here are determined by the region near the Fermi surface. Therefore,
 
 end p.71
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 since the Green functions do not depend on the momentum direction. We have
 
 We shall see that 1 is imaginary while 2 is real. Therefore, the first two integrals result in real quantities which are determined by large p and thus depend only on the normal properties of the system. We can incorporate these contributions to the chemical potential and disregard them in further calculations. The third integral can be calculated by residues. It gives (4.25)
 
 For 2, the normal-state part is absent since F decreases quickly enough as a function of p. Calculating it by residues, we find (4.26)
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 Equations (4.25) and (4.26) imply that (4.27)
 
 where the function
 
 n
 
 is
 
 (4.28)
 
 Finally, the Green functions become (4.29)
 
 end p.72
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 The function drops out after the integration over d p! The gap equation for a superconducting alloy with an s-wave pairing in a spatially homogeneous state is exactly the same as for a clean superconductor. This means that neither the critical temperature nor the order parameter is affected by impurities. This statement holds for an s-wave superconductor and is known as the Anderson theorem. end p.73
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 5 GENERAL PRINCIPLES OF THE QUASICLASSICAL APPROXIMATION Nikolai B. Kopnin Abstract: This chapter introduces the quasiclassical Green functions integrated over the energy near the Fermi surface. Using these functions, the expressions for supercurrent, electron density, and order parameter are derived. Self-energy, Eilenberger equations, and the normalization condition are derived for the quasiclassical Green functions. How to reduce the Eilenberger equations to diffusion-like Usadel equations in the case of superconducting alloys is shown. The boundary conditions for the quasiclassical Green functions at a rough interface between a superconductor and an insulator are derived. Keywords: quasiclassical Green functions, normalization, self-energy, Eilenberger equations, Usadel equations, boundary conditions The quasiclassical Green functions integrated over the energy near the Fermi surface are introduced. Eilenberger equations and the normalization condition are derived for the quasiclassical Green functions. It is shown how to reduce the Eilenberger equations to diffusion-like. Usadel equations in case of superconducting alloys. The boundary conditions for the quasiclassical Green functions at a rough interface between a superconductor and an insulator are derived.
 
 5.1 Quasiclassical Green functions
 
 第1页 共5页
 
 As we already discussed in the Introduction, all presently known superconductors have the Fermi energy considerably larger than . This condition is especially well satisfied for conventional, low-temperature superconductors where the ratio EF/ can be as high as 103. For high-temperature superconductors, the ratio EF/ is not that high; nevertheless, it still ranges by the order of magnitude from 10 to 102. The BCS theory appears to be so successful mostly because it benefits essentially from the situation when the superconducting order parameter magnitude is much smaller than the characteristic energy of the normal state, i.e., the Fermi energy. In such a case, the Fermi momentum is much larger than 1 ~ / F such that the condition eqn (1.61) is the inverse coherence length satisfied. This fact offers a possibility to develop a relatively simple and powerful method of dealing with the Green functions in the BCS theory based on the quasiclassical approximation. The quasiclassical method is now commonly accepted; it is widely used for practical calculations especially for problems where the order parameter and electromagnetic fields are functions of coordinates and time. In the present chapter we introduce the quasiclassical method for stationary properties of superconductors. Nonstationary problems are considered
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 in the following parts of the book. The definitions of physical quantities involve the Green functions whose spatial coordinates are taken in the limit r1 r2. In the momentum representation, the limit r1 r2 corresponds to the integration over the momentum space. The definitions of physical quantities would now contain Green functions integrated with various powers of the quasiparticle momenta. For example, the order parameter of an s-wave superconductor contains the function F (p+, p ) integrated with the momentum to the zeroth power. The order parameter of a d-wave superconductor involves second powers of components of p. The current is expressed end p.77
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved through G (p+, p ) integrated with the first power of p, etc. The fastest function, under these integrals is the Green function itself: as a function of p, it varies strongly near the Fermi surface when p changes by an amount p of the order of . Since this variation p is much smaller than EF the magnitude of the quasiparticle momentum p remains close to the Fermi momentum. Indeed, the variation of the momentum magnitude is p ~ p/ F ~ 1
 
 such that p/pF ~ (PF ) 1 1. Here we use again the quasiclassical condition eqn (1.61), namely that pF is a large number. It means that, in all the prefactors in front of the Green function, we can put the momentum magnitude to be at the Fermi surface. In particular, one can parameterize the momentum-space integral using the Fermi surface defined for the normal state: (5.1)
 
 where d p/ F is the momentum increment in the direction perpendicular to the Fermi surface while dSF is the Fermi-surface area element. For simplicity, we shall consider mostly a spherical Fermi surface. If the Fermi surface is a sphere, , and we recover eqn (3.78). Generalizations for more complicated Fermi surfaces are straightforward. Of course, in the superconducting state, the Fermi surface is not defined in a strict sense because a gap in the energy spectrum opens near the original position of Fermi surface in the normal state. However, if the energy gap is much smaller than the original Fermi energy, the latter can still be used as a reference energy for the variable
 
 Recall that En is the electronic spectrum in the normal state. All the expressions for physical quantities now contain the Green functions integrated over d p near the Fermi surface and then multiplied with various functions of the particle momentum directions. Since these expressions do not use energies of the order of the Fermi energy, the question arises: Is it possible to develop such a formalism that operates only with the Green functions taken near the Fermi surface? Or, what would be even better, can one develop a method which uses only Green functions already integrated over d p near the Fermi surface? The answer is yes: we show how this should be done in the present chapter. The new formulation of the theory of superconductivity was
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 elaborated first by Eilenberger (1968), Eliashberg (1971), and Larkin and Ovchinnikov (1977). It is much simpler to handle than the original approach which uses the full Green functions. Fundamentals of the quasiclassical method can be found in the review by Serene and Rainer (1983). We turn now to definitions of the quasiclassical Green functions. Integrating over the energy near the Fermi surface we note that it is easy to define the integrals (5.2)
 
 end p.78
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 p
 
 T,
 
 since F and F
 
 decrease as
 
 . This
 
 is due to the fact that the functions F and F exist only in the superconducting state. The integrals are, of course, determined by contributions from the quasiparticles having energies near the Fermi surface. These quasiparticle states correspond to the poles of the Green functions. We denote this fact by (5.3)
 
 (5.4)
 
 where shows that we take the contributions from poles close to the Fermi surface. The particle momentum lies at the Fermi surface, the only variable is the momentum direction; we use this fact and denote direction of p.
 
 the unit vector in the
 
 However, the full integral over d p diverges for the function G. This is because G contains the normal part which decays slowly for large p. We can, however, introduce the integral (5.5)
 
 which only takes the contribution from poles near the Fermi surface. With help of eqn (3.78) the full integral over the magnitude of the momentum can be written as (5.6)
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 where is the zero-field Green function in the normal state. In the last line, the integral over d p converges; it is thus determined by poles near the Fermi surface. The accuracy of this approximation is again of the order of /EF. Since
 
 and
 
 we have (5.7)
 
 Therefore,
 
 end p.79
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 so that (5.9)
 
 where
 
 means the principal value integral.
 
 In the same way we introduce (5.10)
 
 so that (5.11)
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 and (5.12)
 
 We can see that the large- p contribution to the full momentum integral of G only depends on the properties of the material in the normal state. All the superconducting properties are included into the functions g, f, etc., determined by a vicinity of the Fermi surface. The functions
 
 are called quasiclassical Green functions. The large- p contributions are important, for example, when we calculate the density of electrons in the superconducting state. We consider this issue in the next section. We have defined the quasiclassical function in a symmetric way with respect to incoming p+k/2 and outgoing p k/2 momenta in eqns (5.3), (5.4), and (5.5). Making shift in the momentum p, one observes that also, with the accuracy of the quasiclassical approximation, (5.13)
 
 and similarly for f and f . end p.80
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 The integration over d p is the integration over the magnitude of the momentum; it is equivalent to the limit r1 r2 taken along the direction of the quasiparticle momentum p. The result thus depends on the unit vector
 
 .
 
 The term “quasiclassical Green function” means that the fast oscillations of the Green function associated with variations of the relative coordinate r1 r2 on a scale of are excluded. They are not relevant to the superconducting properties. Instead, there remains only a slow dependence on the center-of-mass coordinate
 
 1 on a scale of characteristic to the superconducting state. Sometimes we use a mixed Fourier-coordinate representation
 
 (5.15)
 
 which deals with the functions of the center-of-mass coordinate and of the particle momentum direction. To make the formulas more compact, we introduce the matrix notation (5.16)
 
 where the matrices in the Nambu space are constructed out of g, f, etc., in the same way as the matrix is made of G, F, etc.
 
 5.2 Density, current, and order parameter Using the momentum space volume element in the form of eqn (3.78) the electron density can be written as
 
 第1页 共7页
 
 2010-8-8 15:18
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 where
 
 Introducing the normal-state electron density end p.81
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 we find (5.17)
 
 Note that the procedure of taking the limit is only important for the normal-state part of the Green function: there is no singularity in the last two terms for large n. Indeed, the sum in eqn (5.17) is (5.18)
 
 because the function under the sum is odd. Therefore, (5.19)
 
 Similarly, (5.20)
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 Combining eqns (5.19) and (5.20) we get (5.21)
 
 Note that the sums of the type of eqn (5.18) in eqn (5.21) cancel each other. We shall see later that always (5.22)
 
 in a static situation. This is a consequence of the particle–hole symmetry of a superconductor as a Fermi-liquid, i.e., the symmetry between “particles” defined as excitations in the part of the spectrum with p > 0 and “holes” with p < 0. end p.82
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved This properly holds only for quasiparticle states near the Fermi surface and is in addition to the general relation (3.44) or (3.45). The particle–hole symmetry is conserved in expressions for the order parameter, the current and the particle density within the quasiclassical approximation which assumes a linear dependence of the phase–space volume on p and uses a fixed value of the particle moment inn magnitude |p| = pF If the density of slates and /or the momentum magnitude are energy dependent, the particle–hole symmetry is broken in expressions for the physical observables. In particular, the electron density in the quasiclassical approximation does not change after a transition to an equilibrium superconducting state:
 
 The expression for the electric current can be transformed as follows:
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 The diamagnetic term in this equation, is canceled by the largefrom the normal-state Green function
 
 p
 
 contribution
 
 (p+, p ) in the same way as it
 
 happened in Section 3.4. Finally, (5.23)
 
 Similarly, (5.24)
 
 end p.83
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 The order parameter can also be written in terms of a function. For an s-wave superconductor,
 
 p-integrated
 
 Green
 
 (5.26)
 
 or (5.27)
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 Similarly, (5.28)
 
 For nontrivial pairing, the order parameter equations contains the corresponding normalized moment of the pairing potential. For example, in case of d-wave pairing, the order parameter is (5.29)
 
 where , etc. For simplicity, we assume an s-wave pairing if not specified otherwise. Using the quasiclassical representation, one can write the expression for the variation of the thermodynamic potential eqn (3.71) in the form (5.30)
 
 where now (5.31)
 
 instead of eqn (3.70).
 
 5.3 Homogeneous state For further use we calculate the functions g, f, etc., for a homogeneous case. We have
 
 end p.84
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 and, similarly, (5.33)
 
 The integration is performed by shifting the contour of integration to either upper or lower half-plane of p, see Fig. 3.2. To calculate g we write (5.34)
 
 The two terms in the second line cancel each other. Using the contour of Fig. 3.2 we obtain from the third line (5.35)
 
 We find in exactly the same way (5.36)
 
 We see from these equations that (5.37)
 
 This is in agreement with the general relation eqn (5.22). Another useful relation is the so-called normalization condition which is satisfied by the functions g, f, and f : (5.38)
 
 Equations (5.37) and (5.38) can be combined into one matrix equation (5.39)
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 end p.85
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 eqn (5.39) is satisfied because of eqns (5.37, 5.38). We shall prove later that eqn (5.39) holds also in a general spatially nonhomogeneous case for any stationary situation.
 
 5.4 Real-frequency representation Equations for the order parameter, the current, and the particle density can be presented in terms of real-frequency Green functions, as well, using the recipe (5.40)
 
 This transformation can also be used for the particle density because the normal-state contribution vanishes due to an odd parity of tanh ( /2T). The quasiclassical retarded and, advanced functions Matsubara functions
 
 can be obtained from the
 
 by an analytical continuation using the relation
 
 (5.41)
 
 (5.42)
 
 The retarded function is the Matsubara function continued analytically from the positive imaginary axis while the advanced function is its continued from the negative imaginary axis. The functions gR and gA, in particular, determine the density of states. Indeed, we know from eqn (3.62) that
 
 is the density of states per one spin projection. We observe now that (5.43)
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 is the density of states near the Fermi surface (per one spin) for a given momentum direction.
 
 5.4.1 Example: Homogeneous state First of all, we note that, in the normal state
 
 end p.86
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 FIG. 5.1. The plane of complex with the cut. It is this plane where the retarded and advanced functions for a homogeneous state are defined. Therefore, (5.44)
 
 in the normal state. In a homogeneous superconductor, we obtain from eqn (5.35) (5.45)
 
 The infinitely small complex part i is introduced to demonstrate the analytical properties of the functions. We can also define as an analytical function on the plane of complex with the cut connecting the points | | and +| | (see Fig. 5.1). This is the definition which results in eqn (5.44) in the limit| | 0. With this definition, we have for | | > | | (5.46)
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 To get the function gR in the region | | < | |, we continue the square root to the upper edge of the cut; it becomes . To get g , we continue the square root to the lower edge of the cut; it becomes A
 
 . Therefore, we have for | | < | | (5.47)
 
 The functions gR(A) are thus “even” in This contrasts to and
 
 for | | > | | and odd in
 
 which is always odd in
 
 n.
 
 for | | < | |.
 
 Of course, the functions
 
 are coupled through eqn (5.37), i.e., (5.48)
 
 Similarly, (5.49)
 
 One has for | | > | | end p.87
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 and (5.51)
 
 for | | < | |. The functions fR(A) are odd in for | | > | | and even in for | | < | |. Retarded and advanced function also satisfy the normalization condition of eqn (5.39). One can find the density of states in a homogeneous superconductor. One has from eqn (5.43)
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 It diverges near the gap edge and is zero for | | < | |: there are no states within the energy gap.
 
 5.5 Eilenberger equations To derive equations for the quasiclassical Green functions we consider the Gor’kov equations in the momentum representation (5.52)
 
 Here we use the shortcut notation (5.53)
 
 We write the inverse operator as (5.54)
 
 Here
 
 is the self-energy matrix with the components (5.55)
 
 The zero-order inverse operator is (5.56)
 
 and the effective Hamiltonian is [compare with eqn (3.70)] (5.57)
 
 We include the scalar electromagnetic potential into the Hamiltonian eqn (5.57) because = EF e while we measure energy from the Fermi level: end p.88
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 which is also small in the same parameter, eqn (1.61), that determines the accuracy of the quasiclassical approximation. The left-sided Gor’kov equation becomes (5.58)
 
 Similarly, the right-sided equation is (5.59)
 
 where (5.60)
 
 Let us now subtract two eqns (5.58) and (5.59). We have (5.61)
 
 The term with p drops out, being proportional to the unit matrix which commutes with any matrix. We can now integrate this equation over d p near the Fermi surface to obtain (5.62)
 
 With the quasiclassical accuracy, we can put everywhere |p| = pF so that and Fourier representation:
 
 . The product
 
 is a usual product in the
 
 The “collision integral” is (5.63)
 
 It is the matrix in the Nambu space with the components
 
 The equation for the real-frequency Green functions can be obtained by continuation of all Green functions in eqn (5.62) onto the real frequency axis from end p.89
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved the positive or from the negative imaginary axis for retarded or advanced Green functions, respectively. We have (5.64)
 
 where (5.65)
 
 Equations (5.62) or (5.64) are the famous Eilenberger equation (Eilenberger 1968) for quasiclassical Green functions. Note that the scalar potential e disappears from the Eilenberger equations in the stationary case because it enters
 
 with the unit matrix and commutes with any matrix
 
 .
 
 5.5.1 Self-energy
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 The self-energies can also be presented in terms of the For example, the impurity self-energy eqn (4.10) is
 
 p-integrated
 
 functions.
 
 (5.66)
 
 For isotropic scattering, (5.67)
 
 The momentum integral can be written as
 
 The last term gives equal positive contributions to both 1 and ; being proportional to the unit matrix, it can thus be incorporated into the chemical potential. It then drops out of the Eilenberger equation. One can write finally (5.68)
 
 or (5.69)
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 For isotropic scattering, we obtain (5.70)
 
 or (5.71)
 
 end p.90
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 or, more generally, (5.73)
 
 for a nonspherical Fermi surface. The quantity density of states at the Fermi surface
 
 (0) here is the integrated
 
 For magnetic impurities one has from eqns (4.14) and (4.15) (5.74)
 
 (5.75)
 
 The scattering amplitudes can be parametrized by two different scattering cross sections 1 and 2 associated with the diagonal and off-diagonal components (i.e., with either the functions g and or the functions f and f ) of the matrix Green function , respectively. As in eqns (5.74) and (5.75),
 
 One can defne the scattering times according to eqns (4.16), (4.17) together with the spin-flip time eqn (4.18). Let us introduce the cross sections
 
 The spin-flip scattering cross section is positive according to eqn (4.19) (Abrikosov and Gor’kov 1960), however, it is usually much smaller than the
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 nonmagnetic cross section
 
 We can write
 
 (5.76)
 
 The first term describes the scattering without changes in the spin state of electrons and coincides with the scattering by nonmagnetic impurities while the end p.91
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 .
 
 The impurity collision integral for nonmagnetic scattering eqn (5.63) or (5.65) is expressed through nonmagnetic self-energies defined by eqn (5.76). The collision integral vanishes after averaging over the momentum directions: (5.77)
 
 This is because (5.78)
 
 Equation (5.77) does not hold, however, for the spin-fip scattering integral: (5.79)
 
 because the matrices
 
 and
 
 do not commute.
 
 Another useful relation is (5.80)
 
 where
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 is the transport cross section. To prove it we note that . Multiplying this by
 
 directed along
 
 , should be , we find
 
 which proves eqn (5.80), We shall also use the transport mean free time defined as (5.81)
 
 We have considered the impurity scattering in detail here. The phonon self-energy can also be expressed through the quasiclassical Green functions. We shall discuss this later in Section 8.2.
 
 5.5.2 Normalization In the mixed Fourier-coordinate representation of eqn (5.15), the Eilenberger equation for
 
 becomes
 
 (5.82)
 
 Here the product here are functions of components. We have
 
 is just the usual product of two matrices. All the functions and r. The matrix Eilenberger equation can be written in
 
 end p.92
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 We observe in particular that the Eilenberger equations together with the quasiclassical functions for a stationary superconductor are invariant tinder the gauge transformation of eqn (1.7). From the first two equations we see immediately that g and independent:
 
 are not
 
 To find the constant we assume that our superconducting state transforms gradually into a homogeneous state without impurities at large enough distances along the direction of vF from the region which is under consideration for a given problem. Moreover, we assume that the magnetic field vanished at these distances. In a homogeneous ease, the constant is zero according to eqn (5.37);
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 this implies that g + = 0 everywhere along vF, i.e., in any inhomogeneous situation, as well. Using this condition, we see that there are only three independent functions, i.e., g, f, and f
 
 which satisfy three equations
 
 (5.83)
 
 (5.84)
 
 (5.85)
 
 However, they are still not completely independent due to the normalization condition of eqn (5.38). It was obtained for a homogeneous superconductor. To prove it for a general case, we multiply the matrix Eilenberger equation (5.82) by first from the left and then from the right, and add the two thus obtained equations. We have
 
 The solution of this equation has the form (5.86)
 
 where A and B are constants. At large distances, i.e., in a homogeneous state without impurities, we have A = 1 and B = 0. Therefore, they should have the same values also for a nonhomogeneous case. This proves eqn (5.39) together with eqns (5.37) and (5.38). end p.93
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 The Eilenberger equations take the form (5.88)
 
 The Eilenberger equations for the real-time retarded and advanced functions are obtained from eqns (5.83)–(5.85) by substitution i n = : (5.89)
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 (5.90)
 
 (5.91)
 
 Retarded and advanced Green functions also satisfy the normalization condition (5.39). Therefore, only two of the equations (5.89), (5.90) and (5.91) are independent.
 
 5.6 Dirty limit. Usadel equations The Eilenberger equations can be simplified considerably in the dirty limit (Usadel 1970), when the impurity scattering rate or the mean free path satisfies the condition
 
 This limit applies only for s-wave superconductors where momentum direction.
 
 is independent of the
 
 A strong scattering by impurities produces averaging over momentum directions. Therefore, in the first approximation, the Green function does not depend on the momentum directions. The first-order correction is linear in vF. We can thus write (5.92)
 
 where 0 does not depend on directions of vF, and |g| vector in the direction of momentum. Therefore
 
 g0;
 
 is the unit
 
 The normalization condition gives (5.93)
 
 Consider a superconductor without magnetic impurities. The nonmagnetic collision integral is determined by eqn (5.83). As we know, it vanishes after end p.94
 
 第5页 共7页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved averaging over the momentum directions, eqn (5.77). Let us average eqn (5.88) over directions of vF. We obtain (5.94)
 
 We now multiply eqn (5.88) by
 
 and average it over momenta. We have
 
 (5.95)
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 We use here eqns (5.80) and (5.81). In the dirty limit, we can neglect the terms . Multiplying this equation by with eqn (5.93), we get
 
 0
 
 and using the normalization condition
 
 (5.96)
 
 where
 
 .
 
 Equation for the averaged functions becomes (5.97)
 
 where D = form
 
 F tr/3
 
 is the diffusion constant. In components, eqn (5.97) has the
 
 (5.98)
 
 and (5.99)
 
 These equations are known as the Usadel equations. We can easily get the expression for the current from eqn (5.96): (5.100)
 
 The normal-state Drude conductivity is (5.101)
 
 In a homogeneous case, | | = const, we have (5.102)
 
 end p.95
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 5.7 Boundary conditions To solve the Eilenberger equations one needs some boundary conditions. They are imposed either at the surfaces of the superconductor or in the bulk, i.e., at large distances from those regions where the spatial dependence of the Green functions is nontrivial. The boundary conditions in the bulk are more or loss obvious: one has to match the obtained solution with the- Green functions for a homogeneous situation. The boundary conditions at the surfaces depend on the characteristics of the particular surface and vary from one surface to another. In general, boundary conditions can be formulated in terms of the scattering T-matrix (Serene and Rainer 1983). However, in their general form, these conditions are rather complicated. We discuss briefly a few simple examples of quasiclassical conditions at various boundaries. The boundary conditions for dirty superconductors reduce to the boundary conditions for diffusion-like Usadel equations (5.97). They are usually formulated in terms of continuity of quasiparticle currents. For example, at the interface between the superconductor and vacuum (non-conducting medium), the current through the surface should vanish. According to eqn (5.100) this requires
 
 at the boundary. Here n is the unit vector normal to the surface. For clean superconductors, the boundary conditions are more complicated. The whole set of conditions at interfaces between superconductors and metals or other conducting media was derived by Zaitsev (1984). In this section, we discuss the boundary conditions which can be imposed for a clean superconductor at the boundary with vacuum. We consider two kinds of surfaces. First is a completely smooth surface which is characterized by specular reflection of incident quasiparticles. Specular reflections require that the Green function of the reflected particle taken at the surface r = r is equal to that before the reflection: (5.103)
 
 where p|| and p
 
 are the parallel and perpendicular to the surface components of
 
 the particle momentum. Equation (5.103) automatically results in vanishing of the current through the surface. Another example is a diffusive surface.
 
 5.7.1 Diffusive surface Diffusive surface reflects the incident particles randomly. The conditions at a diffusive surface are much more complicated (Serene and Rainer 1983). First of all, they strongly depend on the particular characteristic of the surface, for example, on the degree of diffusivity. In certain cases, a diffusively scattering boundary with an non-conducting medium (vacuum) is modeled by an impurity
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 layer which covers the surface. The thickness of the layer and the quasiparticle end p.96
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved mean free path inside the layer are assumed to be much shorter than the coherence length 0. The specular boundary conditions are applied at the outer side of the layer with respect to the superconductor (superfluid). To describe various degrees of diffusivity, the ratio of the layer thickness to the mean free path, = d/l, varies from zero (specular wall) to infinity (diffusive wall). The equations for the Green functions ought to be solved first inside the impurity layer, and then the solutions should have to be matched to those in the bulk. is In this section we describe another approach where the limit accomplished analytically for a completely diffusive surface using the method developed by Ovchinnikov (1969). It gives the boundary conditions for the Green functions which are to be applied directly at the boundary of the superconductor. For a derivation of the boundary conditions it is useful to expand the quasiclassical Green functions (5.104)
 
 into the three Pauli matrices in the Nambu space (5.105)
 
 which constitute the vector
 
 We can write
 
 (5.106)
 
 where n are the three expansion coefficients constituting a vector. Generally, the components n are functions of the coordinates and of the directions of the quasiparticle momenta, The vector n
 
 .
 
 can be expanded into three constant, basis vectors n(N), where N
 
 = 1, 2, 3, which satisfy the orthogonality conditions (5.107)
 
 where [, ]± is an anticommutator (commutator). One can easily check that, for any two non-equal vectors n(N1) and n(N2), the commutator the third n-vector:
 
 is proportional to the product of
 
 and
 
 (5.108)
 
 Note that the numbers N1, N2, and N3 constitute an even permutation of 1, 2,
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 and 3. We can now write the Green function as follows: (5.109)
 
 Above, the coefficients CN are functions of r and p. Due to the normalization end p.97
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 the coefficients CN satisfy the condition (5.110)
 
 The function in eqns (5.109) can be either retarded (advanced) or Matsubara Green function. The quasiparticle self-energy due to impurity scattering inside the layer is (5.111)
 
 where c is the impurity concentration, in the layer, and
 
 pp
 
 is the scattering
 
 cross section. The mean free time is (5.112)
 
 The Eilenberger equation for the Green function inside the layer has the form (5.113)
 
 From the definition of the impurity self-energy one has, identically, (5.114)
 
 Deep in the boundary layer, the Green function depends neither on the distance form the surface of the layer nor on the momentum direction due to isotropization in the course of the scattering. Therefore, it can be presented in the form with the vector n(l) independent of p and of the distance from the surface of the layer. However, the vector n(l) may have a smooth dependence on the position at the layer surface, r , if the boundary is not
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 planar. We choose this vector n(l) as one of the basis vectors for the -expansion. One can present the Green function near the layer surface in the form (5.115)
 
 where the vectors n(2) and n(3) are the other two constant basis vectors. Due to the normalization condition of eqn (4) we have (5.116)
 
 The coefficients C2 and C3 now contain all the information on the coordinate and momentum dependencies of the Green function. end p.98
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 Using eqn (5.117) and the commutation rules of eqns (5.107, 5.108), one gets (5.118)
 
 This results in the equations
 
 for the coefficients C2 and C3 in the layer. Here z is measured along the layersurface normal directed inwards the superconductor so that z < 0 corresponds to a position inside the layer. Like Ovchinnikov (1989), we assume that the scattering cross section,
 
 pp
 
 is
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 nonzero only for . Using this assumption one can eliminate the , by requiring solutions which increase exponentially as z (5.119)
 
 at the surface of the layer. There are two more conditions for the coefficients C2,3 which follow from eqns (5.114), (5.119) upon integration over the momentum directions: (5.120)
 
 Equations (5.119) and (5.120) ensure that there is no current through the interface. Using eqns (5.115), (5.119), and (5.120) one obtains for the basis vector
 
 end p.99
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 where
 
 is the unit vector in the momentum direction. Since
 
 (5.122)
 
 and (5.123)
 
 one can exclude the unknown vectors n(2) and n(3) using eqn (5.116):
 
 Since the coefficients C2 and C3 are coupled by eqn (5.119): C2 = , and C2 = C3 for
 
 C3 for
 
 , one obtains
 
 (5.124)
 
 The conditions of eqn (5.124) can also be written directly for the functions g, f, and f :
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 (5.125)
 
 These three equations determine the three functions g, f, and f . These conditions hold for both the real-frequency (retarded and advanced) and Matsubara Green functions. They are linear with respect to the functions for a given momentum direction. This fact may be very important for practical use. The coefficients, however, are the integrals of the functions over momentum directions, so the boundary conditions of eqns (5.125) are nonlinear in a strict sense. end p.100
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 6 QUASICLASSICAL METHODS IN STATIONARY PROBLEMS Nikolai B. Kopnin Abstract: This chapter demonstrates the potentialities of the quasiclassical method for selected problems in the theory of stationary superconductivity. The Ginzburg–Landau equations are derived, the upper critical field of dirty superconductors at arbitrary temperatures is calculated, and the gapless regime in superconductors with magnetic impurities is discussed. Effects of impurities on the critical temperature and the density of states in d-wave superconductors are discussed. The energy spectra of excitations in vortex cores of s-wave and d-wave superconductors are calculated. Keywords: Ginzburg– Landau equations, critical field, magnetic impurity, gapless superconductivity, d-wave superconductor, vortex, energy spectrum We demonstrate the potentialities of the quasiclassical approach for selected problems in the theory of stationary superconductivity: We derive the Ginzburg–Landau equations, calculate the upper critical field of dirty superconductors at arbitrary temperatures, and discuss the gapless regime in superconductors with magnetic impurities. We consider effects of impurities on the density of states in d-wave superconductors. Finally, we find the energy spectrum of excitations in vortex cores of s-wave and d-wave superconductors.
 
 6.1 S-wave superconductors with impurities 6.1.1 Small currents in a uniform state
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 In this chapter we consider several useful applications of the quasiclassical methods to stationary properties of superconductors. We start with a homogeneous state of an s-wave superconductor. Without a magnetic field, the Green functions do not depend on coordinates and on the momentum direction. This fact tells us that
 
 We denote the impurity scattering time simply by for brevity. Therefore, the self-energies commute with the Green functions and drop out of the Eilenberger equations. As a result, the homogeneous state does not depend on impurity concentration. We know this already as the Anderson theorem. This consideration clearly demonstrates how much simpler the quasiclassical method is as compared to the full Green function technique: without any calculations we have arrived to the conclusion which took two pages of algebra in Section 4.2. Eilenberger equations (5.84, 5.85) give
 
 Equation (5.83) vanishes. To find g and f we need to use the normalization condition eqn (5.38). We obtain
 
 The sign was chosen by comparison with our previous result. For retarded and advanced functions we recover eqns (5.46), (5.47), (5.50), and (5.51). end p.101
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 and F Tc. The latter means that variations are slow on the scale of the coherence length 0. We also assume an isotropic scattering by impurities. We solve the Eilenberger equations by perturbations. Let the Green function be
 
 where 0 is the solution for a homogeneous state and 1 is a small correction proportional to gradients and the vector potential. The first-order correction is proportional either to the dot product of and vF or to the dot product of A and vF. It is thus linear in vF. We have therefore
 
 The normalization condition (5.38) gives (6.1)
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 The corrections f1 and
 
 are found from eqns (5.84) and (5.85)
 
 (6.2)
 
 (6.3)
 
 We multiply the first equation by , the second equation by f0 and add the two equations. Using the normalization condition and eqn (6.1), we obtain
 
 We find from this equation (6.4)
 
 The current becomes (6.5)
 
 where the London penetration length is found from end p.102
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 Note that the order parameter does depend on the impurity concentration in presence of magnetic field or current and/or in presence of order parameter gradients because the Green function now contains the mean free time . The London penetration depth in the dirty case,
 
 , is determined by
 
 (6.7)
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 This sum can be evaluated using (6.8)
 
 We find
 
 L
 
 is proportional to
 
 and increases with a decrease in .
 
 One can express the density of superconducting electrons through (1.25). In the clean limit,
 
 L
 
 using eqn
 
 , the superconducting density is
 
 (6.9)
 
 In the dirty case we have (6.10)
 
 6.1.2 Ginzburg–Landau theory
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 The Ginzburg–Landau equations can easily be derived using the quasiclassical and the magnetic field are small and spatial method. Let us assume that variations of all the quantities are slow. Under these conditions, we can expand the Eilenberger equations in small gradients and in . Within the zero approximation in gradients, we have for an s-wave superconductor (6.11)
 
 (6.12)
 
 (6.13)
 
 We need the function f up to the terms which are simultaneously of the
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 third-order in and
 
 and zero-order in gradients, or of the second-order in gradients
 
 end p.103
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved of the first-order in . Within the first-order in , the function g = 1. Note that the function g contains only even powers of . Therefore, a first-order correction in gradients for the function g is simultaneously of the second order in . The first-order corrections both in the gradient and in
 
 are found from eqn (6.2)
 
 (6.14)
 
 The correction of the second-order in gradients and first-order in
 
 is found from
 
 Since g2 is zero again, we get (6.15)
 
 Performing the angular averaging we solve the resulting equation for f2 whence
 
 where we use
 
 for a spherical Fermi surface. For the third-order terms in we do not need gradients. Therefore, the final expression for the averaged Green function is (6.16)
 
 The gradient-independent terms do not contain Anderson theorem.
 
 in accordance with the
 
 6.1.2.1 Order parameter
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 In the first sum, we introduce the cut-off value as in eqn (3.81) (6.18)
 
 end p.104
 
 第6页 共7页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved Therefore (6.19)
 
 where we use the expression for the critical temperature eqn (3.83) through the interaction constant. Next, (6.20)
 
 Here we use
 
 where
 
 is the Riemann
 
 function. The equation for the order parameter becomes
 
 (6.21)
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 where
 
 and (6.22)
 
 The function
 
 For clean superconductors
 
 the coefficient
 
 The condition of a small is T. This is satisfied for T ln(Tc/T) 1 T/Tc. We finally obtain
 
 Tc. Therefore,
 
 (6.23)
 
 Equation (6.23) is identical to the famous Ginzburg–Landau equation (1.12) for the order parameter. It was derived microscopically by Gor’kov (1959 a, 1959 c). end p.105
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [106]-[110] Equation (6.23) determines the constants , , and introduced on page 4. The constants and were already defined by eqn (1.8). The constant is (6.24)
 
 The equilibrium order parameter is (6.25)
 
 The GL equation determines the temperature-dependent coherence length, i.e., characteristic scale of variations of : (6.26)
 
 We have already encountered it on page 6. For clean superconductors
 
 where 0 = F/2 Tc is the zero-temperature coherence length. For dirty superconductors
 
 The condition of slow variations of the order parameter implies that
 
 This is always satisfied for T
 
 Tc.
 
 6.1.2.2 Current To find the current, we can use the results obtained earlier. We take eqn (6.5) 0 in the denominator. We reproduce eqn (1.13) which can be and put written as (6.27)
 
 第1页 共7页
 
 2010-8-8 15:28
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 using the microscopic value for . With this expression for the supercurrent we find, in particular, that the density of superconducting electrons is
 
 in clean superconductors. For dirty superconductors (6.28)
 
 This agrees, of course, with eqn (6.6). end p.106
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 (T)
 
 0,
 
 the condition of slow variations implies also
 
 It is fulfilled for both type I and type II superconductors when temperatures are close enough to Tc because L increases as T approaches Tc. 6.1.2.3 Free energy One can use equation (5.30) for the thermodynamic potential to find the Ginzburg–Landau free energy of a superconductor. For a constant chemical potential we have (6.29)
 
 The same expression also holds for variation of the free energy for a constant particle density. Calculating the sums we find from eqn (6.16) (6.30)
 
 It coincides, of course, with eqn (1.3) for given
 
 , , and
 
 .
 
 6.1.3 The upper critical field in a dirty alloy
 
 第2页 共7页
 
 Consider the second-order phase transition of a dirty alloy from normal into the
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 superconducting state in a decreasing magnetic field. As in Section 1.1.2, we are going to calculate the critical magnetic field below which the superconducting state first appears, i.e., the upper critical field Hc2. At this time, however, we do not restrict ourselves to temperatures close to Tc but shall use the quasiclassical method and demonstrate that it is able to treat this problem for arbitrary temperatures. Near the transition, the order parameter is small. We can again expand the Green function in a small . In the zero-order approximation, g0 = 1, and
 
 where
 
 n
 
 has yet to be found. The Usadel eqn (5.98) gives
 
 (6.31)
 
 This equation has exactly the same form as the Ginzburg–Landau equation for the order parameter near the upper critical magnetic field, eqn (1.31). We again take the vector potential in the form end p.107
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 where the magnetic field is nearly homogeneous and is directed along the z-axis and put (6.32)
 
 The equation for Y(x) becomes the oscillator equation (6.33)
 
 The solution which appears first with decreasing the magnetic field corresponds to the lowest level of eqn (6.33) and has the form of eqn (1.35) with (6.34)
 
 The full expression for is a linear combination of functions (6.32) with various k. A periodic solution has the form of a vortex lattice, eqn (1.36), obtained by Abrikosov (1957). The Green function becomes (6.35)
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 where (6.36)
 
 Using the expression for Tc we can write the order parameter equation as
 
 Here (6.37)
 
 is the so-called digamma function coupled to the Euler gamma function
 
 Finally, we obtain the equation which determines the upper critical magnetic field (Maki 1969) (6.38)
 
 end p.108
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 For low temperatures, T large z:
 
 Since
 
 (1/2) =
 
 where
 
 = eC
 
 C
 
 0, we can use the asymptotic expression for
 
 (z) for
 
 2 ln 2 we obtain
 
 1.78. Equation (6.36) gives the upper critical field
 
 (6.39)
 
 For high temperatures, T
 
 Since
 
 (1/2) =
 
 2
 
 Tc, we have
 
 /2, we obtain
 
 (6.40)
 
 This result coincides, of course, with the solution of the Ginzburg–Landau equation (1.34) since the coherence length in the dirty limit is (6.41)
 
 6.2 Gapless s-wave superconductivity
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 Consider an alloy with magnetic impurities (Abrikosov and Gor’kov 1960). Scattering on an impurity atom depends on the spin state of an electron. The scattering process breaks the spin coherence of paired electrons and leads to a suppression of superconductivity. The key point is that the self-energies for g and f contain different scattering times since the functions g, on one hand, and f, f , on the other hand, have different spin structures, For a homogeneous case we have from eqns (5.74) and (5.75) (6.42)
 
 where the mean free times are defined by eqns (4.16) and (4.17). The Eilenberger equation (5.84) gives
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 where the spin-flip time is determined by eqn (4.18). Therefore, end p.109
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 From the normalization condition g2
 
 f2 = 1 we find
 
 (6.44)
 
 and (6.45)
 
 6.2.1 Critical temperature
 
 第6页 共7页
 
 The order parameter equation (5.27) takes the form (6.46)
 
 Let us find the critical temperature. Putting
 
 = 0, we get g = 1 and
 
 (6.47)
 
 Here Tc0 is the critical temperature without magnetic impurities, eqn (3.83):
 
 We obtain
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 or (6.48)
 
 It is the familiar equation: we have seen it on page 108 when we calculated the upper critical field for a dirty superconductor. end p.110
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [111]-[115] Let us consider a limiting case when the spin-flip scattering rate is large: . In this limit, the critical temperature decreases down to zero, and
 
 increases. For large arguments, we can use the
 
 asymptotics
 
 The value
 
 (l/2) =
 
 ln(4 ) where
 
 1.78. We have
 
 As the result, the critical temperature is (6.49)
 
 The critical temperature vanishes when the scattering rate is
 
 For low concentration of magnetic impurities, (1/2) = (l/2)x and
 
 , we have
 
 (1/2 + x)
 
 The critical temperature is slightly reduced from its value without magnetic impurities.
 
 6.2.2 Gap in the energy spectrum The real-frequency (retarded and advanced) Green functions are found from (6.50)
 
 which is obtained from eqn (6.44) by replacing n with i . Retarded function gR is defined as the solution of eqn (6.50) which has no singularities in the upper half-plane of , while gA should not have singularities in the lower half-plane. Let us look for a solution in the form gR = gA =
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 ia where a is a real function. If
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 such a solution exists for a given energy , the density of states gR gA = 0. This means that the corresponding energy is below the energy gap. We have for a (6.51)
 
 This gives (6.52)
 
 end p.111
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 . Indeed, without magnetic
 
 for | | < . It results in the asymptotics a + be reproduced by eqn (6.52). Equation (6.52) for
 
 for / 1 0 which should takes the form
 
 where we define the function (6.53)
 
 For , the function F(a) has a positive maximum. Calculating the derivative we find that the maximum is reached at
 
 The function at maximum is equal to
 
 Therefore, a real solution for a exists if
 
 is the gap in the energy spectrum. For R
 
 thus g becomes complex: g =
 
 

 
 Fmaz. Thus
 
 0, A
 
 there is no real solution for
 
 ia + b and g =
 
 ia
 
 ,
 
 b with a finite density of
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 states gR
 
 gA = 2b.
 
 The energy gap disappears when the order parameter satisfies the gapless . Note that there is a temperature range where condition superconductivity exists without an energy gap in the excitation spectrum. Indeed, superconductivity exists for temperatures below Tc if . For low enough , the condition is obviously fulfilled, and there is an energy gap for low temperatures. However, the gap vanishes at higher temperatures when
 
 decreases down to 1. In the opposite case,
 
 , the energy gap is absent for all temperatures. We note that the vicinity of the upper critical field considered in the previous section also belongs to the gapless regime. Indeed, for the real frequency = 0 one has from eqn (6.35)
 
 The density of states is thus finite. The gapless situation can be created also by an inelastic electron–phonon scattering within certain range of temperatures (see Section 11.2). end p.112
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 6.3 Aspects of d-wave superconductivity Many problems of d-wave superconductivity can be successfully solved using the quasiclassical methods. Their applications for stationary and nonequilibrium properties of d-wave superconductors can be found in many publications (see, for example. Graf et al. 1995, Graf et al. 1996); they belong to a rapidly growing field of research. We consider in this section only several selected examples.
 
 6.3.1 Impurities and d-wave superconductivity
 
 第3页 共6页
 
 The order parameter of a d-wave superconductor satisfies the self-consistency equation (5.29). It has the form (6.54)
 
 in the quasiclassical approximation. Here we average over the directions of p1 at the Fermi surface according to eqn (5.73) having in mind that the Fermi surface can be nonspherical. For example, in d-wave superconductors which have uniaxial crystal symmetry, its shape is more close to a cylinder. The d-wave pairing potential has the structure of eqn (3.53). It is normalized in such a way that (6.55)
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 If Vd = 2 cos(2 ) cos(2
 
 1)
 
 the order parameter in a d-wave superconductor is
 
 (6.56)
 
 where the amplitude satisfies the equation (6.57)
 
 The order parameter has nodes, i.e., it vanishes for momentum directions /4 + ( /2)n. Note that
 
 =
 
 (6.58)
 
 We restrict ourselves to a homogeneous case. The quasiclassical Green functions are found from the Eilenberger equations. We assume an isotropic scattering by impurities. We have from eqn (5.84)
 
 As we shall see later, in a homogeneous state, (6.59)
 
 Under this condition, the self-energies do not drop out of the Eilenberger equation eqns (5.83) – (5.85) any more. Instead, we obtain with help of the normalization condition g2 – f2 = 1 end p.113
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 With this solution, it easy to see that eqn (6.59) holds. Equation (6.60) resembles the expressions for an alloy with magnetic impurities. Indeed, properties of a d-wave superconductor with usual nonmagnetic impurities are very much similar to those for magnetic s-wave alloys. First of all, the presence of impurities suppresses the d-wave superconductivity. The reason is that the scattering by impurities destroys the momentum coherence of the paired state in a way similar to that by which the spin-dependent scattering destroys the spin coherence of the paired state in an s-wave superconductor. We thus can anticipate that there exists a critical scattering rate temperature of the d-wave superconductor vanishes.
 
 such that the critical
 
 To find the critical temperature as a function of the scattering rate, we put in eqn (6.60) and insert thus obtained f into eqn (6.57). We have
 
 =0
 
 (6.61)
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 This is exactly the equation (6.47) for the critical temperature of a magnetic alloy with the substitution
 
 . Therefore, we obtain
 
 (6.62)
 
 Here Tc0 is the critical temperature without impurities
 
 The critical temperature vanishes for
 
 This shows that d-wave superconductivity can exists only in rather clean compounds.
 
 6.3.2 Impurity-induced gapless excitations Presence of impurities broadens the order parameter nodes into gapless low-energy states (Gor’kov and Kalugin 1985). In a strict sense, there is no energy gap in a d-wave alloy. To see that, let us find the real-frequency Green function. The retarded function is from eqn (6.60) (6.63)
 
 Let us find the average end p.114
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 We have for
 
 =0
 
 (6.64)
 
 We shall see that
 
 therefore, the angles with a small
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 cos(2 ) are important. We put x = x, we get
 
 /4
 
 . Substituting cos(2 )
 
 2x for small
 
 (6.65)
 
 since there are 4 nodes. Calculating the integral we find (6.66)
 
 The averaged Green function is (6.67)
 
 It is a real quantity. Thus there exists a finite density of states at zero energy
 
 It is exponentially small in the clean limit in the Born approximation. However, the density of states becomes a power-law function if the impurity scattering is strong such that it should be treated within the full scattering amplitude (Graf et al. 1996). We see that there is no energy gap: a small but finite density of states exists down to zero energy. The angle-resolved density of states for = 0 is
 
 where
 
 0
 
 is
 
 One can say that, instead of gap nodes, there opens “an impurity band” with the bandwidth 2 0.
 
 6.3.3 The Ginzburg–Landau equations Here we consider an ideal case where the pairing potential has only a d-wave component. A more complete version of the Ginzburg–Landau equation including both d-wave and s-wave components of the pairing potential and the order end p.115
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 parameter is given by Heeb et al. (1996). Since a d-wave superconductor can only be clean, we have from eqns (6.12, 6.14, 6.15) for
 
 where
 
 for and *, respectively. Result of integration over the Fermi surface depends on its shape. d-wave superconductors are usually anisotropic. We assume for simplicity that the Fermi surface has an axial symmetry around the crystal c axis. Performing integration in the self-consistency equation over the angle a within the (ab) plane we obtain
 
 where ab and c are the Fermi velocity projections on the ab plane and the c axis, respectively. The average now is over the momentum projection on the z axis. Using the sums calculated earlier, we find the Ginzburg–Landau equation for uniaxial anisotropic d-wave superconductor (6.68)
 
 where
 
 is defined by eqn (1.8). The constant
 
 now is
 
 while
 
 Equation (6.68) is isotropic in the (ab) plane. We can reconstruct the GL thermodynamic potential (free energy) using eqn (6.29): (6.69)
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 The supercurrent can be found from end p.116
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 We obtain (6.70)
 
 in a full analogy to eqn (1.13).
 
 6.4 Bound states in vortex cores
 
 第2页 共7页
 
 We turn now to another important problem associated with the structure of a vortex in the mixed state of clean type II superconductors. We already know from Section 1.1.2 that each vortex is a singular line at which the order parameter goes to zero; the order parameter phase winds around this line by 2 . c/|e|. The magnetic field Each vortex carries one magnetic flux quantum 0 = decays away from vortex at a distance of the order of the London penetration depth L due to the screening supercurrent which circulates around the vortex within the distance on order L. The order parameter recovers its bulk magnitude at a distance of the order of the coherence length from the vortex axis. The region where the order parameter is essentially suppressed is called the vortex core. The structure of a single vortex is shown schematically in Fig. 1.1 for the case 1. The order parameter magnitude profile | ( )| forms a potential well near the vortex axis. Quasiparticles with energies below the bulk gap
 
 become
 
 localized and occupy discrete levels in the vortex core. The energy spectrum of excitations in the vortex core for a single vortex was first found by Caroli et al. (1964). These authors have calculated the low energy levels by solving the Bogoliubov–de Gennes equations (3.56) (see also de Gennes 1966). Here we consider the same problem using the quasiclassical scheme according to the method developed by Kramer and Pesch (1974). We assume that the Ginzburg–Landau parameter of the superconductor 1; it is the condition under which vortices can be treated separately from each other. Indeed, the intervortex distance which is of the order of the radius of the Bravais unit cell r0 is such that the flux quantum is It is much longer than the core size
 
 if H
 
 therefore, Hc2. At the same time, magnetic
 
 .
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 field should be larger than the lower critical field Hc1 which is only possible if Hc1 Hc2. The latter is fulfilled for
 
 1 since Hc1 ~ Hc2/
 
 2
 
 .
 
 The problem of quasiparticle states in the vortex core is important for many applications. One needs their energy spectrum, for example, to calculate the density of states in the mixed state of superconductors which determines the low-temperature behavior of the specific heat and of the London penetration depth, etc. We shall use the energy spectrum of the core states later for the vortex dynamics. end p.117
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 FIG. 6.1. The coordinate frame associated with the particle localized in the vortex core. The line AB is the quasipaticle trajectory passing by the vortex axis at an impact parameter b through the position point ( , ) shown by the black dot. As usually, the problem starts with calculating the quasiclassical Green functions. . Let us first choose the proper reference frame. We We need them for take the direction of the z-axis of the cylindrical frame in such a way that the vortex has a positive circulation. The z-axis is thus parallel the magnetic field for positive charge carriers, while it is antiparallel to it for negative carriers: . Let v be the projection of the quasiparticle (Fermi) velocity vF on the (x, y) plane. The vector v makes an angle with the x-axis. The quasiparticle trajectory which passes through the position point is
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 characterized by an impact parameter b with respect to the vortex axis. We take the impact parameter and the distance s along the trajectory as the new coordinate frame. The cylindrical coordinates of the position point ( , ) are connected to the impact parameter and the coordinate along the trajectory through p2 = b2 + s2 where (see Fig. 6.1) (6.71)
 
 As a function of s, the angle and = for s .
 
 is
 
 +
 
 for s
 
 , while
 
 =
 
 /2 +
 
 for s = 0,
 
 6.4.1 Superconductors with s-wave pairing Let us consider first an s-wave superconductor. We put
 
 =
 
 0
 
 exp(i ) and
 
 (6.72)
 
 where
 
 end p.118
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 Note that
 
 (s) =
 
 ( s). Moreover,
 
 ± /2 for s
 
 ±s0 where s0
 
 .
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 Now we write F0 and (s) = ( s); (s) =
 
 in terms of the symmetric and antisymmetric functions ( s):
 
 (6.74)
 
 The normalization condition eqn (5.39) requires g2 + equations (5.90) and (5.91) give
 
 2
 
 +
 
 2
 
 = 1. Eilenberger
 
 (6.75)
 
 (6.76)
 
 The boundary conditions for s
 
 where
 
 |
 
 requires
 
 ±
 
 are:
 
 |. Therefore, gR(A)(s) ±1,
 
 close to the pole
 
 0, fR(A)
 
 iei
 
 at large distances. This
 
 0. For energies close to the bound state energy 0 (b) 2
 
 0 2
 
 (b), the functions g and f, f
 
 0,
 
 i.e.,
 
 are large near the
 
 vortex. We assume that 1, so that g = i . The plus sign here is chosen to satisfy the condition of vanishing of g at large distances according to eqn (6.75). The solution of eqns (6.75, 6.76) is (6.77)
 
 (6.78)
 
 Here (6.79)
 
 The functions f and g have poles at state,
 
 =
 
 0 (b),
 
 i.e.,
 
 0 (b)
 
 is the energy of a bound
 
 (6.80)
 
 where (6.81)
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 end p.119
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 The Green functions are (6.83)
 
 and
 
 .
 
 For small impact parameters, b
 
 , one has | s | = . Therefore,
 
 (6.84)
 
 where
 
 is the cyclotron frequency. Modulus of charge appears due to the choice of the z axis.
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 In the quasiclassical approximation, the energy 0(b) is a continuous function of the impact parameter. However, the impact parameter is coupled to the angular momentum so that b = /p ; the minus sign appears because a positive impact parameter corresponds to a negative angular momentum as can be seen from Fig. 6.1. The angular momentum is quantized such that = m + 1/2 where m is an integer (de Gennes 1966). Therefore, the energy can be written in the form (6.85)
 
 where (6.86)
 
 For a superconductor with a large Ginzburg–Landau parameter contributions from H is small for fields H (6.86) is of the order of
 
 L/
 
 , the
 
 Hc2. Indeed, the first term in eqn
 
 which is much larger than the second term because c/ 0 ~ H/Hc2. Equation (6.85) coincides with the result by Caroli et al. (1964). Equation (6.86) with the account of magnetic field was obtained by Hansen (1968). The energy spectrum (6.85) depends on two quantum numbers: the angular momentum and the momentum along the vortex axis. In principle, the spectrum end p.120
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 FIG. 6.2. Energy levels n (b) as function of the impact parameter for various radial quantum numbers n. The anomalous branch with n = 0 crosses zero of energy and is odd in b. Other brandies with n 0 lie considerably higher than the anomalous branch. should depend on three quantum numbers in a three-dimensional problem. The third is the radial quantum number. It does not appear in eqn (6.85) because the are only accessible for particles having the radial quantum energies number zero. The levels with nonzero radial quantum numbers are located at and cannot be calculated using this approach. energies of the order of Numerical calculations (Gygi and Schlüter 1991) show that states with n 0 are practically indistinguishable from continuum | | > . The general feature of levels with n 0 is that they make the spectral branches which do not cross zero of energy as functions of as distinct from the branch with n = 0. The latter is
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 chiral: it is odd in and crosses zero of energy. We shall see that it is of great importance for vortex dynamics. The energy spectrum n (b) is shown schematically in Fig. 6.2. 6.4.1.1 Density of states Equation (6.83) can be used to calculate the density of states in the vortex core. Integrating the local density of states, eqn (5.4.3), over the vortex core area we find (6.87)
 
 for a given direction of the momentum with respect to the z-axis. Therefore, the density of states for low energies is finite
 
 It is independent of energy and has the same order of magnitude as the density of states in the normal region of the radius of the vortex core. end p.121
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 6.4.2 D-wave superconductors
 
 第2页 共7页
 
 The quasiclassical method can also be used for a d-wave superconductor within the same scheme irrespective of the fact that, in d-wave superconductors, the angular momentum is not conserved in a strict sense because the axial symmetry is broken. The point is that the trajectory of a particle localized in the core is a straight line in the quasiclassical approximation. Indeed, a momentum change 1. A particle, being reflected by the due to the vortex potential is p/pF ~ /EF vortex potential (Andreev reflection), does not change its momentum direction thus remaining on the same trajectory. Therefore, the impact parameter is a well defined quantity even if the vortex is not axisymmetric.
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 We solve the quasiclassical Eilenberger equations for the Green functions g, f, and f for a single vortex using the same scheme as before. The boundary conditions are now slightly different. Indeed, at large distances from the vortex axis, the Green function is (6.88)
 
 For simplicity, we measure the angle 0
 
 from one of the gap nodes such that
 
 p
 
 =
 
 sin (2 ) ei . In combination with eqn (6.74), it gives the boundary condition (6.89)
 
 The solution of eqns (6.75) and (6.76) is
 
 where (6.90)
 
 As a result, (6.91)
 
 where now (6.92)
 
 with (6.93)
 
 end p.122
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 © Copyright Oxford University Press, 2003-2010. All Rights Reserved For impact parameters, b
 
 , one has | s |= . Therefore,
 
 (6.94)
 
 Equation (6.94) can be simplified for the momentum directions near the gap nodes, where sin(2 ) 1. Significant values of Therefore, one can put 0 = :
 
 are determined by
 
 .
 
 The normalization constant becomes (6.95)
 
 where Kn is the Bessel function of an imaginary argument with |sin(2 )|/
 
 =2
 
 b×
 
 . The energy takes the form
 
 (6.96)
 
 As a result, for
 
 b
 
 /| sin 2 |, we get
 
 (6.97)
 
 where L = ln [l/|sin(2 )|] for b
 
 and L = ln [
 
 /b
 
 F|
 
 sin(2 )|] for
 
 /|sin(2 )|. The states with energies much below the gap at infinity, 2 | correspond to b /|sin 2 |.
 
 b 0 |sin
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 Equation (6.97) defines the energy of a particle that moves along the trajectory passing by a vortex at an impact parameter b. However, it is not the true quantum mechanical state because its energy depends on the momentum direction . For a fixed energy, the particle trajectory starts to precess. We can find the true quantum states for low energies using the semiclassical Bohr–Sommerfeld quantization rule (Kopnin and Volovik 1997). Let us define the angular momentum as = b/p . The angular momentum ( ) is expressed through the quasiparticle energy via E = 0( , b) which determines (a) as a function of a. The quantization rule requires (6.98)
 
 where m is an integer, appears because the single-particle wave function changes its sign after encircling a single-quantum vortex. end p.123
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 . We have from eqn (6.97)
 
 (6.99)
 
 where (6.100)
 
 with
 
 . The integral (6.99) converges and is determined . The characteristic impact
 
 by angles parameters are of the order of
 
 , i.e., b
 
 r0 where
 
 is of the order of the distance between vortices. We obtain (6.101)
 
 where (6.102)
 
 The logarithmic factor in
 
 becomes
 
 The states defined by eqn (6.101) have much smaller interlevel spacing compared to those in an s-wave superconductor, eqn (6.85). Moreover, we see
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 that only the states with very low energies
 
 are truly
 
 localized while the states with energies and above are not localized in a strict quantum mechanical sense. Indeed, these particles spend most of their time having such momentum directions
 
 that .
 
 their energies are above the gap along this direction Thus a particle with an energy core along the gap nodes.
 
 escapes from the vortex
 
 The singular behavior of the energy spectrum in the directions of gap nodes results in a nontrivial magnetic field dependence of the density of states in the vortex core. Indeed, eqn (6.87) determines now a density of states which depends not only on pz but also on the momentum direction within the ab plane. Averaging it over the angles we obtain (6.103)
 
 The density of states per vortex is considerably larger than in an s-wave case. It can be understood as an increase in the effective size of the vortex core due to a larger extension of the wave function in the direction of the gap nodes. Moreover, the density of states depends on the magnetic field . Multiplied with the number of vortices, it gives an . This behavior energy-independent density of states proportional to of the low-energy density of states in d-wave superconductors in presence of vortices was first predicted by Volovik (1988, 1993). end p.124
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 Abstract: The quasiclassical scheme is generalized for layered superconductors. The Ginzburg–Landau theory for layered superconductors known as the Lawrence–Doniach model and the expression for supercurrent are derived. Coherence lengths along and perpendicular to the layers as well as the magnetic field penetration lengths for magnetic field parallel and perpendicular to the layers are defined. The upper critical field is calculated for the field direction parallel to the layers. The interaction of vortices with the underlying crystalline structure (intrinsic pinning) is discussed. Keywords: layered superconductor, Lawrence–Doniach model, supercurrent, coherence length, penetration length, upper critical field, vortex, intrinsic pinning
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 We generalize the quasiclassical scheme for layered superconductors. The Ginzburg–Landau theory for layered superconductors known as the Lawrence–Doniach model is derived. Using this model we discuss the behavior of the upper critical field and investigate interaction of vortices with the underlying crystalline structure (intrinsic pinning).
 
 7.1 Quasiclassical Green functions The quasiclassical method described in Chapter 5 can be directly applied to anisotropic superconductors, as well as to two-dimensional systems. However, its generalization for quasi-two-dimensional (layered) superconductors is more complicated. The difficulty arises because a quasi-two-dimensional system, in fact, is not fully quasiclassical: the quasiclassical approximation is not fulfilled when the coherence length in the direction perpendicular to the layers is comparable with the distance between the layers. Nevertheless, if the coherence length in other directions is still larger than the interatomic distance within the layers, one can construct a generalization of the above approach which can sometimes be used successfully for reducing the full Green function technique to a more manageable form. Consider a system which consists of layers with a good conductivity in the crystallographic ab plane; these layers are stacked along the c-axis with a weak conductivity in the c direction. A strong anisotropy of conductivity in a metallic state is associated with a very anisotropic normal-state electronic spectrum which can be written in the form (7.1)
 
 where . The bold letters in this chapter denote two-dimensional vectors in the ab plane, and pz is the momentum along the c axis chosen as the z can also depend on p. If the distance between coordinate axis. The function the layers is s, the energy (pz) is periodic in pz with the period 2 /s. A small energy (pz) is usually associated with a narrow energy band produced by a weak tunneling between the conducting layers. It is thus natural to assume the spectrum in the form (7.2)
 
 end p.125
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 Characteristic superconducting wave vectors along the c axis are where c is the coherence length in the c direction. If it were c have kz
 
 pz and, the energy
 
 (pz +
 
 Kz)
 
 s, we would
 
 could be expanded as
 
 This would allow us to determine the Fermi momentum (pF, pFz) from the condition functions in a usual way as
 
 and define the quasiclassical Green
 
 For such definition it is very important that all the components of both (p, pz) and (p k, pz kz) are close to the corresponding components of the Fermi momentum (pF, pFz). One then returns to the usual quasiclassical scheme with an anisotropic Fermi surface. The situation changes when c ~ s. Now one can not determine a threedimensional Fermi momentum in such away that both (p, pz) and (p k, pz are close to the corresponding components (pF, pFz). Nevertheless, one can introduce a two-dimensional Fermi momentum pF through the condition
 
 k z)
 
 where
 
 such that the momenta p and p k are close to pF. The Fermi momentum pF belongs to a two-dimensional (cylindrical) Fermi surface and is specified by an angle in the ab plane. Let us define the “quasiclassical” Green function as
 
 The energy integration is carried out along the normal
 
 to the cylindrical Fermi surface. The function direction
 
 depends on the Fermi-momentum
 
 , on a two-dimensional center-of-mass coordinate r through the wave
 
 vector k, and on two momenta pz and in the z direction. The difference from the traditional quasiclassical Green function is that the dependence on the center-of-mass coordinate (z + z ) /2 through
 
 no longer separates from
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 the relative momentum dependence . This is the price which one has to pay for the fact that the interlayer distance is comparable with the coherence length c. end p.126
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 Here
 
 (2)
 
 is the two-dimensional density of states. It is
 
 for the spectrum
 
 .
 
 The order parameter equation (5.27) for the Matsubara representation becomes (7.3)
 
 where the interaction constant
 
 (2)
 
 =
 
 (2)
 
 |g| and
 
 In the real-frequency representation, one has (7.4)
 
 The current in the ab plane has its usual form
 
 for the Matsubara representation or (7.5)
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 for the real-frequency representation. The current in the c direction is defined as follows (7.6)
 
 where
 
 This definition complies with the condition of minimum of the thermodynamic / Az = 0 where the variation of is expressed through the Green potential end p.127
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 where (7.8)
 
 7.2 Eilenberger equations for layered systems
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 Equations for the retarded and advanced (or Matsubara) quasiclassical Green functions can be obtained in a way similar to that used earlier in Section 5.5. It is more convenient to formulate them for the functions in the z-coordinate representation
 
 We obtain for the real-frequency functions (7.9)
 
 Here
 
 stands for
 
 R(A)
 
 ,
 
 and the z component of the vector potential is a function of (r, z ). The effective Hamiltonian is determined by eqn (7.8). It is a two-dimensional part of the “full” Hamiltonian of the type of eqn (5.57) used to derive the Eilenberger equations for the three-dimensional case in Section 5.5. example, for isotropic impurity scattering it is
 
 is the self-energy. For
 
 Let us derive now the normalization condition for quasiclassical Green functions in layered superconductors using the same approach as we did for a threedimensional case on page 93. Multiplying eqn (7.9) with (pF, r; z, z ) from the left and adding to the equation multiplied from the right we obtain that the combination
 
 again satisfies eqn (7.9). Now we employ the same argumentation as for the three-dimensional case. Let us assume that, at large distances (in the direction of the end p.128
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 It follows that, in the momentum representation, one has at large distances (7.10)
 
 Since the expression in eqn (7.10) is an integral of motion, we find that eqn has its actual spatial (7.10) holds also everywhere including the region where dependence, and the magnetic field is finite. Equation (7.10) in the coordinate representation reads (7.11)
 
 Eilenberger equations (7.9) and the normalization eqn (7.10) are not local in the center-of-mass coordinate (z + z )/2. This reduces considerably the potentialities of the quasiclassical methods for quasi-two-dimensional systems. A layered superconductor can also be described by introducing the coupling between two-dimensional layers via mechanisms other than the electron tunneling between layers based on eqn (7.1). For example, an interaction between layers which, by themselves, form a “good” two-dimensional quasiclassical environment can be mediated via scattering by impurities (Graf et al. 1993).
 
 7.3 Lawrence–Doniach model One important example when the Eilenberger equations (7.9) can be solved is the Lawrence–Doniach model (Lawrence and Doniach 1971) which is an analogue of the Ginzburg–Landau theory for layered superconductors. The basic assumptions are as follows. First, it is required that the temperature is close to the critical temperature Tc. This allows expansion of the Green function in powers of /Tc and in slow gradients in the ab plane in the same way as was done to derive the usual Ginzburg–Landau theory in Section 6.1.2. The second requirement is that the corrugation of the Fermi surface is small compared to the critical temperature Tc. We shall also assume that the vector potential Tc. varies slowly at distances of the order of 0 and s which is the case for T The approach which we describe below applies to either s-wave or d-wave pairing: In these cases the pairing interaction is independent of the momentum pz, and the order parameter only depends on the center-of-mass coordinate (z + z )/2 through
 
 , i.e.
 
 =
 
 (kz). We shall see that this form of
 
 the pz dependence is essential: the situation would be different if pz and
 
 depended on
 
 separately. For simplicity, we consider here only the s-wave case.
 
 end p.129
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 in the momentum representation with respect to the coordinate z using the perturbation expansion in /Tc and /Tc:
 
 Denote
 
 We find using the normalization eqn (7.10) (7.12)
 
 (7.13)
 
 and (7.14)
 
 (7.15)
 
 (7.16)
 
 The average over the Fermi surface for a layered system is defined as
 
 We obtain (7.17)
 
 We assume here that the spectrum has the inversion symmetry such that
 
 (pz) =
 
 ( pz)
 
 .
 
 Consider for simplicity an uniaxial superconductor isotropic in the ab plane. The order parameter equation (7.4) yields
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 (7.18)
 
 where is defined by eqn (6.22). The first line is a Fourier transform at the momentum kz. In the z-coordinate representation, the order parameter is determined only on the conducting layers. We specify the layers with the number n such that zn = ns. We have (7.19)
 
 Equations (7.18) and (7.19) completely determine the order parameter in a layered superconductor. However, eqn (7.18) can be simplified further using eqn (7.2). We have
 
 where
 
 We use the fact that the vector potential varies slowly at distances of the order of the interlayer distance. One has
 
 Equation (7.18) in the coordinate representation becomes (7.20)
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 where
 
 end p.131
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 Equation (7.20) is the Lawrence–Doniach equation, for layered superconductors. It has been derived microscopically by Klemm et al. (1975). As in the three-dimensional case, we put
 
 The temperature-dependent coherence length in the ab plane is
 
 The last line of eqn (7.20) is the discrete analogue of the second derivative. In 0, we can write the continuous limit, s
 
 Comparing this with the first term in the square brackets, we can define the coherence length c through the ratio
 
 In the continuous limit, s c (7.20) transforms into the Ginzburg–Landau equation for anisotropic uniaxial superconductor (7.21)
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 It has exactly the same form as eqn (6.68) for an anisotropic d-wave superconductor.
 
 7.3.2 Free energy and the supercurrent Equations (7.13) and (7.16) allow us to reconstruct the Lawrence–Doniach free energy. Using eqn (3.71) or (5.30) with the definition eqn (7.7) we find (7.22)
 
 Equation (7.20) is reproduced when one calculates the variation
 
 end p.132
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 The supercurrent density in the ab direction at the position zn = ns of the n-th layer has the usual form (7.23)
 
 The current density in the c direction at the n-th layer becomes (7.24)
 
 or (7.25)
 
 This expression corresponds to the Josephson current which is produced by
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 Cooper pair tunneling between the layers. For a highly layered case, when s ~ (7.25) is
 
 c,
 
 the maximum Josephson current in eqn
 
 It enters the definition of the penetration length c for currents flowing in the c direction. Indeed, for small fields, one can expand eqn (7.25) in a small argument to get
 
 Together with the Maxwell equation
 
 this determines (7.26)
 
 which is called the Josephson length. If the Josephson coupling is small the penetration length
 
 diverges.
 
 end p.133
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 where the energy density at a layer n is (7.28)
 
 This is similar to eqn (1.27). The constants a and b satisfy
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 where ab is the London penetration length for currents flowing in the ab plane. The order parameter magnitude is (7.29)
 
 The coherence lengths are expressed through the “effective masses” (7.30)
 
 The effective mass in the ab plane for clean superconductors usual meaning
 
 The “effective mass” mc, however, can be written as s. continuous limit c
 
 ab
 
 has the
 
 only in the
 
 The Lawrence–Doniach equations can also be derived using the model by Graf al. (1993) mentioned in the beginning of this section. In this case, the effective mass mc is expressed through the interlayer diffusion.
 
 7.3.3 Microscopic derivation of the supercurrent The expression for the supercurrent can also be obtained microscopically using our results for the Green functions eqn (7.13). The current along the ab plane has a standard form and can be obtained exactly in the same way as it was done for the usual Ginzburg–Landau equation in Section 6.1.2. The current along c direction can be calculated from the corresponding terms in the Green function, namely,
 
 end p.134
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 We now insert this expression into the definition of current, eqn (7.6), and make
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 the shift of integration variable pz (e/c) Az pz. The terms which are odd in pz pz drop out after integration over dpz and we get
 
 Using eqn (7.2) we obtain
 
 In the Fourier representation of eqn (7.19),
 
 Finally, we return to eqn (7.24).
 
 7.4 Applications of the Lawrence–Doniach model The Lawrence–Doniach model is widely used for layered superconductors; it is simple and quite general at the same time. It covers the whole class of anisotropic systems from three-dimensional weakly anisotropic to highly anisotropic layered and even two-dimensional superconductors. It is able to provide a reasonable description for many properties of the mixed state of layered superconductors. For example, layered superconductors can have two-dimensional analogues of the usual Abrikosov vortices, the so-called pancake vortices connected with each other by strings of Josephson vortices. Pancake vortices have been first considered by Artemenko and Kruglov (1990) and by Clem (1991). Pancakes turned out end p.135
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [136]-[140] to be very important for high temperature superconductors most of which are highly anisotropic or layered compounds. Another interesting feature of layered superconductors is the unusual behavior of the upper critical magnetic field: For orientation parallel to the layers, it grows rapidly as temperature decreases and c(T) approaches the interlayer distance s. Yet another important property is the so-called intrinsic pinning considered first by Tachiki and Takahashi (1989) and elaborated further by Ivlev and Kopnin (1989) and by Barone et al. (1990). Many problems specific for layered superconductors arc discussed in the review by Blatter et al. (1994). Here we briefly outline two mentioned examples: the upper critical field and intrinsic pinning which will be used later when we consider the vortex dynamics in anisotropic and layered superconductors.
 
 7.4.1 Upper critical field Let the magnetic field be parallel to the layers. As in Section 1.1.2 we look for a second-order phase transition from the normal into the superconducting state which occurs with lowering the field. We choose the y-axis along the direction of the field with the gauge A = (0. 0, Hx) and assume a solution in the form
 
 The linearized equation (7.20) for Y (x) becomes the Mathieu equation: (7.31)
 
 There are two limiting cases: (i) Weakly layered (nearly continuous) limit, and (ii) highly layered case. Consider them separately. 7.4.1.1 Weakly layered case In the continuous anisotropic case the upper critical field is known to be (Kats 1969, 1970, Lawrence and Doniach 1971): (7.32)
 
 This equation can be reproduced also from eqn (7.31). Since x ~ the argument of the cosine function in eqn (7.31) is
 
 ab
 
 we find that
 
 In the continuous limit, s c, the cosine function in eqn (7.31) can be expanded in a small argument. We obtain (7.33)
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 This is the oscillator equation (1.33). Again, the lowest-level solution is (7.34)
 
 where Hc2 is determined by eqn (7.32). end p.136
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved 7.4.1.2 Highly layered case
 
 第2页 共6页
 
 As we shall see, this limit corresponds to a high upper critical field and is realized for a certain relation between the interlayer distance s and the coherence length c We introduce the parameter (7.35)
 
 For a weakly layered superconductor, . On the contrary, a 1 when H . For this limit, a solution highly layered case is realized for h of eqn (7.31) can be obtained as an expansion in powers of a small 1/h. The lowest-level periodic solution corresponds to an even Mathieu function
 
 provided
 
 This relation determines the upper critical field (7.36)
 
 This solution is valid as long as h
 
 1, or
 
 .
 
 We observe that the upper critical field diverges as the temperature-dependent from above with lowering the coherence length c(T) approaches temperature (Klemm et al. 1975). In this limit, vortex cores fit in-between the superconducting layers, and the supercurrents do not destroy superconductivity. Divergence of the upper critical field is similar to the Little and Parks effect for a
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 non-singly-connected superconductor where the critical temperature is a periodic function of the magnetic field instead of vanishing with an Increasing field. Therefore, an anisotropic superconductor that is essentially a three-dimensional s at a higher temperature, can undergo a transition into system with c(T) effectively a two-dimensional superconductor with a lowering of the temperature if the zero-temperature coherence length c(0) is short enough,. This occurs when
 
 c(T)
 
 decreases and reaches
 
 .
 
 7.4.2 Intrinsic pinning: Single vortex in a weak potential In this section we consider an important effect specific for layered systems, namely, an interact ion of the order parameter with the underlying crystalline structure. More particularly, we discuss an example of vortices which are aligned parallel to the superconducting planes. The interaction with the inhomogeneous layered environment gives rise to the “intrinsic pinning”: The vortex energy becomes dependent on the vortex position with respect to the planes and produces a pinning force which tries to keep vortices in between the superconducting layers (Tachiki and Takahashi 1989). We consider a nearly s. continuous limit c end p.137
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 FIG. 7.1. Integration, contours in the summation formula. The poles of cot( n) are shown by dots. Assume that the magnetic field is parallel to the layers and find the energy of a single vortex in a layered structure. We use the approach developed by Barone et al. (1990). To calculate the sum in eqn (7.27) we employ the summation formula
 
 The integration contour C goes above and, below the poles n = 0, ±1, ... of cot( n) encircling them clockwise, while the contours C1 and C2 go above and below the poles, respectively, so that C = C1 + C2 (see Fig. 7.1). The total free
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 energy becomes (7.37)
 
 where (7.38)
 
 The first term in eqn (7.37) is independent of the vortex position. However, the energy Upin is a function, of the vortex coordinate along the z axis. For a weakly layered case, to the first approximation in s c, vortex solution has the same form as for an anisotropic superconductor. Indeed, let us take the y axis along the magnetic field and put
 
 where
 
 and
 
 Assume that = ab/ ab is large, 1. We can neglect the magnetic field in the equation for f and obtain from eqn (7.21), (7.29), and (7.30) end p.138
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 This equation coincides with eqn (1.48) in Section 1.1.2 which we derived for a single vortex in an isotropic superconductor. We see that the anisotropy of the vortex core scales with the coherence length in the corresponding directions. To calculate the pinning energy, we insert the exact vortex solution of eqn (7.20) into the free energy expression. In the small position-dependent part of the energy in eqn (7.38) one can use the approximate solution eqn (7.39) for an anisotropic case. To calculate the integrals in eqn (7.38), we shift the integration contours C1 and C2 to the upper and lower complex half planes of the integration variable z, respectively. The integral is then determined by a singularity of the function f(z) which is the closest to the real axis. The function f(z) has poles on the imaginary
 
 axis:
 
 (7.40)
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 This fact can easily be understood from a model expression for the vortex-core . It has poles at i 0 = i( /2+ k). The numerical function solution (Barone et al. 1990) shows that the closest poles to the real axis have = 2.51 in eqn (7.40).
 
 0
 
 Let the vortex be located at the point x = 0, z = z0. The vortex amplitude f is a function of the shifted variable (7.41)
 
 and its phase is now
 
 To the leading approximation in , the energy density is determined by the highest singularity which comes from the gradient term:
 
 To calculate the integrals in eqn (7.38) we write
 
 Consider first the integral over the contour C1. At z = z + iz is large: z /s 1, therefore,
 
 , the imaginary part of
 
 The integral over the contour C1 gives
 
 end p.139
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 Here L is the vortex length along the y axis. During the integration we use that and calculate the derivative only of the most rapidly varying exponential part of the function under the integral. Together with the integral over the contour C2, this equation gives the energy per unit vortex length (7.42)
 
 where (7.43)
 
 We see that the vortex prefers to sit in-between the layers z0 = s/2 where its energy is minimal. If the vortex is not exactly in the middle, z0 = s/2 + z, a restoring (pinning) force appears. The pinning force per unit vortex length is (7.44)
 
 The pinning energy is exponentially small because the layered structure is weakly pronounced: the distance between the layers is small compared to the coherence length c. end p.140
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 8 NONSTATIONARY THEORY Nikolai B. Kopnin Abstract: This chapter considers two methods designed for calculating the real-time (retarded, advanced, and Keldysh) Green functions of nonstationary superconductors: (i) the method of analytical continuation worked out by Eliashberg; and (ii) the Keldysh diagram technique. The Eliashberg phonon model of superconductivity is discussed and the equation for the order parameter is derived. Expressions for self-energies of electron-phonon and electron-electron interactions are obtained. Transport-like equations for the retarded (advanced) and Keldysh Green functions of particles interacting with impurities, phonons, and with each other are derived. Expressions for the electron density, electric current, internal energy, and energy current are derived in terms of the Keldysh Green functions. Keywords: analytical continuation, Keldysh function, phonon model, electron-phonon interaction, electron-electron interaction, self-energy, impurity, electric current, energy current We consider both the method of analytical continuation worked out by Eliashberg and the Keldysh diagram technique, which are designed for calculating the realtime Green functions of nonstationary superconductors. The Eliashberg phonon model of superconductivity is discussed. We derive equations for the Keldysh Green function for particles interacting with impurities, phonons and with each other.
 
 8.1 The method of analytical continuation
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 This part of the book is devoted to introduction of general principles and tools of the microscopic nonstationary theory of superconductivity and is based on the general concepts we learned in the previous chapters. A physical system which evolves in time may be out of equilibrium with respect to the heat bath; moreover, various parts of the system may be not in equilibrium with each other. To treat a nonequilibrium situation, one needs to know the distribution of nonequilibrium excitations in addition to their spectrum. Moreover, the spectrum itself can be distorted as the system gets far from equilibrium. The specifics of superconductors are that the excitations which affect the response of a
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 superconductor to an external field can accumulate near the energy gap when their relaxation is relatively slow. The major problem of the nonstationary theory is thus to find the distribution function of these excitations. In a nonlinear case, one needs this distribution also to calculate the modified spectrum in a self-consistent way. Within the Green function formalism of the microscopic theory of nonstationary superconductivity, all these different tasks are combined into a single basic problem of finding the time-dependent Green function of the system. However, we encounter a major complication in this way: there is no simple recipe for calculating the real-time Green functions because the Dyson equations for them cannot be constructed by simply repeating the previous argumentation. There are two general methods developed so far for calculating the time-dependent Green functions. The first is due to Keldysh (1964). It deals directly with the set of real-time Green functions defined on the time axis with special rules of time ordering of the particle-field operators. The second method has been developed by Gor’kov and Eliashberg (1968) and by Eliashberg (1971). It operates with the Matsubara Green functions which, as functions of frequencies, are analytically continued from imaginary onto the real-frequency axis. We shall start with the analytical continuation technique. We demonstrate in Section 8.5 that end p.143
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved both those methods are completely equivalent. In the present chapter, we derive the equations for those real-time Green functions which are appropriate for the superconducting response. The following chapters describe how to define and calculate the distribution function. We derive the kinetic equations for the distribution function; we solve them for various cases and show how to use the obtained distribution for further calculations. As already mentioned, there is no simple way to calculate the real-time Green function. Instead, comparatively simple equations and the corresponding diagram technique exist for the Green functions which are defined for an imaginary time (Matsubara functions). This is because, in contrast to its imaginary counterpart, a real time cannot be directly time-ordered with the inverse temperature –i/T and thus the Wick theorem cannot be directly applied for the real-time field operators. However, solving the imaginary-time equations or, equivalently, calculating all the diagrams, one can obtain the Matsubara functions. Since the field operators in both real and imaginary time , one representations obey the same equations with the substitution expects that the real-time Green function can be obtained from the Matsubara function by an analytical continuation from imaginary time onto the real-time axis provided the necessary initial conditions are satisfied. We assume that all the interactions between particles are switched on at the time . Therefore, the Green functions at coincide with those for free particles which are in equilibrium with each other and with the heat bath with a temperature T. For practical purposes, the Matsubara Green functions are usually calculated as the Fourier transforms for discrete imaginary (Matsubara) frequencies for Fermi particles, and for Bose particles and external fields. The analytical continuation in time is equivalent to the analytical continuation in frequencies and from imaginary onto the real frequency axis. To satisfy the initial conditions, one has to make the continuation in such a way that all the external field frequencies have an infinitesimal positive imaginary part. In this case, all diagrams containing the field operators vanish for according to the causality principle. In other words, one has to
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 continue all the field frequencies from the upper half-plane of complex
 
 .
 
 In principle, one can first solve the particular physical problem and find the Matsubara Green function for it. After that, one can continue the Matsubara function analytically and obtain the required Green function in the real-time representation. This method, however, is not convenient. It operates with quantities which do not have a simple physical meaning and thus can cause confusion, which sometimes leads to incorrect results. The modern microscopic theory, instead, works with the real-time Green functions from the very beginning. In this representation, we can always keep track of the real physical phenomena involved in the particular problem. The price for that is more complicated equations needed to find the real-time functions. This chapter describes how to derive and solve equations for the real-time Green functions of superconductors. We shall follow the approach suggested by Eliashberg (1971). All physical quantities like the current, the particle number, or the order end p.144
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 FIG. 8.1. Diagrammatic presentation of the Green function expansion, in powers of the external field H (shown by wavy lines) up to the third-order term. parameter are expressed through sums of certain matrix elements of the Green over the Matsubara frequencies: function (8.1)
 
 In our case,
 
 n
 
 = 2 iT(n + 1/2) are Matsubara frequencies for Fermionic
 
 refer to the “external” Bose fields and operators. The frequencies to the time-dependent order parameter. Our goal is to find an analytical continuation of eqn (8.1) from the upper half plane of the external frequency . To make the analytical continuation in a general case, we consider the full function as a perturbation series expansion in terms of a generalized “field”. We start with the Dyson equation for the Matsubara functions (8.2)
 
 Here
 
 and (8.3)
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 and, is an, “external field” matrix as defined by eqn. (5.57). At the beginning, we do not consider the interaction with impurities and phonons.
 
 8.1.1 Clean superconductors Let us consider the N-th order term in the expansion of eqn (8.2) which we write as (8.4)
 
 where = 1 + ... + normal state,
 
 N
 
 and
 
 is the non-perturbed Green function of the
 
 The diagrammatic representation of eqn (8.4) is shown in Fig. 8.1. The summations of the Matsubara frequencies i and integration over the corresponding end p.145
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 on the plane of complex z. Contours around the points z = 2 iT (k + 1/2) (circles) are unrolled into contours going above and below the cuts." title="Fig. 8.2. The cuts (shown by thick solid lines) along the singular on the plane of complex z. Contours around lines of the function the points z = 2 iT (k + 1/2) (circles) are unrolled into contours going above and below the cuts." > FIG. 8.2. The cuts (shown by thick solid lines) along the singular lines of the function on the plane of complex z. Contours around the points z = 2 iT (k + 1/2) (circles) are unrolled into contours going above and below the cuts. momenta ki are implicitly assumed. The sum of the type of eqn (8.1) can be written as the contour integral (8.5)
 
 taken around each of the poles of the function tanh (z/2T), i.e., around all z =
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 2 iT (n + 1/2). Consider the poles of
 
 as functions of z. The poles are . Since
 
 at
 
 p
 
 is real, they are
 
 , where l = 0, ...,N and
 
 determined by equations = 0.
 
 0
 
 Let us make N + 1 horizontal cuts on the complex plane z passing through all shown in Fig. 8.2. Since j =2 iTkj, these cuts do not go through the poles of tanh (z/2T). We shall continue from positive imaginary values of all j, therefore we can consider all kj to be positive, and numerate the cuts from Imz = 0 to Imz = Im
 
 upwards in order of increasing kj. Now we can unroll the contours going around en eh z = 2 iT (n + 1/2) into the contours going along the lower and upper coasts of each of N + 1 cuts. At each cut labeled by l. the variable ; the lower contour goes from right to left while the upper goes from left to right (see Fig. 8.2). As a result, we have end p.146
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 Here
 
 is the jump of the Green function at the l-th cut where . Because of periodicity of tanh (z/2T) along the imaginary axis with the period 2 iT, the argument of the hyperbolic tangent, is just
 
 at each cut. Let us write one of the jumps explicitly. For example,
 
 Here all j are still discrete imaginary. When we unroll the contours, we make the analytical continuation in the variable z. At the cut l = 1 for example, we have, for a real , Im( + 1) > Im( + i0) > 0 while Im( + w1–w) < ... < Im( –
 
 2)
 
 < Im( – i0) < 0. Therefore, we obtain (8.6)
 
 Now we can consider all
 
 j
 
 as real continuous values. The sums over discrete
 
 Matsubara frequencies j = 2 iTkj in equations of the type of eqn (8.6) transform into the integrals according to the rule
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 We make the substitution of integration variable at the l-th cut to restore the previous notation of incoming and outgoing frequencies and obtain
 
 Here are constructed according to the scheme shown in eqn. (8.6) but with shifted frequencies:
 
 end p.147
 
 第3页 共7页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved (8.7)
 
 Therefore, the sum in eqn (8.5) transforms into
 
 where (8.8)
 
 Writing ail the jumps explicitly, we obtain
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 where (8.9)
 
 and (8.10)
 
 Collecting now all orders of the perturbation expansion, we find that the analytical continuation gives (8.11)
 
 where we define the total time-dependent Green function (8.12)
 
 It is this function which determines all the physical properties of a nonstationary system in a real time. We assign the superscript K to the total function to indicate that it coincides with the so-called Keldysh Green function introduced by Keldysh (1964). We shall prove this later. The retarded and advanced functions are defined in the usual way as
 
 We assume integration over all
 
 l
 
 and kl. These functions only contain all
 
 retarded or all advanced zero-order functions G (0), respectively, and are obtained end p.148
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 where (8.13)
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 It necessarily contains at least one incoming retarded together with one outgoing advanced function G (0). The regular functions enter eqn (8.12) in combinations with the equilibrium distribution, eqn (8.9), which is (8.14)
 
 is the Fermi function. It is the anomalous function which describes the deviation of the system from equilibrium. The summation over all N gives (8.15)
 
 This simple expression for is only valid if there are no interactions with impurities, phonons, and particle–particle interactions. We now consider these interactions in turn.
 
 8.1.2 Impurities Consider first impurity scattering. We shall not write down all possible diagrams, instead, we concentrate on one typical example which demonstrates the general structure of the result of the analytical continuation. Consider the term which is of the third order in the field and of the second order in the impurity potential u. We have, similarly to the previous case,
 
 where, for example,
 
 Note that the Green functions on both sides of the impurity potential U have the same frequencies because the Impurity scattering is elastic and does not change end p.149
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 and of the second order in U, after
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 summation over all cuts:
 
 After averaging over positions of impurity atoms, we can present this term as
 
 It is clear that, collecting all orders in and in the impurity potential, we again obtain eqn (8.12) where the anomalous function now is (8.16)
 
 Sometimes, we shall use a symbolic form (8.17)
 
 where the frequencies and momenta are not shown, and the integration over all internal variables is assumed. Equation (8.16) differs from eqn (8.15) by the presence of the anomalous impurity self-energy (a) which necessarily contains both retarder and advanced functions (8.18)
 
 Here
 
 is the angle between P and P . The self-energy is obtained from
 
 in the same way as the self-energy
 
 is obtained from the regular Green
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 functions
 
 :
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 The regular functions are determined by the sum of diagrams of all orders in and
 
 , therefore, they satisfy the usual equations (8.19)
 
 where the inverse operator (8.19) in the symbolic form is
 
 is determined by eqn (8.3). Equation
 
 (8.20)
 
 One can obtain an equation, for the anomalous function as well. Let us apply the operator in eqn (8.3) to eqn (8.16) from the left. We obtain, in a symbolic form, (8.21)
 
 Using the definition of the total time-dependent function
 
 K
 
 and equations for
 
 the retarded and advanced functions one can prove that the total function K satisfies a homogeneous equation of the type of eqn (8.21). Indeed, let us take the combination (8.22)
 
 and apply to it the operator
 
 from the left. We get
 
 (8.23)
 
 Adding eqns (8.21) and (8.23) together, we find (8.24)
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 Here (8.25)
 
 is the total self-energy. It is clear that
 
 Similarly, applying the operator
 
 from the right, we find
 
 (8.26)
 
 and (8.27)
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 8.1.3 Order parameter, current, and particle density
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 The self-consistency order parameter equation can easily be obtained using the general equation for the order parameter in terms of the Matsubara Green function and the rules we have derived here for calculating the sums over the Matsubara frequencies in terms of real-frequency integrations, eqn (8.11). We find for an s-wave pairing (8.28)
 
 In the same way, the current takes the form (8.29)
 
 The electron density becomes
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 (8.30)
 
 8.2 The phonon model 8.2.1 Self-energy Consider how one can generalize this approach for the phonon model where the pairing between electrons occurs due to their interaction with phonons. In the phonon model by Eliashberg (1960), the order parameter itself is regarded not as a “field” but rather as a self-energy in the Gor’kov Green function F. The starting point is the equation for the Matsubara Green functions eqn (8.2) where n = 2 iT (n + 1/2). The inverse operator
 
 is defined as in eqn (8.3), the
 
 difference being that the “field” contains only the electromagnetic potentials. The phonon self-energy has the same diagram structure as the impurity self-energy shown in Fig. 4.2(b) where the dashed line stands for the phonon Green function D while the crosses denote the matrix element gph of the electron–phonon interaction: (8.31)
 
 Here – = 2 iTm. For simplicity, we do not include impurities here. We consider phonons as “free” particles assuming that their interaction with electrons end p.152
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 and of Dz– ." title="Fig. 8.3. The complex plane of frequencies with cuts along the singular lines of
 
 and of Dz– ." >
 
 FIG. 8.3. The complex plane of frequencies with cuts along the singular lines of
 
 and of Dz– .
 
 does not change their properties considerably (Migdal 1958). According to eqn (2.57), the phonon Green function is (8.32)
 
 Consider a contribution of the N-th order in field to the self-energy in eqn (8.31) into the contour and transform the sum over the Matsubara frequency integral. We have
 
 We do not show integration over d3p , for brevity. Singularities of the function in
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 the square brackets are at the lines Im (z – j) =0 where has its poles, and at the line Im (z – ) = 0 where the poles of D are located (see Fig. 8.3). We make cuts along these singular lines, and then unroll the contours along the cuts. Doing this, we put z – + iIm n at those cuts which correspond to the and z = + iIm n at the cut which corresponds to the singular lines of singular line of the function D. Note that both = 2 iT (n + 1/2) and j = 2 iTkjare still imaginary, but is already a real variable. We obtain
 
 end p.153
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 The notation shows the variables of the function particular, one can see that It does not depend on .
 
 ; In
 
 Until now we did not include the interaction with phonons into the Green function under the integral in eqn (8.33). However, we can make an important observation. Since
 
 is real, the singular lines of
 
 coincide with those of
 
 as a function, of
 
 . This means that we can do the same analytical
 
 continuation if we include the self-energies into the internal function under the integral in eqn (8.33) and thus consider it as a total Green function which contains all orders of the interaction with phonons. Consider first analytical continuation over which gives the regular self-energies. Performing the continuation from the region Im > Im ( – we get the retarded self-energy. We now shift the integration variable at each cut belonging to
 
 (N)
 
 )>0
 
 and also the shift
 
 at the cut for D. We have
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 where
 
 is defined by eqn (8.8). Collecting all orders in N, we obtain
 
 (8.34)
 
 Similarly, continuing eqn (8.33) over from the region Im ( – ) < Im < 0 and collecting all orders in N, we obtain the advanced self-energy (8.35)
 
 The phonon functions
 
 depend on the momentum transfer P –
 
 P , while the electron functions have the variables The total
 
 .
 
 end p.154
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 The retarded and advanced functions are defined as sums of all the contributions which contain only the retarded GR and
 
 or only the advanced ones, GA and
 
 , respectively. The equation for retarded and advanced functions can thus be derived by the analytical continuation of the corresponding equation for the Matsubara functions from the region Im > Im( – ) > 0 and Im( – ) < Im < 0, respectively: (8.36)
 
 The total self-energy is defined exactly as in eqn (8.25): (8.37)
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 Here
 
 necessarily contains both retarded and advanced functions.
 
 We now need to express the total self-energy in eqn (8.37) through the total Green functions. Consider one of the jumps in the N-th order self-energy defined by eqn (8.33); it is (8.38)
 
 Here . We took into account that the jump of the phonon Green function at the cut l is nonzero only for the term with . The jump in the second line is taken at the cut where
 
 all
 
 j
 
 . Putting are still imaginary, we obtain
 
 where
 
 is real and
 
 end p.155
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 (8.39)
 
 Performing the shift of the integration variable integral
 
 +
 
 =
 
 1,
 
 we have under the
 
 The jump in the third line of eqn (8.38) is taken at the cut where Putting
 
 in the third line of eqn (8.38) we
 
 get (8.40)
 
 The full expression for the jump becomes (8.41)
 
 Here we use the identity
 
 Let us sum up all the jumps and collect all orders in N. We note that
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 and
 
 Finally, we arrive at the expression for the total self-energy
 
 end p.156
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 Here the phonon functions D (P –P) depend on the momentum transfer while the .
 
 electron functions are of the form of
 
 8.2.2 Order parameter
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 In the phonon model, the order parameter is defined as a part of the self-energy (8.43)
 
 (8.44)
 
 The frequencies of the order of
 
 , i.e., in the range
 
 D
 
 where
 
 D
 
 is the
 
 k
 
 Debye frequency, are only important because the function F vanishes for R
 
 .
 
 A
 
 is actually For such frequencies, one can put (D + D )/2 = 1. As a result, independent of and of the momentum p. It can be written simply in the form of a BCS-type s-wave self-consistency equation (8.45)
 
 which coincides with eqn (8.28) if the square of the matrix element of the
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 electron phonon interaction is replaced with |g|. We see that the phonon model in the form of eqn (8.32) favors an s-wave pairing. Separating
 
 from the self-energy we obtain
 
 where
 
 and
 
 and similarly for
 
 and
 
 .
 
 end p.157
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 We can separate the contribution from the normal state by writing . For the difference , the frequencies ~ are important. Therefore, we can neglect compared with D in the phonon Green functions for this term. For the first term, the frequencies ~ D only participate. For such frequencies, the Green functions coincide with their values for the normal state with the accuracy ( / D)2; the difference can thus be neglected in the weak coupling approximation. We have (8.47)
 
 where is the renormalization of the chemical potential in the normal state due to the interaction with phonons. It only depends on the normal state properties where N is and can be disregarded. The second term in the r.h.s. is the difference between the densities of electrons in the superconducting and in the normal state according to eqn (8.30). In a good metal with a strong Coulomb
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 interaction between electrons and ions of the crystalline lattice, the electronic density is equal to the ion density, and does not change at a transition to the superconducting state. If the Coulomb interaction is weak (or in case of electrically neutral systems), the density change is where sn is the change in the chemical potential at the transition. In the weak coupling approximation, where the electron: phonon interaction constant , this term can also be neglected as compared to itself. As a result, the diagonal term eqn (8.46) can be included into the normal-state chemical potential and excluded from the consideration.
 
 sn
 
 the new self-energy matrix which does not From now on we denote by contain the order parameter or the renormalization of the chemical potential (8.48)
 
 where
 
 and
 
 . The self-energies defined by eqn (8.48) describe inelastic relaxation processes and may be important for dynamical problems. In the presence of impurities, the corresponding impurity self-energies should be added to the phonon self-energies. end p.158
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 FIG. 8.4. Diagram representation for the particle–particle self-energy. As a result, the equations for the retarded and advanced Green functions now have the form of eqns (8.19) with the operator [compare with eqn (8.3)]
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 (8.49)
 
 with the effective Hamiltonian determined by eqn (3.70). It now includes both the electromagnetic potentials and the order parameter. The equations for the anomalous and total Green functions are exactly the same as eqns (8.55) and (8.61), The only difference is that the self-energy contains the phonon contribution in the form of eqns (8.42), (8.48) in addition to the impurity self-energies.
 
 8.3 Particle–particle collisions Electron–electron collisions in usual superconductors are not very important for dynamic processes. This is in contrast with another Fermi superfluid, 3He, where the particle–particle collisions are not only responsible for kinetics of excitations but also determine the pairing itself. In our discussion of superconductors, however, we consider the pairing within the BCS model; particle–particle collisions are only taken into account as long as they provide a relaxation mechanism for excitations. For degenerate Fermi system such as metals and 3He, we can only consider pairwise interactions of excitations which result in a self-energy shown in Fig. 8.4. The self-energy diagrams contain two vertexes connected by three particle Green functions. In this section we do not consider the particular expressions for the particle–particle self-energy. Instead, we shall only discuss the procedure of analytical continuation for the self-energy of particle–particle interaction. The particular expression for the relaxation parts of the self-energies are given in Section 10.4. We are interested in a sum in the form (8.50)
 
 Consider the contribution of the order N in the external field as a function of the complex variable for fixed imaginary frequencies of the field operator . It has the singular lines determined by Im ( – k =0 which are located between end p.159
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 k
 
 particular distribution of the field vertices between the functions in the sum in eqn (8.50), i.e., between the internal lines of the diagram in Fig. 8.4. Consider the term which has the singular lines at Im ( = 1i) = 0, Im ( – 2k) = 0, and Im ( – 3l) = 0 and make the cuts along these lines. We now transform the double sum over frequencies in eqn (8.50) into the double contour integral. We shall make this transformation in two stages. On the first stage, the sum over one frequency, say 2, is transformed into the contour integral while keeping 2 as a fixed imaginary frequency. On the second stage, the sum over 1 is transformed. During these transformations, the external frequency and all field frequencies are fixed at their imaginary values. The transformation of the
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 particular term in eqn (8.50) gives (8.51)
 
 Here we omitted the second index at each
 
 for brevity.
 
 Making now the analytical continuation of eqn (8.51) in from the region Im ( – ) > 0 and, after that, in all field frequencies i from the upper half-plane, we R
 
 . Making the continuation in
 
 obtain
 
 in all field frequencies
 
 i
 
 from the region Im < 0 and, after that,
 
 from the upper half-plane, we obtain
 
 interested in the relaxation part
 
 R
 
 A
 
 . We are
 
 A
 
 –
 
 . It is
 
 (8.52)
 
 Here 1
 
 1
 
 has the frequencies
 
 1,
 
 1
 
 –
 
 1
 
 etc., with
 
 3
 
 =
 
 –
 
 1
 
 –
 
 2,
 
 and
 
 3
 
 =
 
 –
 
 2.
 
 Define the total self-energy according to eqn (8.37) as end p.160
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 (8.53)
 
 We obtain (8.54)
 
 8.4 Transport-like equations and the conservation laws
 
 第1页 共6页
 
 One can derive kinetic-type equations for the anomalous and the total Green functions. To do this, let us subtract eqn (8.26) from eqn (8.21). We obtain (8.55)
 
 The integration over internal variables is assumed for the expressions in the square brackets (8.56)
 
 The internal frequency variables are shown explicitly in the last line of eqn. (8.55). The momentum variables are not shown. Equation (8.55) can also be written as (8.57)
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 where
 
 .
 
 Subtracting eqn (8.27) from eqn (8.24) we find the equation for the total function
 
 end p.161
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 The “collision Integral” is (8.59)
 
 Equation (8.58) can be written as (8.60)
 
 because
 
 p+k/2
 
 –
 
 p k/2
 
 = vFk. It can also be represented in a more general form
 
 (8.61)
 
 Here
 
 is shown in the coordinate representation. The momentum operator is p = – i and En (p) is the normal-state electronic spectrum. Equations (8.61, 8.25) or eqn (8.55, 8.18) together with eqn (8.19) for the regular functions make the basis for describing nonstationary properties of superconductors. Equation (8.81) contains the conservation of particle number and the energy conservation. To get the particle conservation (8.62)
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 we multiply eqn (8.61) with then take the trace and integrate it over frequency d /4 i and momentum d3p/ (2 )3. The terms of the form of *Fk and F K cancel out due to the self-consistency equation. One can also check that all the collision integrals vanish under this operation (for example, the impurity collision Integral already vanishes after integration over the momentum directions). To obtain the energy conservation, we multiply eqn (8.61) by , take the trace and Integrate it over frequency d /4 i and momentum d3p/ (2 )3. We find (8.63)
 
 The Internal energy is (8.64)
 
 while the Internal energy current is
 
 end p.162
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 We assume that the electronic system is in equilibrium with phonons. Otherwise, there will be the additional energy source in the r.h.s, of eqn (8.63)
 
 due to the interaction with phonons. The electron-electron collision integral conserves the energy of interacting particles and thus drops out after integration over d with . The elastic impurity integral also conserves the energy; it already vanishes after integration over the momentum directions. The total energy
 
 obeys the conservation equation
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 where the total-energy current is
 
 8.5 The Keldysh diagram technique 8.5.1 Definitions of the Keldysh functions We have already mentioned that it is the absence of the proper time-ordering procedure in the definitions of the real-time Green functions that produces practical difficulties with calculations of the real-time functions. However, one can establish the necessary time-ordering for some auxiliary Green functions in such a way that the Wick theorem works for them. After the Wick theorem is restored, one can derive the Dyson equation (or to formulate the diagram technique) thus providing the algorithm of calculating these auxiliary Green functions. The next step is to relate the auxiliary functions to the true real-time Green functions or to express the physical observables through some of the auxiliary Green functions (Keldysh 1964). In this section we discuss the correspondence between the method of the analytical continuation and the Keldysh technique. We shall see that the both methods lead to the same results: The equations for the Green functions which determine the physical observables are identical in the both cases. One can use any of these two methods. Since we have already derived the basic equations using the method of analytical calculation, we discuss the Keldysh approach only briefly for the most simple case. A more detailed description of the Keldysh technique can be found in the review by Rammer and Smith (1986). end p.163
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 where
 
 (1) is the Heisenberg operator
 
 defined through the S-matrix introduced by eqn (2.63):
 
 It is assumed that the system was in equilibrium at t = t0 and had a temperature T. We put t0 = – assuming that the nonequilibrium interaction is turned on at t0 = – . We see that the operators depend on times which are confined to the
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 interval ranging from –
 
 up to the largest time max {t1, t2}. Moreover, the time
 
 instants belonging to the operator
 
 are not ordered with respect to the instants
 
 which belong to the operator . We want to relate this average to the average of a sequence of operators whose times are fully ordered with respect to each other. The proper ordering is achieved along the time contour depicted in Fig. and runs up to the largest time max {t1, t2} and then 8.5. It starts at – returns back to the time – . We denote the ordering along this contour by Tc and define the auxiliary Green function (8.66)
 
 The time-ordering Tc orders the operators as follows
 
 The relation t1 >ct2 means that t1 is later than t2 along the contour c. The contour c is shown in Fig. 8.5(a) for t1 >c t2. The upper sign refers to Fermi particles while the lower sign is for the Bose particles. The brackets denote the statistical average. We introduce also the other auxiliary functions
 
 end p.164
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 FIG. 8.5. The Keldysh time contours for real-time ordered Green functions.
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 One can see that
 
 We can extend the contour c up to +
 
 by introducing the identical unity
 
 under the averaging in eqn (8.68). The contour c transforms into the contour C which consists of two parts: the contour C1 runs from – to + and the contour C2 which runs back from + to – . The contour C is shown in Fig. 8.5(b). The physical observables are expressed through the function example, the Fermionic density is
 
 . For
 
 (8.67)
 
 where the sum is over the spin indices. At the same time, it is the contourordered Green function G in eqn (8.66) that possesses a simple perturbative expansion. Indeed, we can prove the Wick theorem for the average of the contour-ordered particle operators exactly in the same way as it was done for averages of the imaginary-time ordered operators. We want now to establish a connection between G< and the time-ordered function G. Let us now construct the matrix in the so-called Keldysh space (8.68)
 
 whose components are defined as follows
 
 end p.165
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 (8.69)
 
 The time-ordering operator Tt is the usual time-ordering along the contour C1 and the operator orders along the contour C2, i.e., it is the “inverse-time” ordering in the usual sense
 
 It is convenient, however, to use another representation of the matrix Green function which is obtained from eqn (8.68) by a linear transformation. The point is that the four components in eqn (8.69) are not linearly independent. Indeed, we observe that
 
 We introduce here the retarded and advanced Green functions GR and GA, respectively, defined in the usual way
 
 and
 
 The function GK is defined as (8.70)
 
 It is called the Keldysh function. Performing the transformation
 
 where
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 we arrive at the matrix Green function (8.71)
 
 Equation (8.71) is the standard representation accepted in the literature. end p.166
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 which follows from the general commutation rules eqn (2.15) we find from eqn (8.70) (8.72)
 
 Let us calculate the particle density using eqn (8.67). We write N = N0 + N where N0 is the density for noninteracting particles. We have
 
 In the frequency representation
 
 we get
 
 This expression coincides with eqn (8.30) obtained by the analytical continuation of the Matsubara Green function.
 
 8.5.2 Dyson equation
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 Consider a series expansion, for the simplest example of the interaction, with the external potential U. The first-order diagram of the type shown in Fig. 8.1 gives for the contour-ordered Green function
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 The integral along the contour C can be separated into the integrals along C1 and C2. Interchanging the limits of integration on the lower contour C2 we present. G(1) as the sum of two terms which can be written as components in the Keldysh space (8.73)
 
 where we introduce the matrix end p.167
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 and assume summation over repeated indices. Equation (8.73) can be written in the matrix form
 
 where we assume integration, over internal coordinates and time. It is now clear that collecting all orders of the perturbation expansion in U we arrive at the Dyson equation for the full Green function (8.74)
 
 One can easily check that eqn (8.74) transforms into (8.75)
 
 for the matrices in the representation of eqn (8.71). The potential U is proportional to the unit matrix in the Keldysh space. We introduce now the inverse operator for the Green function of noninter-acting particles
 
 Applying the inverse operator to eqn (8.75) we obtain the Dyson equation in the differential form
 
 The interaction with impurities, phonons, and electron electron–interact ions can also be included into the same scheme. These interactions introduce the corresponding self-energies which also are Keldysh matrices:
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 The resulting Dyson equation takes the form (8.76)
 
 We do not specify the rules as to how to construct the elements of these matrices within the Keldysh formalism: they are the same as those obtained using the method of analytical continuation. The detailed description of the Keldysh formulation of various interactions can be found in the review by Rammer and Smith (1986). end p.168
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 8.5.3 Keldysh functions in the BCS theory We have four different Green functions in the BCS theory. Accordingly, the components of the matrix in the Keldysh space used in the BSC theory are matrices in the Nambu space. We define the Keldysh matrices
 
 From eqns (8.20) and (8.24) or eqn (8.27) one can directly see that the total introduced as a result of analytical continuation of the Matsubara function Green functions is nothing but the Keldysh function because it satisfies the same equations. Indeed, instead of two equations (8.20) and one equation (8.24) we obtain one matrix equation
 
 which is a generalization of eqn (8.76). The expressions for the order parameter and for the current density in terms of the Keldysh functions are the same as obtained by the analytical continuation. Indeed, the -tern in eqn (8.72) is absent for the F-component of the Keldysh function . This directly results in eqn (8.28) for the order parameter. The -term also disappears if one applies the momentum operator to the function GK when calculating the current. As a result, eqn (8.29) is reproduced as well. We thus have confirmed that the method of analytical continuation and the Keldysh method are completely equivalent. end p.169
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 Nikolai B. Kopnin Abstract: This chapter applies the quasiclassical approximation to nonstationary problems in the theory of superconductivity. The Eliashberg equations for the quasiclassical Keldysh Green functions are derived. Normalization of the Green functions in nonequilibrium situation is found. The Keldysh function is expressed in terms of a two-component generalized distribution function. The diffusive limit in nonstationary superconductivity is described. An example of stimulated superconductivity due to microwave irradiation is considered: the order parameter becomes enhanced as a result of a depletion of nonequilibrium distribution of excitations in the energy range of the superconducting gap. Keywords: Eliashberg equations, Keldysh function, normalization, distribution function, stimulated superconductivity We apply the quasiclassical approximation to nonstationary problems in the theory of superconductivity and derive the Eliashberg equations for the quasiclassical Green functions. We express the Keldysh function in terms of a generalized two-component distribution function. As an example, we consider a nonlinear response of a superconductor to microwave irradiation: tin order parameter becomes enhanced as a result of a nonequilibrium distribution of excitations under irradiation.
 
 9.1 Eliashberg equations The quasiclassical method based on the fundamental assumption that the Fermi momentum is larger than the inverse coherence length can be applied to non-stationary problems, as well. As in Chapter 5, this assumption again allows us to consider the Green functions only in a vicinity of the Fermi surface. As in the static case, we introduce the quasiclassical matrix Green function integrated over the energy variable d p. In addition to R(A) we define
 
 and similarly for (a) The momentum pF lies at the Fermi surface; its magnitude is fixed, thus the Green function only depends on the direction of the momentum. One can obtain equations for the quasiclassical functions using the corresponding transport-like equations derived in the previous section in a full analogy to the static case. We start the derivation of the quasiclassical equations with an important observation that the transport-like equation (8.60) does not contain p explicitly. contains vF taken at Within the quasiclassical approximation, the Hamiltonian the Fermi surface, therefore it also depends only on the direction of the momentum. This is completely similar to the stationary case where we were able to make a transformation to the quasiclassical Green functions by performing an integration of the corresponding equation over the energy variable d p. Integrating now the nonstationary equation (8.60) over d
 
 p
 
 we find
 
 (9.1)
 
 end p.170
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 Here we introduce the quasiclassical collision integral (9.2)
 
 We again use the shortcut notation eqn (8.56) which now reads, for example, (9.3)
 
 Equation (9.2) was first obtained by Eliashberg (1971). The integration over d
 
 p
 
 performed in eqn (9.2) for the coordinate
 
 representation means, as in Section 5.1, that we take the limit . Doing so we average out the coordinate dependence of the order parameter and , i.e., over distances of the the vector potential over distances of order of 0 implies that atomic scale. In the momentum representation, the limit r1 – r2 we neglect terms of the first order in
 
 , i.e., terms like
 
 (9.4)
 
 in the expansion of the convolution
 
 in powers of k/pF and keep only
 
 . We shall discuss zero–order terms like the simple product this procedure in more detail later in Section 10.1. The same approximation was used when we derived the Eilenberger equations for the stationary Green functions. These terms can indeed be neglected in the Eilenberger equations for the regular functions. However, they may sometimes become important in the equations for the Keldysh functions. This is due to the fact that some leading expansion terms vanish. We shall see later in Chapter 10 that one cannot neglect the momentum derivatives for clean superconductors when the collision integrals are small such that the mean free path approaches . The accuracy of eqn (9.2) becomes poor already for clean superconductors with : some phenomena are lost in this description. The quasiclassical equation (9.2) is thus applicable for superconductors if the mean free path of quasiparticles is not very long. The limit of clean superconductors is discussed in more detail in Section 10.2. The corresponding equation for the anomalous function can be obtained from eqn (8.55) in exactly the same way:
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 where (9.5)
 
 and
 
 are defined by eqn (8.10) on page 148.
 
 end p.171
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 from each other, and integrating the result over d
 
 p,
 
 we obtain
 
 (9.7)
 
 where the corresponding collision integral is (9.8)
 
 9.1.1 Self-energies
 
 第2页 共7页
 
 The self-energies in eqns (9.2), (9.5), and (9.8) also contain only the p-integrated Green functions; they depend only on the direction of the momentum whose magnitude is fixed by the Fermi surface. Indeed, for interaction with nonmagnetic impurities, we have (9.9)
 
 and (9.10)
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 in a complete analogy to eqn (5.69). The impurity self-energy is written in the Born approximation. The Fourier transformed impurity potential squared is where
 
 pp
 
 is the scattering cross section. One can
 
 thus present the self-energy as
 
 Remind that the scattering rate in the normal sate is
 
 The phonon self-energy can also be expressed through the quasiclassical functions. It is
 
 end p.172
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 The relaxation part of the regular phonon self-energy takes the form
 
 The function
 
 in these equations carries the momentum p , i.e., . Since the phonon energy is
 
 the inequality
 
 where
 
 ~ T and satisfies
 
 is the Debye frequency, the
 
 phonon energy is where s is the velocity of sound. Because the relative change in the momentum during the emission of a phonon is small
 
 the the scattering angle of a phonon
 
 . We have
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 (9.11)
 
 As a result, (9.12)
 
 (9.13)
 
 Note that the functions
 
 (p, r) in eqns (9.12, 9.13) have the same momentum
 
 p as the self-energy itself since the relative change in the momentum during interaction with the acoustic phonons is small. The collision integral eqn (9.2) takes the form (9.14)
 
 where all terms are expressed through quasiclassical functions. end p.173
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 For regular functions in eqn (9.7) we obtain (9.16)
 
 9.1.2 Order parameter, current, and particle density
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 The order parameter, current, and the particle density can be expressed through the quasiclassical functions in the same way as for the static case. The order parameter equation becomes for a general pairing (9.17)
 
 The expression for current is (9.18)
 
 and the electron density has the form
 
 Where (9.19)
 
 They are easily obtained from the corresponding equations in terms of the total Green functions and the quasiclassical expressions derived earlier for the static case. The diamagnetic term in the current, eqn (9.18), disappears in the quasiclassical representation since it is canceled by the normal-state contribution subtracted from the -integrated function g as it has been shown earlier.
 
 9.1.3 Normalization of the quasiclassical functions Here we derive useful identities for the total quasiclassical Green functions. First of all, we demonstrate that the normalization condition end p.174
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 holds in the nonstationary case, as well. To see this, we multiply eqn (9.7) by first from the left and then from the right and add the two equations. We
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 obtain (9.21)
 
 where the shortcut [
 
 ] again stands for the expression in the l.h.s. of eqn
 
 const is a solution of eqn (9.21). We (9.20). We observe that can use the same argumentation as for the static case. We assume that, at large distances the system is in equilibrium and is homogeneous. Therefore the condition , being fulfilled hi equilibrium, should also hold in a general situation. We thus arrive at eqn (9.20). Let us now multiply eqn (9.2) first by
 
 R
 
 right. Next, we multiply eqn (9.7) for
 
 R
 
 A
 
 from the left and then by by
 
 K
 
 A
 
 from the
 
 from the right, and then eqn (9.7)
 
 K
 
 for by from the left. We now add the four equations together and obtain with the help of eqn (9.20) (9.22)
 
 where
 
 . We prove now that
 
 = 0. Indeed, the
 
 solution, = 0 satisfies eqn (9.22) and the boundary conditions for an equilibrium system where (9.23)
 
 Therefore, in a general situation (9.24)
 
 This result was first obtained by Larkin and Ovchinnikov (1975). Using eqn (9.20) we can see that eqn (9.24) also holds for the anomalous function (a).
 
 9.2 Generalized distribution function
 
 第6页 共7页
 
 Equation (9.24) allows us to present the Keldysh function in the form
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 (9.25)
 
 where
 
 is another unknown matrix. Comparing this equation with eqn (9.23)
 
 has the meaning of a generalized “distribution function” we can see that which describes the system in a nonequilibrium situation. Recall that the hyperbolic tangent in eqn (9.23) comes from the equilibrium distribution eqn (8.14). has only two independent components.
 
 We shall show that the matrix Consider the operators
 
 acting on a matrix
 
 which are defined by
 
 Here we again imply integration over internal frequencies and momenta. Using the definition of the operators and the normalization condition eqn (9.20) for the regular functions we find (9.26)
 
 Consider the eigen-matrices of these operators (9.27)
 
 Each of these operators has four eigen-matrices belonging to four eigenvalues. It is easy to check that the eigen-matrix
 
 +
 
 belonging to a nonzero eigenvalue
 
 of the operator is simultaneously an eigen-matrix of the operator with eigenvalue zero, and vice versa: the eigen-matrix belonging to a nonzero eigenvalue operator
 
 of the operator
 
 is simultaneously an eigen-matrix of the
 
 with eigenvalue zero. To see this, we apply the operator
 
 . We can also
 
 first equation (9.27) using eqn (9.26) and obtain . to the second equation (9.27) to get apply operator twice to the eigen-matrix we have
 
 Applying the operator
 
 . In the same way
 
 . Therefore, the four eigenvalues of the operator
 
 are corresponding eigen-matrices matrices of the operator
 
 . Applying the
 
 again we find
 
 we get
 
 to the
 
 1,
 
 and twice degenerate . The 2, 3, 4 are simultaneously the eigen-
 
 with the eigenvalues 0, 0, +2, and
 
 Let us now expand the matrix
 
 in the matrices
 
 1,
 
 2,
 
 3,
 
 2, respectively. 4.
 
 We have
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 It is clear that the coefficients function
 
 and
 
 will not appear in the total Green
 
 because the matrices
 
 eigenvalues of the operator only two
 
 3,
 
 4
 
 correspond to zero
 
 . Therefore, the matrix
 
 in eqn (9.25) has
 
 end p.176
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 and
 
 . The two remaining coefficients
 
 can be chosen arbitrarily. For, example, one can choose them in such a
 
 way as to make the function
 
 diagonal
 
 (9.28)
 
 This form of presentation for the distribution function was introduced by Schmid and Schön (1975) and by Larkin and Ovchinnikov (1977) We note that, in equilibrium,
 
 where, as in eqn (8.9),
 
 We use this form of presentation of the distribution function throughout the and has been suggested book. Another choice for the free parameters by Shelankov (1985). It has an advantage in some cases when the relation to the Boltzmann kinetic equation is considered. In Chapter 10 we discuss the generalized two-component distribution function in detail and derive the kinetic equations which determine f(1) and f(2). The obtained solutions will be used for various applications later in this book. In the rest of the present chapter, we consider several examples of a direct implementation of the Eliashberg equations in their original form.
 
 9.3 S-wave superconductors with a short mean free path
 
 第2页 共6页
 
 Here we discuss an approach which can be used for superconductors with an impurity mean free path
 
 . This limit is realized for some s-wave
 
 superconducting alloys. For d-wave superconductors, where always , this approach can also be used in a close vicinity of the critical temperature such that (T) already exceeds . We consider the d-wave case later in Section 11.3 while concentrating here on s-wave superconductors. The method is similar to the one used in Section 5.6 to derive the Usadel equations. The gradients of the order parameter and of other physical quantities are 1 generally of the order of (T) and are thus small compared with . We can use a “hydrodynamic” approximation, assuming that the Green functions are, to the first approximation, independent of the momentum direction, and restrict ourselves to the first correction in small gradients. Since these corrections are vectors, we write
 
 2010-8-8 15:51
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 for all (retarded, advanced, and Keldysh) Green functions. Here vector in the momentum direction, and
 
 is the unit
 
 denotes an average over the
 
 momentum directions in accordance with eqns (5.72) or (5.73). Both and are independent of the momentum direction. The vector part of the Green function is small compared to its averaged value
 
 .
 
 end p.177
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 Averaging it with the momentum direction
 
 results in
 
 (9.30)
 
 For the Keldysh function we have from eqn (9.24) (9.31)
 
 and (9.32)
 
 The impurity collision integrals for nonmagnetic scattering eqn (9.14) or (9.16) are expressed through nonmagnetic self-energies defined by eqn (5.76). The nonmagnetic collision integrals vanish after averaging over the momentum directions:
 
 Using this fact, we can simplify the quasiclassical equations in the same way as it has been done in Section 5.6. On the first stage, we average the kinetic equation over directions of the momentum. For the Keldysh function we get from eqn (9.2) in coordinate representation (9.33)
 
 Here
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 We note here an import ant difference between s-wave and d-wave superconductors. For the s-wave case, the average of does not disappear because is independent of the momentum directions. On the contrary, for a d-wave case, this average vanishes. Since the largest part of the total collision integral associated with lion magnetic impurities disappears after averaging we have to keep other terms. In the phonon and spin-flip collision integrals, one can replace the full Green end p.178
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 Let us now multiply eqn (9.2) by the momentum unit vector its directions. We obtain
 
 and average over
 
 We use eqn (5.80) here and the definition eqn (5.81) of the transport mean free time. The relaxation rate 1/ tr is usually large compared with 1/ s. In the dirty limit it is also large compared to T and , to say nothing about the electronphonon relaxation rate. Therefore, we can neglect the corresponding terms here and obtain (9.35)
 
 This equation allows one to find the vector part of the Keldysh function. Let us multiply eqn (9.35) by
 
 from the left and integrate over internal
 
 from the frequencies and momenta, then multiply eqn (9.35) again by right and subtract the two equations. Using eqns (9.29)–(9.32) we obtain
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 The r.h.s. can also be written as
 
 Having found the vector part from this equation, we can then use it to determine the averaged functions from eqn (9.33). However, further transformations of these end p.179
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 where (9.37)
 
 The vector part is (9.38)
 
 where . The vector part of the regular functions can he found using the normalization of eqns (9.29)–(9.30). Multiplying eqn (9.38) by from the left, we get (9.39)
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 Sometimes, one uses the equations for anomalous functions, as well. We obtain in exactly the same way (9.40)
 
 Here
 
 end p.180
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 The vector part of the equation is (9.41)
 
 9.4 Stimulated superconductivity
 
 第1页 共6页
 
 We consider here an example that demonstrates how the quasiparticle distribution affects the superconducting order parameter. This example is closely related with experiment and is instructive in that it treats a nonlinear response of a superconductor to an applied time-dependent perturbation. Consider a superconducting film placed in a microwave electromagnetic field. A part of electromagnetic energy is absorbed in the film. The intuitive picture is that, the superconducting being heated, its temperature grows and the order parameter decreases. However, this is not always the case. The real behavior is more tricky. The temperature, indeed, can increase. However, the overall rise in temperature depends on the cooling rate provided by the thermal contact of the film with the heat bath. If the heat contact is good, the temperature does not increase considerably. What happens is as follows. The microwave irradiation with a frequency of the order of the energy gap produces redistribution of energy between excitations and shifts the quasiparticle distribution to higher energies. become depleted. This causes an increase in the energy The states with ~ gap as compared to its value without irradiation. This effect is called stimulated superconductivity. It was first theoretically predicted by Eliashberg (1970) and then observed in many experiments. The detailed discussion of stimulated superconductivity can be found in the review by Eliashberg and Ivlev (1986). We consider the simplest case of temperatures close to Tc, and restrict ourselves to dirty superconductors with the order parameter homogeneous in space. We first find the (averaged over time) distribution function taking into account absorption of energy from an external electromagnetic field with a frequency ~ . For such frequencies, the order parameter performs only small oscillations = const. near its average value (see Section 11.2), therefore we can take
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 To find the tone-averaged distribution function we use the kinetic equation for the anomalous function taken at zero frequency. Within the linear approximation in A2 we have from eqn (9.40) (9.42)
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 where
 
 The vector components of regular Green functions are found from eqn (9.39). Since the averaged Green functions do not depend on time
 
 we find
 
 Making the corresponding shifts in the frequencies, we have
 
 The vector part of the anomalous function is to be found from eqn (9.41) which gives
 
 within a linear approximation in A2. Consider the relation
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 similar to eqn (9.32). We can neglect the last two terms with the vector components of regular functions which are small in A2. We find from eqn (9.4)
 
 Making the corresponding shifts in frequencies, we have
 
 end p.182
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 Finally, inserting (a) together with for the distribution, function
 
 R(A)
 
 into eqn (9.42) we obtain the equation
 
 For temperatures close to Tc, the phonon collision integral at zero frequency can be taken in a -approxination (sec Section 10.4 for more detail)
 
 where f1 = f(1) – f(0) is the correction to the distribution function f(1) defined in eqn (9.28). As a result,
 
 We omit the averaging brackets for brevity. The regular functions are given by eqns (5.48), (5.47), and (5.50), (5.51). Therefore, we find for > 0 (9.43)
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 The term
 
 in eqn (9.43) is proportional to the absorbed power. Indeed, since the dissipated energy per volume is end p.183
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 multiplied by f ho inelastic relaxation time ph. This energy is distributed among N ~ (0) particles. Therefore, the quantity ( / ) is the absorbed energy > 2 . It corresponds to per particle. The last term in eqn (9.43) only exists if creation of new excitations over the energy gap . The nonequilibrium correction to the distribution function is negative. This means that the number of excitations with energies ~ decreases. It is equivalent to a decrease in an “effective temperature” of excitations. Let us study how this affects the order parameter. We define the function
 
 We have for
 
 T
 
 where the function P( / ) is
 
 with w =
 
 / . The last term is nonzero for
 
 >
 
 /2. As we mentioned, it
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 corresponds to creation of quasiparticle excitations by the external irradiation. The function
 
 It has a maximum at w = 2 where its first derivative is discontinuous. Let us consider the equation for the order parameter. We obtain the Keldysh function from eqns (9.25) and (9.28) in the form
 
 Let us insert this into the order-parameter equation (9.17)
 
 The equilibrium part of the distribution function gives the usual stationary Ginzburg–Landau equation (6.23). The resulting equation has the form (9.44)
 
 where
 
 One can generally neglect the first term in eqn (9.44) when
 
 .
 
 end p.184
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 FIG. 9.1. The order parameter as a function of temperature. The long-dashed line 0 (T) shows the order parameter in the absence of irradiation. The increasing part of W ( ) shown by short-dashed line is unstable. The arrows indicate the order parameter jumps with varying the temperature. One can see that a nonzero order parameter exists even if T > Tc because W > 0 the for not very high . For the irradiation intensity such that temperature dependence of the order parameter is determined mainly by the first term in W . The maximum temperature Tmax in this limit is determined by
 
 At this temperature, = /2. If the temperature is increased further the order parameter jumps to zero. The increasing branch of W ( ) is unstable. The order parameter approaches the equilibrium value with decreasing temperature. The (T) is shown schematically in Fig. 9.1. temperature dependence end p.185
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 10 KINETIC EQUATIONS Nikolai B. Kopnin Abstract: This chapter derives the kinetic equations for the two-component distribution function in a gauge-invariant form. The collision integrals for interaction of excitations with impurities, phonons, and with each other are written down. The gauge-invariant expressions for electron density, electric current, heat current, and order parameter are obtained. Kinetic equations for dirty superconductors are derived. Heat conduction in superconducting state is considered. Keywords: kinetic equation, gauge invariance, distribution function, collision integral, impurity, phonons, electron-electron interaction, heat current We derive the kinetic equations for the two-component distribution function in a gauge-invariant form. We write down the collision integrals for interaction of excitations with impurities, phonons, and with each other.
 
 10.1 Gauge-invariant Green functions In this section we introduce a more convenient description of a time-dependent state of a superconductor in terms of the gauge-invariant Green functions. We know that the gauge invariance is the basic property of the superconducting state. The Eilenberger equations are gauge-invariant and so are the regular (retarded and advanced) quasiclassical Green functions for a time-independent state of a superconductor which are determined by these equations. Of course, the gauge-invariance holds for a nonstationary state, as well. However, the generalized distribution function introduced in Chapter 9 and the regular functions for a nonstationary state, treated separately, can become non-gaugeinvariant if special precautions are not taken.
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 Remind that according to the general gauge-invariance (see also page 19), the electromagnetic potentials can be changed according to (10.1)
 
 where f is an arbitrary function, without changing the electromagnetic fields (10.2)
 
 In superconductors, the transformation eqn (10.1) is accompanied by the transformation of the order parameter phase (10.3)
 
 Therefore the combinations (10.4)
 
 are also gauge-invariant; they are called the gauge-invariant potentials. Of course, the order parameter magnitude is gauge-invariant, too. Therefore, the equations end p.186
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved for the Green functions and for the distribution function should contain, in addition to the electric field E and magnetic field H, the vector and scalar potentials in proper combinations with the spatial and time derivatives of the order parameter phase such that they appear as the gauge-invariant potentials eqn (10.4). Note that the time-dependent Ginzbnrg–Landau model discussed earlier in Section 1.2.1 is an example of such gauge invariant theory because it only contain the potentials (10.4) and the order parameter magnitude. In this section we define the Green functions and the generalized distribution functions in a gauge-invariant way. We start with the transport-like equations obtained in Section 8.4 and derive the kinetic equations for the distribution function in a state which slowly varies in time. More particularly, we assume that the time variations of the superconducting parameters arc such that the characteristic frequency is . These equations will make the basis for further discussions of nonequilibrium properties of superconductors. Let us turn back to the definitions of non-quasiclassical Green functions in Chapter 8. We recall the operator eqn (8.3) acting on the matrix Green function in the Nambu space. It can be written as (10.5)
 
 where (10.6)
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 and p =
 
 i
 
 is the particle momentum operator. The Hamiltonian is
 
 (10.7)
 
 where (10.8)
 
 see eqn (5.57). The velocity is v = (p)/ p, and m* is the effective mass of an, electron. As distinct from eqn (3.70), the effective Hamiltonian contains the scalar potential which should be separated from a spatially independent part of the chemical potential, EF. The equation for the regular Green function can be written as (10.9)
 
 The full convolution in the coordinate space is (10.10)
 
 It is equivalent to the shortcut [AB] used in the momentum frequency representation. The equation of motion for the total Green function is obtained from eqn (8.61): end p.187
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 The collision-Integral matrix is (10.12)
 
 The regular Green functions satisfy eqn (10.11) with the collision integral (10.13)
 
 As before, we use the mixed coordinate-momentum representation
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 (10.14)
 
 in the center-of-mass momentum and frequency for the Green function defined through (10.15)
 
 where p± = p ± k/2 and ± = function (p; r, t).
 
 ±
 
 /2. We are going to derive equations for the
 
 10.1.1 Equations of motion for the invariant functions We denote the center-of-mass coordinate and time r = (r1 + r2)/2 and t = (t1 + t2)/2 and introduce the modified Green functions (10.16)
 
 and same for
 
 and F
 
 with
 
 in the corresponding exponents. Here
 
 (10.17)
 
 Equations (10.16) refer both to regular and Keldysh Green functions. The point (r0, t0) is taken close, i.e., on a scale of , to the points (r1, t1) and (r2, t2). Integration in the first term is carried out along the shortest; path connecting the points r0 and r1. We shall write the equation in the differential form at the point (r, t). (r, t), therefore, in the final equations, we can put (r0, t0) Since the relative distances are always small, , we can expand all the quantities in | r1 r2 | / . For further derivation, we adopt one more assumption, namely, that the electric field E = (1/c) A/ t is small: eE / or, equivalently, that the time variations are slow: . This means that we restrict ourselves to a linear response to the electric field. In return, we are able to expand in the relative time, (t1 t2) ~ / , as well. The equation of motion for the modified regular Green function can be obtained (Kopnin 1994) after substitution of eqn (10.16) into eqn (10.9) and expansion of the operators
 
 1
 
 and
 
 in powers of | r1
 
 r2|/
 
 and (t1
 
 t2 )
 
 end p.188
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 and E. On the next step we go into the mixed momentum-coordinate representation performing the Fourier transformation with respect to the relative coordinates r1 r2 and t1 t2 to the momentum p and frequency , respectively. Equations for become
 
 thus obtained modified functions (10.18)
 
 or (10.19)
 
 Here we defined the gauge-invariant operators (10.20)
 
 where
 
 The differential operator
 
 contains
 
 (10.21)
 
 and (10.22)
 
 The gauge-invariant derivatives
 
 and
 
 are
 
 (10.23)
 
 (10.24)
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 The operator / t in
 
 acts on the center-of-mass time t.
 
 end p.189
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 The differential operator in eqn (10.21), (10.22) and the derivatives / and / p in eqn (10.25) appear as a result of expansion of the convolution near the point (r1 + r2)/2 and (t1 + t2)/2 in small r1 r2 and t1 t2. To demonstrate this, let us consider the time-dependent part in the expansion of eqn (10.25). On can check that, in the frequency representation, (10.26)
 
 where we put = + /2 and use eqn (10.15). Performing the Fourier transformation over the center-of-mass frequencies and we obtain the first line of eqn (10.25). The momentum part can be expanded similarly. A transport-like equation for the modified regular Green function is obtained after subtracting eqn (10.19) from eqn (10.18): (10.27)
 
 Equation (10.11) for the modified Keldysh function can be transformed in the same way. We have (10.28)
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 The gauge-invariant equation (10.28) is the basis for our further derivation. As an example, we write down two elements of the matrix eqn (10.28):
 
 end p.190
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 (10.29)
 
 and (10.30)
 
 In eqns (10.29), (10.30) the arguments , p, r, and t of the Green functions , etc., are omitted for brevity. Equations for
 
 and
 
 can be obtained by the transformation , and under , and p p in eqns complex conjugation and, the change of signs (10.29) and (10.30). The same equations hold for the regular functions with the corresponding collision integrals in the right-hand side. From eqns (10.27) and (10.28) it is clear that the functions gauge-invariant while the usual functions one can put locally
 
 and
 
 are
 
 are “gauge-covariant”. Note that and
 
 since we take the limit r0 r, t0 t in eqn (10.16). However, the derivatives should be transformed according to eqn (10.16) (10.31)
 
 and similarly for
 
 . At the same time, eqn (10.16) implies that
 
 function of the “particle” kinetic momentum e , while
 
 is the and an energy
 
 is the function of the “hole” kinetic momentum
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 and an energy + e . We shall use the matrix gaugeinvariant time-derivative acting on a gauge-covariant functions defined through (10.32)
 
 and similarly for
 
 . Therefore,
 
 end p.191
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 10.2 Quasiclassical kinetic equations
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 In the previous chapter, we have neglected the terms with the momentum derivatives of the type of eqn (9.4) when deriving the Eliashberg equations from the transport-like equations. These terms appear now in eqns (10.29) and (10.30) which are of a higher accuracy in the quasiclassical parameter 1/pF . Such terms have also been neglected during derivation of the Eilenberger equations in Chapter 5. With this approximation, the Eliashberg and Eilenberger equations are local in the momentum p which reduces immensely the complexity of the full Green function formalism. However, as we have already mentioned on page 171, this approximation can be insufficient for the Keldysh Green function. We shall see later in this section that, within this approximation, the distribution functions f(1) and f(2) enter the kinetic equations in such a way that the left-hand side of one equation, for example, contains the time-derivative of f(1) and the coordinate derivative of f(2) while the function f(1) itself is contained only in the corresponding collision integral. On the other hand, some of the neglected contributions with the momentum derivatives do contain the function f(1) in the form of f(1)/ p. If the collision term and/or the time-derivative is larger than the momentum derivative, the latter can be safely neglected. The problem arises when the collision terms are small. If they are of the order of momentumderivatives, the latter can no longer be neglected. Therefore, in general, we have to keep the momentum-derivatives in our equations. A complication which we immediately obtain is that there are many other terms of the order of 1/pF in the expansion of the full Green function transport equations in the quasiclassical parameter. Fortunately, not all of them are equally important. To separate the important contributions of the first order in the quasiclassical parameter 1/pF we note that various terms in the transport equations of the type of eqn (10.29) for the full Green functions, which result from the expansion of the convolution in the small parameter 1/pF are of two different types. First, there are corrections to already existing terms in the quasiclassical kinetic equations derived in Chapter 9 within the zero order in 1/pF . Second, there are new contributions which appear only as the first approximation in 1/pF . As we already mentioned, the new terms (though they are formally of the relative order of 1/pF ) enter the kinetic equations in the same way as the collision integrals, and, therefore, they have to be compared with the terms of the order of 1/ . In clean superconductors with 1/ , the terms of the new
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 structure may happen to be not negligible compared to the (small) collision integrals. Thus one can neglect the corrections of the first type and, at the same time, keep the corrections of the new structure. The possibility to separate the most important contributions from all the numerous terms of the expansion in 1/pF exists for clean superconductors with the mean free path (T). For dirty superconductors with ~ (T), one has two options. If the quasiclassical accuracy is sufficient for the particular problem, the first-order terms in 1/pF including the momentum-derivatives should be all neglected. If the quasiclassical approximation is not sufficient, one has to take into account, other expansion end p.192
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved terms in 1/pF . This approach has been developed by Larkin and Ovchinnikov (1995) for the problems of the Hall effect in vortex dynamics (see Chapter 14). This approach is much more complicated, and we do not describe it here. In what follows we shall work with the quasiclassical functions integrated over d p / i. The Keldysh Green function can be generally parametrized in terms of four linearly independent matrices. We can write (10.33)
 
 where
 
 is the matrix distribution function; it consists of the diagonal matrix
 
 (10.34)
 
 and another two-component matrix
 
 . In the zero-order quasiclassical
 
 due to the normalization of the approximation (see Chapter 9), quasiclassical Keldysh function. If we include non-quasiclassical corrections, the matrix
 
 becomes nonzero. The components of 1
 
 (1)
 
 are thus small in the (0)
 
 =f + f1 and f(2) f2 quasiclassical parameter (pF ) . We shall write f where f1 and f2 are the nonequilibrium corrections. The equilibrium distribution
 
 function f(0)( ) depends only on energy; f1( , p; r, t) and f2( , p; r, t) are corrections proportional to time-derivatives of the order parameter and to the electric field. The functions f1 and f2 are respectively the odd and even in and p parts of the total distribution function. We have (10.35)
 
 In the second line we neglect the function quasiclassical parameter.
 
 since It is already small in the
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 Now we make the next step in derivation: we integrate eqns (10.27) and (10.28) over d p/ i. As we explained earlier, we omit the corrections of the order of 1/pF to the terms which do already exist in the zero-order approximation. Within this accuracy, we neglect the dependence of all the factors on p, and put v = vF. Moreover, we replace the derivative / p = vF( / p) + / pF with just the second term. Here pF is the increment of the momentum pF belonging to the Fermi surface p(p) = 0, i.e., pF is perpendicular to vF. We obtain (10.36)
 
 and
 
 end p.193
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 Here
 
 and
 
 is defined by eqns (10.21) and (10.22).
 
 Using eqn (10.33) we find (10.38)
 
 The operators / components of operator
 
 , / p, and
 
 in
 
 act on the underlined functions. The
 
 can again be neglected if they appear together with the
 
 .
 
 Equations for the distribution functions
 
 and
 
 can be obtained from eqn
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 (10.38) by projecting it onto the eigenfunctions of the operators
 
 respectively. Here
 
 is the matrix equation (10.38).
 
 10.2.1 Superconductors in electromagnetic fields In many situations, the kinetic equations can be simplified considerably. The wide class of such phenomena includes, in particular, responses of superconductors to applied electromagnetic fields. These are the cases when the non-quasiclassical corrections in the equation for the function f2 can be neglected. We specify the corresponding conditions later. Using eqn (10.36) and its time-derivative, we find in this case (10.39)
 
 where (10.40)
 
 end p.194
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 0
 
 in the
 
 We now take the trace of eqn (10.39). The first line gives
 
 We neglect the non-quasiclassical corrections in the first two terms for the reason which we discuss later. Consider the trace
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 All terms except for the first one contain small non-quasiclassical correction and can be neglected. Putting this into eqn (10.39), we write the final equation for the gauge covariant functions using the transformation rules of eqn (10.23) and (10.24): (10.41)
 
 Here (10.42)
 
 and (10.43)
 
 An equation for f2 is obtained from eqn (10.39) after multiplying it by and taking the trace. Neglecting the non-quasiclassical corrections in this equation we get (10.44)
 
 Here (10.45)
 
 Equation (10.44) shows that the term omitted in eqn (10.39) during the derivation of eqn (10.41) introduces corrections proportional to the end p.195
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 quasiclassical parameter (pF ) 1 to the terms which are already present in eqn (10.41); it thus should be neglected. Equation (10.41) can be further modified using the equation for the static Green functions (10.46)
 
 The non-quasiclassical correction can be omitted here. Multiplying this equation by f2 and subtracting it from eqn (10.41), we obtain (10.47)
 
 where (10.48)
 
 and (10.49)
 
 In the literature, the function is defined according to
 
 is used sometimes instead of the function f2, it
 
 (10.50)
 
 where
 
 is the phase of the order parameter. Using the fact that the collision
 
 integral vanishes for any function independent of the momentum-direction [see eqn (10.76)] we find instead of eqns (10.47)
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 where the operator acts only on the modulus of the order parameter. Equation (10.51) can be further transformed into (10.52)
 
 Equation (10.44) becomes (10.53)
 
 These are the equations for the new function
 
 .
 
 10.2.2 Discussion
 
 第2页 共7页
 
 The kinetic equations eqn (10.41) [or eqn (10.47)], and eqn (10.44) for the distribution functions f1 and f2 are the central result of this chapter. The kinetic equations contain the momentum derivatives of f/ p multiplied by “forces” which include the Lorentz force fL = (e/c) [vF × H] and the forces arising due to spatial variations of the order parameter. Note that the electric field is included in the terms which describe the energy variation in time, since E is of the first order in time-derivative. For this reason, it does not enter the force terms. As we saw already on page 195, the function f1 appears in the l.h.s. of eqn
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 (10.41) only as f1/ t and in combinations with the momentum derivatives f1/ p or as ( / p) f1. For a slow variation in time, 1/ , the only terms with f1 are those with the momentum derivatives of the distribution function and of the order parameter. Such terms only exist in the first-order approximation in 1/pF . All other non-quasiclassical contributions are omitted: they turn out to be corrections to the first line of eqn (10.41) which already exists in the zero approximation. From eqn (10.41) we note that the momentum derivatives are of the same order of magnitude as the collision integrals when (10.54)
 
 The relative importance of the terms with the momentum derivatives decreases as the mean free path gets shorter. For the
 
 , their contribution to
 
 end p.197
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved distribution function is of the order of as compared to that determined by the collision integral. This correction becomes of the order of 1/pF when decreases down to values of the order of unity. For such short , the / p become comparable or less than the terms contributions from f1/ p and which we have neglected during the derivation of the quasiclassieal kinetic equations. Thus, it becomes illegal to keep the momentum derivatives f1/ p and / p in equation (10.41) for ~ 1 and they should be neglected. Therefore, for dirty superconductors, eqns (10.41, 10.44) should be used with the momentum derivatives neglected. In the dirty case we thus obtain from eqn (10.41) (10.55)
 
 Equation (10.44) can be used as it stands. These equations can be also obtained directly from the Eliashberg equations (9.2) using the Keldysh function, in the form of eqn (9.25) with the distribution, function, from eqn. (9.28). The derivation of the quasiclassical set of equations (10.55) and (10.44) for dirty superconductors is described in the review by Larkin and Ovchinnikov (1986). 1, on the contrary, the momentum For clean superconductors with derivatives should be included into the kinetic equations. They give small contributions in the so-called moderately clean, regime when . As
 
 increases further, their role becomes more
 
 important. Finally, in the collisionless limit (superclean regime) / p dominate. the momentum derivatives f/ p and
 
 ,
 
 One more observation is that, for clean superconductors interacting with electromagnetic fields, f2 f1. Indeed, eqn (10.41) gives
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 On the other hand, eqn (10.44) shows that the variation of f1 is f1 ~
 
 f(0)/
 
 along a trajectory part with a length of the order of . This variation is much smaller than f1 itself. Therefore, eqn (10.44) reduces simply to (10.56)
 
 i.e., the function f1 is constant along the quasiparticle trajectory. As a result, eqn
 
 (10.41) implies that f2 ~ f(0)/ , i.e., f2 f1. It is this condition that allows one to neglect non-quasiclassical corrections to f2 and to use eqn (10.56) in a clean superconductor. Equation (10.56) holds for a trajectory which is not very long. The maximum length L is determined by the shortest of the three length scales: L min { , (EF/ )
 
 , rH} where
 
 is the characteristic scale of variations of the order
 
 parameter, and rH = F/ c is the Larmor radius. If this condition is violated, one cannot neglect the other terms in eqn (10.39) any more. This condition, end p.198
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved in particular, determines the necessary requirement of validity of eqn (10.56); it which is equivalent, of course to the clean-limit condition . is L The non-quasiclassical corrections to eqn (10.44) which were omitted during the derivation may become important for problems associated with the heat transport, when there exists a temperature gradient in a superclean regime with and longer. In this case, on the contrary, the function f2 is larger than f1 and eqn (10.41) gives g f2 = const. The second equation (10.44) should then be derived including the non-quasiclassical corrections. We shall not consider such problems here.
 
 10.3 Observables In the gauge-invariant representation
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 Using the modified gauge-invariant Green functions, the current can be written as (10.57)
 
 Here for and for according to the definition of the gauge-invariant functions. We see that the diamagnetic term does not appear explicitly for the gauge-invariant representation in the quasiclassical limit. Performing shifts in the momentum under the integrals we can write the current through the gauge-invariant quasiclassical Keldysh functions in the usual form (10.58)
 
 The order parameter is (10.59)
 
 where | g | is the pairing interaction. The quasiclassical version of this expression (10.60)
 
 where
 
 =
 
 (0) | g | is the pairing constant.
 
 The electron density is (Eliashberg 1971)
 
 in terms of the usual Green functions. The scalar potential appears in the r.h.s. due to a change in the normal-state density caused by a e variation of the chemical potential. The electron density becomes
 
 end p.199
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 in terms of the gauge-invariant Green functions. Here we use that
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 and
 
 The latter follows from the observation that for | |
 
 We can now replace the gauge-invariant functions in equations (10.58), (10.60), and (10.61) with the usual (gauge-covariant) functions. The only condition is that they have to be determined by the gauge-invariant kinetic equations (10.41) and (10.44) together with the gauge-invariant parameterization for the Keldysh function through f1 and f2. The Keldysh function takes the form
 
 where corrections and write
 
 . We shall neglect, the small non-quasiclassical
 
 (10.62)
 
 In this approximation, the Keldysh function is parametrized by two distribution functions f1 and f2. With eqn (10.62), the current and the order parameter have their usual form (10.63)
 
 and (10.64)
 
 The expressions for the internal energy and the internal energy current can also be written in terms of the gauge-invariant functions. We have
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 In the quasiclassical representation, it becomes (10.65)
 
 Here n is the energy in the normal state, and g is the deviation of the Green function from the normal state. We have separated the normal state contribution because the normal state energy cannot be calculated within the quasiclassical approximation: the momentum integral is determined by p far from the Fermi surface. The energy current takes the form (10.66)
 
 10.3.1 The electron density and charge neutrality
 
 第1页 共7页
 
 The electron density eqn (10.61) takes the form
 
 The combination is nonzero in a nonstationary situation. To find it, we use the normalization condition
 
 We put where a nonstationary correction and find
 
 is the stationary Green function and
 
 is
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 We multiply this equation by
 
 With help of the identity g2
 
 and take the trace
 
 ff
 
 =1 we obtain
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 (10.67)
 
 and the same for the advanced function. Next, we note that according to the particle–hole symmetry of the Eilenberger equations (5.89)–(5.91), the static Green functions transform as (10.68)
 
 under the transformation (10.67) transforms into
 
 ,p
 
 p. Therefore, the first line of eqn
 
 while the second line transforms into
 
 As a result, we can write
 
 where A ( , p) is an even function of ( , p) while the first term is an odd function of these variables. The term with A ( , p) vanishes after integration with the odd function f(0) = tanh ( /2T). The electron density becomes (10.69)
 
 where is defined by eqn (10.4), and the averaging over momentum directions eqn (5.72) is implied. Integrating by parts in the first line and using that
 
 we find (10.70)
 
 With the definition equation (10.50) of the function be written as
 
 , the electron density can
 
 (10.71)
 
 In metals, all bulk charges are screened. It can be seen from the Poisson equation for the normal state
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 where N and Ni are densities of electrons and ions, respectively. In equilibrium, N = Ni Introduction of an additional electronic charge results in a shift of the chemical potential
 
 =
 
 e
 
 such that
 
 The Poisson equation becomes
 
 It demonstrates that the potential together with N decay at distances of the order of the Debye screening length
 
 which is of the order of interatomic distance in good metals. Therefore, variations in the electronic charge density are practically zero at distances of the order of the coherence length, and we have to put the constraint N = 0 or (10.72)
 
 The latter follows from the continuity equation
 
 Since Ni = N0 where N0 is the normal-state electron density, the charge neutrality condition requires (10.73)
 
 10.4 Collision integrals
 
 第4页 共7页
 
 Collision integrals describe interaction of excitations with impurities, phonons and, with each other. These interactions are responsible for establishing equilibrium in an electronic subsystem in a superconductor assuming that the crystal lattice (phonons) together with impurities are themselves in equilibrium and form a heat bath. In practical superconducting compounds, impurity concentrations are usually such that the most effective relaxation is brought about through scattering of electrons by impurities; the electron–phonon relaxation rate is usually much smaller, to say nothing about electron–electron collisions. If not specified otherwise, we assume in what follows that the impurity collision integral is the largest source of relaxation. In this section we consider various collision integrals and derive expressions for them in terms of the distribution functions f(1) and f(2) which will be used later in our discussions. We note that all the collision integrals vanish for the equilibrium
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 distribution f(1)
 
 f(0) and f(2) = 0. They are thus proportional to deviations from
 
 equilibrium. Therefore, one can use the stationary Green functions collision integrals.
 
 R(A)
 
 in the
 
 end p.203
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 10.4.1 Impurities 10.4.1.1 Nonmagnetic scattering
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 We shall assume for simplicity that the impurity scattering is isotropic. Remind that the self-energies for nonmagnetic impurities are
 
 Here we use notation instead of imp for brevity. The collision integrals are found from eqns (9.14) and (9.16) using the definitions eqns (10.43), (10.45), and (10.48):
 
 where (10.74)
 
 (10.75)
 
 and
 
 In addition (10.76)
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 Note that the collision integrals and J1 differ in two respects. First, the collision, integral J1 vanishes after integration, over the momentum directions while the integral
 
 At the same time
 
 does not:
 
 vanishes for any function f (2) independent of the
 
 momentum directions while
 
 does not.
 
 end p.204
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 The spin-flip collision integrals become (10.78)
 
 (10.79)
 
 and
 
 10.4.2 Electron–phonon collision integral
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 For small deviations from the equilibrium distribution function and for
 
 , we
 
 (2)
 
 can consider only the terms linear in f . The electron–phonon self-energies have the form of eqns (9.12) and (9.13). One obtains for the collision integrals: (10.80)
 
 Here
 
 is the electron–phonon interaction constant. Terms linear
 
 in f(2) do not appear in and f(2). It has a form
 
 . The second collision integral contains both f(1) . The first part is
 
 end p.205
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 (10.81)
 
 The function, f(1) here should be considered equilibrium: f(1) = tanh ( /2T). The only depends on f(1)
 
 part (10.82)
 
 The functions
 
 (p, r) and
 
 (p, r) in eqns (10.80)–(10.82) have the same
 
 momentum since the relative change in p during interaction with the acoustic phonons is small. We note that the collision integrals
 
 and
 
 vanish for the
 
 equilibrium f(1) = tanh ( /2T). In turn, the collision integral
 
 vanishes
 
 for any function of the form of f(2) = const (df(0)/d ); the latter corresponds to the invariance with respect to variations in the chemical potential. 10.4.2.1 Simplifications for T
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 Tc
 
 Near the critical temperature when functions for energies ~ , i.e., for f1 f(1) f(0) is small for considerably in this case. For result
 
 T, and for
 
 T,
 
 T, one usually needs the distribution T, while the deviation from equilibrium
 
 ~ T. The phonon collision integral can be simplified
 
 ~ T we have
 
 and
 
 . As a
 
 (10.83)
 
 where the electron–phonon mean free time is
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 (10.84)
 
 The second collision integral becomes
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 Here (10.86)
 
 The electron–phonon relaxation rate, eqn (10.84), is Usually the Debye frequency is higher than the critical temperature, Tc
 
 . D
 
 and
 
 . The electron–phonon relaxation rate is thus small compared to the
 
 also
 
 order parameter for temperatures which are not very close to Tc: . High-temperature superconductors can be exceptions because the critical temperature is roughly of the same order as D. Nevertheless, experimentally, is believed to hold. This should be especially the inequality correct for d-wave superconductors where it is crucial for the very existence of d-wave superconductivity as we have pointed out in Section 6.3.
 
 10.4.3 Electron–electron collision integral
 
 第2页 共7页
 
 Self-energies for the electron–electron collisions can be obtained from the expressions established (Eliashberg 1971) for the electron–electron interaction in Section 8.3. The transformation to the quasiclassical functions is made according to the general rules described earlier. The only difference is that the self-energy contains three G functions and only two integrations over the momenta. However, we can put
 
 because we are only interested in energies close to the Fermi surface. We obtain (10.87)
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 (10.88)
 
 and (10.89)
 
 (10.90)
 
 Here A and B are the matrix elements of the interaction potential; different signs appear because of different spin structure of the matrix elements between the end p.207
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 and
 
 . The curly
 
 The energies and momenta satisfy the conservation laws: (10.91)
 
 For a point interaction V(r) = V (r) one has
 
 The electron–electron interaction constant is defined as
 
 ee
 
 =
 
 V. We introduce
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 the operator (10.92)
 
 Self-energies become (10.93)
 
 (10.94)
 
 (10.95)
 
 (10.96)
 
 We write down only one electron–electron collision integral
 
 To calculate
 
 we can put f(2) = 0. Using that Tr ÎR(A) = 0 we obtain
 
 (10.97)
 
 where
 
 end p.208
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 Here the index 0 refers to , p, while the index 1 is for
 
 1,
 
 p1, etc.
 
 The equilibrium distribution function f(0) = tanh ( /2T) turns the function F( , 2 , 3) to zero. If we put now
 
 where
 
 1,
 
 is a small correction, we obtain
 
 10.5 Kinetic equations for dirty s-wave superconductors To make an example, we apply our kinetic equations to dirty s-wave superconductors such that the mean, free time satisfies the condition
 
 The starting equations have the form of eqns (10.55) and (10.44). We write them again (10.98)
 
 (10.99)
 
 The collision integrals are given byeqns (10.74)–(10.75) for scattering by impurities, and byeqns (10.80)–(10.82) for electron–phonon relaxation. We use the method employed earlier in Sections 5.6 and 9.3 for superconductors with a short mean free path. Let us first average eqn (10.98) over the end p.209
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 directions of vF. The nonmagnetic impurity collision integral vanishes and we obtain (10.100)
 
 This equation contains the vector component of f2 in the left-hand side and the average component of f1 in the right-hand side. Now we multiply eqn (10.99) with vF and average it: (10.101)
 
 Here we keep the largest collision term due to scattering by nonmagnetic impurities. The vector components of regular functions in eqn (10.101) are neglected as compared to the averaged components. This equation also contains the averaged f1 and the vector f2. The second set of equations for vector f1 and averaged f2 components is obtained as follows. First, we average eqn (10.99): (10.102)
 
 Next, we multiply eqn (10.98) with vF and average it: (10.103)
 
 The four equations (10.100), (10.101), (10.102), and (10.103) determine the four functions f1, f2, f1, and f2.
 
 10.5.1 Small gradients without magnetic impurities
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 The regular functions are determined by the Usadel equations (5.98), (5.99). Assume that the order parameter gradients are small Dk2 . We also assume that the electron–phonon relaxation is slow such that which is usually the case for temperatures not extremely close to Tc. The Usadel equations given the expressions for the Green functions as in a homogeneous case (10.104)
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 in the leading approximation in small gradients. As a result, we have from eqn (10.75) for 2 > | |2
 
 We can neglect the second term in the r.h.s. since the vector part of the Green function is small compared to the averaged one. Equation (10.101) gives (10.106)
 
 Using eqn (10.100) we find (10.107)
 
 The vector part of the Green function is small compared to the averaged component and can be neglected. Equation (10.102) should be used together with eqn (10.103) which determines the vector part f1. The impurity collision integral for slow gradients. The part
 
 vanishes because f+ f
 
 =0
 
 gives
 
 (10.108)
 
 The function f2 is obtained from eqn (10.102) where one inserts f1 from eqn (10.108). Note that the Green functions g± and f± in eqn (10.102) should be taken with the proper account of the phonon scattering rate since the last term in the l.h.s. is proportional to . The so-obtained function f2 should then be used in the charge neutrality condition to find the equation which determines the scalar potential .
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 10.5.2 Heat conduction Equation (10.106) allows one to calculate the thermal conductivity. Using the definition of the internal energy current, eqn (10.66), we have
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 Let us assume that the distribution function is f(1) = f(0) = tanh( /2T) where T is a slow function of coordinates. The gradient becomes
 
 The heat current takes the form j =
 
 k T where the thermal conductivity is
 
 (10.109)
 
 This expression for the thermal conductivity was first derived by Bardeen et al. (1959). end p.212
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 11 THE TIME-DEPENDENT GINZBURG-LANDAU THEORY Nikolai B. Kopnin
 
 第2页 共6页
 
 Abstract: This chapter specifies the conditions when the time-dependent Ginzburg–Landau (TDGL) model can be justified microscopically. The TDGL model is shown to be exact for gapless superconductors. It is not exact, however, for systems with a finite energy gap. The role of nonequilibrium excitations is elucidated in the dynamics of superconductors. The generalized version of TDGL-like model is derived for superconductors with relatively strong pair-breaking effects due to inelastic relaxation. The (different) characteristic relaxation times for the order parameter and for the superconducting phase are identified. The TDGL-like theory is developed for d-wave superconductors. The charge imbalance, the decay of a d.c. electric field in a superconductor, and the surface resistance are discussed. Keywords: time-dependent Ginzburg–Landau model, gapless superconductor, inelastic relaxation, pair-breaking, relaxation time,
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 charge imbalance, surface resistance We find out the conditions when the time-dependent Ginzburg–Landau model can be justified microscopically. We demonstrate that the TDGL model is exact for gapless superconductors. It is not justified, however, for systems with a finite energy gap. The role of nonequilibrium excitations is elucidated in the dynamics of superconductors. The charge imbalance and decay of a d. c. electric field in a superconductor is discussed.
 
 11.1 Gapless superconductors with magnetic impurities We already discussed the time-dependent Ginzburg–Landau (TDCL) model which generalizes the usual Ginzburg–Landau (GL) theory and provides a simple description of nonstationary processes in superconductors (see Section 1.2.1). Consider now how and under which conditions, the microscopic theory can justify the phenomenological TDGL model. We start with the simplest example that requires a minimum of calculations if we use the preparatory work done in the previous chapters. This is the case of dirty superconductors which have a large concentration of magnetic impurities such (Gor’kov and Eliashberg 1968). Note that this is exactly the
 
 that
 
 condition of gapless superconductivity. In this case also functions are found from eqn (6.45):
 
 . The regular
 
 (11.1)
 
 within the first-order approximation in
 
 and the zero-order approximation in
 
 . spatial gradients. The characteristic energy scale in eqn (11.1) is ~ is small compared to the energy scale of Therefore, the external frequency the regular Green functions. One can thus safely use the kinetic equations obtained by expansion in small . The collision integrals for magnetic scattering in eqns (10.100), (10.102) become
 
 All other terms are small in
 
 .
 
 Kinetic equations (10.100), (10.102) become (11.2)
 
 end p.213
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 The phonon collision integrals are small as compared to the magnetic scattering and can be neglected. We see that the corrections f1 and f2 to the equilibrium f(0) are proportional to and are thus small as compared to the terms with f(0) the Keldysh function eqn (10.62). Therefore (11.4)
 
 As a result, the equation for the order parameter takes the form (11.5)
 
 It is instructive to compare this equation with eqn (1.85). These two equations in eqn (11.1) for the functions coincide if one replaces the imaginary part fR(A) with an infinitely small i . However, the expression (11.4) for the Keldysh function which has resulted in eqn (11.5) is not exact; it requires that the deviations from equilibrium f1, 2 are small. It is the gapless condition that makes f1, 2 small. We thus confirm the conclusion of Section 1.2.2 that the TDGL scheme works only for gapless superconductors when deviations from equilibrium are negligible. Equation (11.5) yields (11.6)
 
 Since , the derivative of the distribution function becomes f(0)/ = 2 ( ). The last term in eqn (11.6) gives
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 The first term in the r.h.s. of eqn (11.6) gives the stationary part of the Ginzburg–Landau equation (Abrikosov and Gor’kov 1960). We have from eqn (11.6) (11.7)
 
 The expression for the current is obtained in exactly the same way as before. We have for the vector part of the distribution function from eqn (10.103) end p.214
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 Thus the normal current is jn =
 
 nE.
 
 The total current becomes
 
 (11.8)
 
 One can easily see that the system of equations (11.7) and (11.8) can be written in the form of general equations of relaxation dynamics, eqns (1.65), (1.67) used to derive the TDGL model in Section 1.2.1 with the superconducting free energy
 
 The order parameter relaxation constant as defined in Section 1.2.1 is
 
 The relaxation times are
 
 Their ratio u = 12. We conclude therefore that gapless superconductors with large concentration of magnetic impurities can be exactly described by the TDGL model. The reason is that the distribution of excitations is very close to equilibrium. It is the small which makes the deviation from equilibrium negligible. We shall parameter see in the next example, that the TDGL model starts to fail as the deviation from equilibrium increases.
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 11.2 Generalized TDGL equations The example which we discuss here is more interesting and more realistic in a sense that it does not require strong limitations necessary for gapless superconductivity. Of course, we need, some restrictions to simplify the general kinetic equations. Consider a dirty superconducting alloy with the mean free path . We assume that the temperature is close to Tc. 0 or Moreover, we assume that variations in space and time are slow: (11.9)
 
 In our example, the inelastic scattering by phonons is of major importance. Since the largest wave vector is k2 ~
 
 2
 
 (T) and D
 
 2
 
 (T)
 
 2
 
 /Tc, the condition of
 
 end p.215
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 slow spatial variations is certainly satisfied if . The gradients can satisfy eqn (11.9) also because the characteristic scale of the particular problem may happen to be large compared to (T) for one or another reason; the condition can be lifted in this case. As a reward to the restriction of eqn (11.9) we obtain a possibility to derive a closed set of time-dependent equations for the order parameter magnitude and phase which resemble the TDGL model. On the other hand, they are more general and allow us to follow the crossover from the simple TDGL scheme to a more realistic dynamics for systems with strong deviations from equilibrium. The TDGL-like equations in this case were derived by Watts-Tobin et al. (1981). Consider first the regular Green functions. Within the leading approximation in spatial gradients and in the external frequency, one has from Eilenberger equation (5.84) (11.10)
 
 The phonon self-energies are (11.11)
 
 and (11.12)
 
 Energies
 
 ~ T dominate in the integrals in eqns (11.11) and (11.12). At these
 
 energies, the functions gR(A)
 
 ±1 and fR(A) ~
 
 /T
 
 1, therefore,
 
 and 2 ~ ( /Tc) 1 1, where the electron–phonon mean free time defined by eqn (10.84).
 
 ph
 
 is
 
 Equation (11.10) gives
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 Using the normalization [gR(A)]2
 
 fR(A) = f
 
 R(A)
 
 = 1 we obtain
 
 (11.13)
 
 We choose to be real for brevity at this point, and put fR(A) = f leading approximation.
 
 R(A)
 
 within the
 
 end p.216
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 whence (11.15)
 
 Equation (10.102) becomes (11.16)
 
 We can neglect the spatial derivative in eqn (11.16) because it is small as compared to the other terms when . Fortunately, it is this range of which gives the main contribution to the equation for the order parameter. Indeed, for higher energies ~ T, the spatial gradient could no longer be ignored since the other terms in eqn (11.16) also become small. However, as we shall see in a moment, the function f2 decreases rapidly as increases. It becomes small for ~ T so that the energy range ~ T does not contribute much to the integrals which contain f2. Equation (11.16) yields, after a little algebra, (11.17)
 
 where C is independent of . In contrast to f2, the function is not expected to decay for ~ T. Equation (11.17) has been derived using the argumentation as
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 follows. We note that the first term in f2 satisfies eqn (11.16) exactly while transforms into C f(0)/ for energies ~ T and larger. Since energies ~T dominate in the collision integral the expression (10.85) for J2 takes the form
 
 Remind that it is assumed (11.17).
 
 T. Inserting this into eqn (11.16) we arrive at eqn
 
 The constant C is to be found from the charge neutrality condition. The change in the electron density (10.71) due to nonequilibrium processes is (11.18)
 
 The change in the electron density should be zero. The second term in the r.h.s. of eqn (11.18) is determined by ~ T. For these energies, g 1. Using eqn (11.17) we find
 
 end p.217
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 The function f2 decreases with exactly what we expect for f2.
 
 and becomes small for
 
 . This behavior is
 
 Consider now the self-consistency equation for the order parameter. We have
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 The Keldysh function in eqn (10.62) is (11.20)
 
 where the non-stationary part is (11.21)
 
 For the energy integration, we put (11.22)
 
 The two radicals are determined as analytical functions on the complex plane of with the cuts connecting and , respectively (compare with Fig. 5.1). The variable x is real. It increases from to + as varies from to + along the real axis. It is convenient to use the identities
 
 and
 
 which follow from eqn (11.22). Now it is easy to perform the integration. For example,
 
 end p.218
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 Here we use that the characteristic x
 
 Tc. Similarly,
 
 The stationary part of the Keldysh function defined by eqn (11.20) gives the usual Ginzburg–Landau contribution. Here we note that
 
 is even in we obtain
 
 , therefore, one can use here only the zero-order terms in
 
 . Finally,
 
 (11.23)
 
 Here we restore the complex–valuedness of the order parameter. Expression for the current is
 
 In the leading approximation in
 
 , eqn (10.62) gives
 
 The stationary part of the Keldysh function eqn (11.20) gives the supercurrent. is found from The vector part of the distribution function eqn (10.108). The characteristic frequencies in the integral for the current are ~ T, therefore, one can neglect the function f2 and put g = 1. Therefore
 
 where
 
 . The total current becomes
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 Here the supercurrent has its usual form (11.24)
 
 The normal current is again jn =
 
 nE.
 
 Note that the generalized TDGL equation (11.23) cannot be presented in the form of eqns (1.65), (1.67) because the relaxation of the order parameter magnitude is governed by a different process compared to the relaxation of the order parameter phase. Nevertheless, the real part of eqn (11.23) can be separately written as (11.25)
 
 where we use expression (6.30) for the free energy of a dirty superconductor. Relaxation of the order parameter phase determines conversion of normal current into a supercurrent and penetration of the electric field into a superconductor. Using eqns (11.23), (11.24), and the charge neutrality condition divj = 0 we can obtain the equation for gauge-invariant potential . The imaginary part of eqn (11.23) gives (11.26)
 
 From the charge neutrality we find (11.27)
 
 This equation determines the relaxation length for the potential electric field penetration length. For a constant ,
 
 , i.e., the
 
 (11.28)
 
 The penetration length is longer than
 
 (T) when
 
 ; it can be much . Equation (11.28) was first derived by
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 Tinkham (1972), Schmid and Schön (1975), and by Artemenko and Volkov (1975) for Section 11.4.
 
 . We discuss this phenomenon in more detail later in
 
 . Equation (11.23) transforms into the usual TDGL equation when This limit corresponds to the gapless superconductivity where the pair breaking is due to the inelastic scattering by phonons. One can see this from comparing eqn (11.13) with eqn (11.1) obtained for magnetic impurities. The phenomenological end p.220
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [221]-[225] relaxation parameter in this limit is defined by eqn (1.86). The relaxation time for current defined in Section 1.2.1 is (11.29)
 
 The order parameter relaxation time is
 
 Ratio of the two times is
 
 In a more realistic limit one has, however, . Equation (11.23) no longer has a TDGL form. Indeed, the relaxation time for the order parameter becomes -dependent:
 
 Moreover, it is much longer than the TDGL time and has a tendency to approach ph as temperature decreases away from Tc. A long order parameter relaxation time means that the order parameter in a rapidly oscillating external field is unable to follow the instantaneous magnitude of the field. In fact, it oscillates slightly near an average value, the latter being determined by eqn (11.23) averaged over time. After averaging over fast oscillations, the time derivative drops out; on the other hand, one can replace | | with its averaged value.
 
 11.3 TDGL theory for d-wave superconductors The unusual d-wave symmetry affects both thermodynamic and dynamic properties of superconductors. However, d-wave superconductors are expected to display a more “conventional” type of behavior in the region of temperatures close to the critical temperature. From a thermodynamical point of view, this is the temperature range where the Ginzburg–Landau theory is applicable for both s-and d-wave superconductors. As far as dynamics is concerned, d-wave superconductors appear to be even more simple than the usual s-wave superconductors. Indeed, for s-wave superconductors, in addition to solving the equation for the order parameter one has to take care of nonequilibrium excitations which become extremely important due to a singular density of states near the energy gap. As we already know, a comparatively simple time-dependent Ginzburg–Landau (TDGL) theory is only available for several
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 particular situations. The most important example is the gapless superconductivity realized in materials with large enough concentration of magnetic impurities. The energy gap is suppressed due to a spin-dependent scattering which breaks spin-singlet Cooper pairs. d-wave superconductors with nonmagnetic impurities are in a sense similar to s-wave superconductors with magnetic impurities: the energy gap is destroyed due to end p.221
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved breaking of the momentum coherence of a d-wave Cooper pair by scattering at impurity atoms (see Section 6.3). In the limit , all memory of the energy gap disappears completely. This is where one can expect a comparatively simple nonequilibrium dynamics. The “gapless” behavior is a natural high-temperature limit for d-wave superconductors with impurities in contrast to s-wave superconductors where it is quite an exotic situation. The d-wave superconductivity can only exist in clean compounds with the impurity mean free path much larger than the zero-temperature coherence length 0; this is equivalent to the condition . The “gapless” regime is thus realized in close vicinity of Tc where . In a sense, d-wave superconductors in close vicinity of the critical temperature display a much simpler dynamics than s-wave superconductors near Tc. Nevertheless, it is richer than the conventional TDGL theory. In the present section we demonstrate that the general nonstationary microscopic theory of superconductivity in this temperature range can be reduced to a set of equations resembling the usual TDGL equations with one extra term responsible for relaxation of nonequilibrium excitations (Kopnin 1998 a). In an inhomogeneous situation, relaxation is diffusion dominated. If the diffusion occurs at distances of the order of the coherence length (T), the relaxation is comparatively fast and results in a dissipation of the same order of magnitude as in the usual TDGL theory. The extra term becomes more important when the diffusion slows down, i.e., when the scale of spatial variations is large. In a homogeneous situation, the extra term is determined by yet slower inelastic relaxation and thus can reach rather high values. The overall behavior is reminiscent of an s-wave superconducting alloy with a small concentration of magnetic impurities considered by Eliashberg (1968). To compare the results, one needs to replace the spin-flip relaxation time s with 2 imp.
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 We start our derivation with the general self-consistency equation for the d-wave order parameter, eqn (5.29). For a time-dependent problem, it has the form (11.30)
 
 The angle brackets, as usual, denote an average over the Fermi surface according to eqn (5.73) having in mind that, in d-wave superconductors, the Fermi surface may be nonspherical. The d-wave pairing potential normalized in such a way that
 
 is
 
 (11.31)
 
 To find the regular quasiclassical Green functions we use the Eilenberger equations (11.32)
 
 (11.33)
 
 end p.222
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 For the distribution function we use the kinetic equations (10.98) and (10.99) in . The collision integrals may the “dirty limit” since we assume that include both impurity and inelastic (electron–phonon) scattering J = J(imp) + J(ph). We assume that the inelastic mean free time is much larger that the impurity scattering time,
 
 .
 
 We consider here the so-called “gapless” limit which is realized at temperatures close enough to the critical temperature. The corresponding condition is ; this is equivalent to
 
 (T). In this gapless
 
 limit, one can perform expansion in the small order parameter well as in small gradients and in the small vector potential. Since the Eilenberger equations in the first approximation give gR(A) = ±1 and
 
 as ,
 
 (11.35)
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 In case of a small admixture of an s-wave component into the order parameter, eqn (11.35) is valid as long as
 
 .
 
 The impurity collision integrals become (11.36)
 
 The inelastic collision integral in eqn (10.98) is
 
 .
 
 We put (11.37)
 
 where
 
 and
 
 , and obtain from eqn (10.101) and (10.103)
 
 (11.38)
 
 Equation (10.100) gives (11.39)
 
 From now on we assume an isotropic Fermi surface for simplicity and put
 
 where D is the diffusion constant. end p.223
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 We introduce a new function of coordinates U(r) defined as (11.40)
 
 The function U satisfies the diffusion equation (11.41)
 
 The second averaged kinetic equation (10.102) gives (11.42)
 
 Here
 
 is the order parameter phase.
 
 Using the charge neutrality N(nst) = 0 we can exclude f2 from eqn (11.42). Indeed, since in eqn (10.69), g / satisfy f2 2
 
 e /T such that
 
 ~ | |2/T3, the distribution, function should is zero within the leading approximation
 
 2
 
 in /T . We can thus omit f2 from the first line of eqn (11.42) together with the inelastic collision integral and integrate this equation over d . The term with in the second line of eqn (11.42) vanishes as compared to div E. As a result, f2 disappears completely, and we find (11.43)
 
 Equation (11.43) yields, in particular (11.44)
 
 which describes conversion of supercurrent into a normal current. It is similar to eqn (11.26). Equation (11.43) introduces the characteristic electric field penetration length (11.45)
 
 which describes the relaxation of the scalar potential in a d-wave superconductor. We have already encountered a similar length on page 220 in this section and also on page 21 in Section 1.2.1. This penetration length is of
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 the order of , i.e., is much longer than (T). We refer the reader to the following section for further discussion of the effects associated with an electric field. end p.224
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 As the result, we obtain for the order parameter (11.46)
 
 The free energy in the left-hand side of eqn (11.46) is given by the Ginzburg– Landau expression (6.69). Equations (11.46) together with eqn (11.41) coincide with the corresponding equations obtained by Eliashberg (1968) if one puts there . The total current j = js + jn is determined by the variation of the vector potential. We find, using eqn (11.38)
 
 with respect to
 
 (11.47)
 
 where the normal current can again be written as jn = nE (remind that we assume an isotropic Fermi surface). The complex equation (11.46) contains the equations for the order parameter magnitude and phase. Together with eqn (11.47) and the current conservation div j = 0, the latter is equivalent to eqn (11.43). Equation (11.46) differs from a simple TDGL equation by the additional term with U; it is determined by a diffusive relaxation of excitations driven out of equilibrium by external perturbations. It becomes particularly important in situations where the diffusion is slow, i.e., where the characteristic scale of spatial variations is larger than . For example, in a spatially homogeneous case,
 
 The U-term is much larger than the TDGL term as long as the temperature is not very close to Tc, i.e., when the condition
 
 holds.
 
 To summarize our discussion of the microscopic justification of the TDGL model we conclude that the microscopic theory supports the TDGL model only in a very limited situation where the deviation of the excitations from equilibrium is small. The best result, i.e., when the TDGL model occurs to be exact is achieved for the
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 gapless limit which can be associated with various mechanisms such as scattering by magnetic impurities, phonons, or by nonmagnetic impurities in unconventional superconductors. However, as soon as the distribution of excitations starts to deviate from equilibrium, the TDGL model breaks down. We have seen this both for the case when the relaxation of excitations is dominated by electron–phonon scattering and when the relaxation is by diffusion. end p.225
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [226]-[230] When the distribution is essentially nonequilibrium, one can no longer construct a simple model which involves a closed set of equations for only the order parameter magnitude and phase. The distribution function of excitations appears as a new important variable. In our examples, the function U in eqn (11.40) plays the role of such a variable. In general, one would need to invoke the full Green function technique described in the previous chapters. Of course, to get the results one has to work hard and solve the whole set of equations which are basically the Eilenberger equations and the kinetic equations for the distribution function. Next step would be to self-consistently determine the order parameter and electromagnetic fields through the order parameter and Maxwell equations. In the following part of the book we consider how one can carry out this program for a very important and interesting problem of the vortex dynamics. Before going to the vortex dynamics, however, we discuss one more aspect which can be elucidated using the TDGL model.
 
 11.4 D.C. electric field in superconductors. Charge imbalance Let us discuss the TDGL equations (1.80), (11.27), or (11.43) which all can be written in the form (11.48)
 
 where
 
 (| |/
 
 ) is a function of the ratio of the order parameter magnitude | |
 
 and its homogeneous value
 
 ;
 
 is defined in such a way that
 
 = 1 for | |
 
 2
 
 / = 1. The function = f for the usual TDGL model, eqn (1.80). The magnitude of lE and the specific form of depend on parameters of the superconductor. We already mentioned that lE determines the length over which a d.c. electric field decays into a bulk superconductor. According to the definition of the gauge invariant potentials in eqns (1.46) and (1.75), the electric field is
 
 A d.c. electric field is simply . Consider an interface between a normal metal and a superconductor, and assume that the superconductor occupies the space x > 0. If there is a current along the x axis flowing from the normal metal into the superconductor, the electric field E = j/ n exists in the normal metal such that d /dx = j/ n. However, in the bulk superconductor, a d.c. electric field cannot exist: It would produce continuous acceleration of superconducting electrons and destroy superconductivity. It is eqn (11.48) that describes relaxation of E. We have for a d.c. electric field
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 The constant is chosen to satisfy the continuity of current through the interface. According to this equation, the electric field and the normal current decay into the superconductor, while supercurrent increases until js = j jn takes all the current flowing into the superconductor: a normal current
 
 converges into supercurrent over the distance lE. Because a d.c. electric field exists in a superconductor within the length on order lE near its boundary with the normal metal, the interface offers an extra resistance to the current. The voltage across the conversion layer is jlE/ n and thus the extra resistance is R = lE/ n. Of course, such a simple picture takes place only as long as the generalized TDGL model holds. In general, conditions at the interface itself also cause changes in the electric field which contribute to the extra resistance. This problem was considered by many researchers and the results are summarized in the review by Artemenko and Volkov (1979). We are not going into these details here but rather concentrate on another aspect of the problem. Equation (11.48) tells us that, in a bulk superconductor, we have stationary electric field. In other words,
 
 = 0 for a
 
 (11.49)
 
 which is the celebrated Josephson equation. We thus conclude that the Josephson equation holds only in equilibrium. Another way of looking at eqn (11.49) is as follows. The quantity µn = e can be considered as a change in the chemical potential of a (normal) electron due to / t is then the the presence of electromagnetic potential . The quantity chemical potential of a Cooper pair. Equation (11.49) now expresses that (11.50)
 
 where
 
 is the chemical potential of a superconducting electron measured from the Fermi energy. Equation (11.50) implies that, under static conditions and in a bulk superconductor, normal and superconducting electrons are in equilibrium with each other. Equilibrium
 
 = 0 may be violated if time-dependent processes take place in the
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 superconductor and/or near its border. A nonequilibrium state with a nonzero is known as a state with the charge imbalance (Tinkham 1972). This terminology comes from the following observation. In a static situation, end p.227
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 in a static case. This is the condition of a constant particle density: there are exactly as many particle-like excitations as there are hole-like ones; moving an electron from under the Fermi level to a position above it we do not create a new particle. The situation changes if 0: now Tr K is nonzero if a special condition on the chemical potential is not imposed. This means that the numbers of particle-like and hole-like excitations are no longer equal. To keep the overall particle density constant one needs to shift the chemical potential. This is called the charge imbalance: the particle-like and the hole-like charges are not equal. Of course, the overall charge density remains constant because we adjust the chemical potential exactly in such a way as to maintain zero value of Tr K. This effect is sometimes also called “branch mixing” because the relaxation of is associated with equalizing the populations of the particle-like and hole-like branches of the excitation spectrum. µs is associated The process of relaxation of the charge imbalance with µn with an exchange of particles between the normal part and the condensate in the superconductor. Any process which facilitates the exchange contributes to the relaxation. Inelastic processes are definitely the ones which work for such an exchange. During an inelastic scattering event, the particle energy changes together with the state of a given particle. It causes redistribution of particles between the normal part and the condensate thus contributing to the charge imbalance relaxation. This is why the electric field penetration length contains the electron–phonon relaxation time in eqn (11.28). In the gapless regime, the energy gap disappears, the exchange is very effective, and the only characteristic . The electric field penetration length squared is thus the diffusion time is constant multiplied with this time which makes lE ~ . The same happens during the spin-flip scattering process because the energy of an electron in the orderparameter field depends on its spin. In an s-wave superconductor, the scattering by impurities will not cause the exchange because an elastic scattering does not change the state of a particle if the energy gap is independent of the direction of the particle momentum. However, if in the presence of a supercurrent, and/or for a d-wave superconductor, the energy does depend on the momentum direction and impurity scattering does change the state of a particle. This is why eqn (11.45) determines lE through imp without characteristics of the inelastic relaxation. For a more detailed discussion, see the book by Tinkham (1996). end p.228
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 12 TIME-DEPENDENT GINZBURG–LANDAU ANALYSIS Nikolai B. Kopnin Abstract: This chapter considers vortex dynamics within the frameworks of the conventional and generalized TDGL models. The forces (the Lorenz force and the force from environment) acting on a moving vortex are identified and the force balance is derived from the free energy considerations. The vortex viscosity and the flux flow conductivity are calculated in the limits of rare (low fields) and dense (high fields) vortex lattice for both s-wave and d-wave superconductors. The flux flow conductivity for anisotropic and layered superconductors is also calculated. A modification of the TDGL model is considered which allows one to account for a small flux-flow Hall effect. Keywords: vortex dynamics, vortex lattice, Lorenz force, vortex viscosity, flux-flow conductivity, anisotropic superconductor, layered superconductor, Hall effect Vortex dynamics is considered within the framework of the TDGL model. The balance of forces acting on a moving vortex is derived from the free energy considerations. The vortex viscosity and the flux flow conductivity are calculated. A modification of the TDGL model is considered which allows us to account for the flux flow Hall effect.
 
 12.1 Introduction A very simple question that can arise in connection with the title of the present part of the book is as follows. What is special in the vortex dynamics and why do we want to study it? To answer this we note that the majority of known superconductors are type II superconductors whose London penetration length L is longer than the coherence length . The exact condition which separates type II from type I superconductors is , see Section 1.1.2, page 12. Almost all alloys and films made of conventional (low temperature) superconducting materials are of type II. All known high-temperature and heavyFermionic superconductors are also of type II. We can also mention superfluid 3 He where L = since particles which make Cooper pairs are uncharged. If we place a type II superconductor in a magnetic field (or rotate superfluid3 He) vortices appear in the range of fields Hc1 < H < Hc2, and the mixed state arises, see Section 1.1.2. Since the lower critical magnetic field Hc1 ~ Hc2/ 2 (see, for example, de Gennes 1966, Saint-James et al. 1969), the mixed state exists in a broad range of magnetic fields if the Ginzburg–Landau parameter is substantially larger than unity which is the case in high-temperature superconductors where can he as high as 100. In superconductors, each vortex carries exactly one magnetic–flux quantum 0 = c/|e|. Being magnetically active, vortices determine magnetic properties of superconductors. In addition, they are mobile if the material is homogeneous and there are no defects which can attract vortices and “pin” them somewhere in a superconductor. In fact, a superconductor in the mixed state is not fully
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 superconducting any more. Indeed, there is no complete Meissner effect: some magnetic field penetrates into superconductor via vortices. In addition, regions with the normal phase appear. Indeed, since the order parameter turns to zero at the vortex axis (see Fig. 1.1) and is suppressed around each vortex axis within a vortex core region of the order of the coherence length, a finite low-energy density of states appears in the vortex cores. Moreover, mobile vortices move in end p.231
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 pushes vortices in a direction perpendicular to the current (here is the unit vector along the magnetic field). An electric field perpendicular to the vortex velocity is generated by a moving flux, and a voltage appears across the superconductor. Since vortices move at an angle to the transport current, there may be components of the electric field both parallel and perpendicular to the current. The longitudinal component produces dissipation in a superconductor while the transverse one is responsible for the Hall effect. We see that a finite resistivity appears (the so-called flux flow resistivity): a superconductor is no longer “superconducting”! This is certainly an important effect. The magnitude and direction of the vortex velocity is determined by a balance of the Lorentz force and the forces acting on a moving vortex from the environment. In the absence of pinning these forces include friction (longitudinal with respect to the vortex velocity) and gyroscopic (transverse) forces (see Fig. 12.1). The friction force accounts for dissipation, i.e., for an effective longitudinal or Ohmic “flux flow” conductivity while the transverse force determines the Hall conductivity. Experimental studies of flux flow effects began with the work by Kim et al. (1965). Since then enormous efforts have been undertaken to find out and understand the processes involved in the vortex dynamics and the vortex physics in general. One now uses a notion of “vortex matter” to comprise all features which vortices introduce to physics of superconductivity. We can mention the reviews by Gor’kov and Kopnin (1975) and by Larkin and Ovchinnikov (1986) which deal with the vortex dynamics, and a review by Blatter et al. (1994) which contains many basic concepts of the vortex physics especially those which are relevant to vortex lattices, vortex pinning, flux creep, etc. In this part of the book, we concentrate on the theoretical description of the vortex dynamics based on the microscopic theory of nonstationary superconductivity. We consider the most representative examples among all numerous situations studied by many researchers during several decades of intensive work. We shall see that motion of vortices initiates almost all nonequilibrium processes and involves all relaxation mechanisms which work in superconductors. This is one more reason why it is important to understand the vortex dynamics. We start with the simplest theory which uses the TDGL model. The next chapter deals with more complicated physics in superconducting alloys when nonequilibrium excitations come seriously into play. The last two chapters describe the most interesting and intriguing phenomena in clean superconductors, i.e., in those classes of materials which include, in particular, new high-temperature superconductors. We do not consider effects associated with the vortex pinning by random defects in a superconducting material assuming that vortices are free to move in a homogeneous environment. An
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 exception will be made for the intrinsic end p.232
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 FIG. 12.1. Forces on a moving vortex: the Lorenz force from the super current jtr is balanced by a force from environment Fenv. The latter has the longitudinal (friction) F|| and the transverse F components. The moving vortex generates an electric field E perpendicular to the vortex velocity vL. pinning when vortices interact with the regular crystal structure in layered superconductors.
 
 12.2 Energy balance
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 The TDGL model provides the simplest basis for dealing with nonstationary processes in superconductors. Using it, one can establish quite general relationships which are particularly useful for our goal of understanding the
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 vortex dynamics. The first is the energy balance (Schmid 1966). Let us calculate the time-derivative of the total GL free energy eqn (1.11). We have
 
 With help of the TDGL equations (1.68) and (1.66) we obtain
 
 end p.233
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 We use eqn (1.76) to transform the second line. Since
 
 we finally arrive at the free-energy balance equation (12.2)
 
 Here the free–energy current density is (12.3)
 
 and the dissipation function density has the form (12.4)
 
 One can identify two different terms in the dissipation function. The first contains the time-derivative of the order parameter. It describes dissipation produced by relaxation of the order parameter. The second is due to normal currents and is similar to that in usual normal metals.
 
 12.3 Moving vortex Vortex moves when there is a transport current. jtr giving rise to the Lorentz force eqn (12.1). We can calculate the flux flow conductivity f directly from the dissipation function, putting it to (12.5)
 
 where E L is the electric field averaged over the vortex array. The average is defined as
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 (12.6)
 
 where S0 =
 
 0 /B
 
 is the area occupied by each vortex.
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 where st and Ast are the values for a static vortex, and 1 and A1 are small corrections. Therefore, within the main terms in the vortex velocity vL, we can write (12.8)
 
 The scalar potential is to be found from eqn (1.80). For small vL it contains only the static vortex order parameter. Let us calculate the average electric field. The local electric field is (12.9)
 
 The last term here is nonzero for a moving vortex. Indeed, (12.10)
 
 Here is the unit vector along the vortex axis in the positive direction of its circulation. The vortex circulation is determined by the sense of the phase increment, it coincides with the magnetic field direction for positive charge of carriers and is antiparallel to it for negative carriers: , see Section 1.1.2. We now average eqn (12.9) over the vortex array. Since
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 the average of this term vanishes because the gauge-invariant vector potential Qst is a bounded oscillating function (periodic for a periodic vortex array). Its value at the boundary of a region occupied by each vortex, i.e., at the boundary of the vortex unit cell is zero, see eqn (1.40) on page 11. The average of vanishes, too, since is also a bounded oscillating function periodic for a regular vortex lattice. It turns to zero at the boundary of the vortex unit cell because of the Josephson relation, eqn (11.49). The only term which survives is the last term in eqn (12.9). Equation (12.10) gives (12.11)
 
 which is the Faraday’s law. end p.235
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [236]-[240] Now we can calculate W. It is more instructive, however, to consider another useful relation which follows from the TDGL equations. It is expression for the force which acts on a moving vortex.
 
 12.4 Force balance Let us shift our vortex by a small arbitrary constant vector d and calculate the variation of the free energy caused by such a displacement. During the derivation we neglect surface contributions. We have (12.12)
 
 where we use eqn (1.76) and the charge neutrality divj = 0. Variation of the free energy determines the force which acts on a moving vortex from the environment (12.13)
 
 It should be balanced by external Lorentz force due to the transport current. To include this force we add the free energy due to the transport current which is supplied by the external source. Its variation due to the vortex displacement is
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 On the next step, we omit the surface term and use that divjtr = 0. We find (12.14)
 
 Conservation of
 
 plus the external energy implies its translation invariance
 
 end p.236
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 It gives the balance of forces acting on a moving vortex of a unit length (12.15)
 
 where FL is the Lorentz force eqn (12.1). We use the fact that d is an arbitrary vector. In other words, (12.16)
 
 Here the integration is over the unit cell of the vortex array. To summarize, in eqns (12.12) or (12.16) the Lorentz force is balanced by the force produced by the interaction with the environment. The latter is proportional to the vortex velocity since the time-derivative, electric field and the scalar potential are all proportional to vL. Note that the dissipation function integrated over the unit cell can be again obtained if we multiply eqn (12.16) with the vortex velocity vL:
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 The left-hand side of this equation can be expressed through the effective flux flow conductivity. We write
 
 since S0 = 0/B. The right-hand side is also proportional to coefficient of proportionality determines f .
 
 . The
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 12.5 Flux flow 12.5.1 Single vortex: Low fields
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 Consider first a single vortex provided 1 and H Hc2. In this case we can neglect the magnetic field and the vector potential compared to the gradient of the order parameter since
 
 We have from eqn (12.15) (12.17)
 
 The order parameter magnitude | | =
 
 f( ) for a static vortex satisfies eqn
 
 (1.48). To calculate the integrals in eqn (12.17) we also need to know the gauge invariant potential . It satisfies eqn (11.48) whence
 
 2010-8-8 16:01
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 since
 
 (| |/
 
 ) = f2 for the usual TDGL model, eqn (1.80). The potential
 
 should he finite. Therefore, we require (12.18)
 
 for
 
 0. We put
 
 and
 
 (12.19)
 
 where
 
 is the azimuthal angle in the cylindrical frame ( ,
 
 , z). The function
 
 satisfies the equation (12.20)
 
 where
 
 , see eqn (1.81). The condition eqn (12.18) requires
 
 for . We see that a moving vortex induces a dipole-like scalar potential proportional to the vortex velocity. The two terms under the integral in eqn (12.17) represent two different mechanisms of dissipation during the vortex motion exactly as the two corresponding terms in the dissipation function eqn (12.4). The first term is the Tinkham’s mechanism (Tinkham 1964) of relaxation of the order parameter: Due to the motion of a vortex, the order parameter at a given point varies in time which produces a relaxation accompanied by dissipation. The second is the so-called end p.238
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 Here we have restored the arbitrary vector d that appears in eqns (12.12) and (12.14) to make the calculations more convenient. The transport current is (12.22)
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 Here (12.23)
 
 Expressing vL, through
 
 we obtain the flux flow conductivity
 
 With the microscopic values of
 
 and
 
 taken for dirty superconductors, we
 
 find (12.24)
 
 As already mentioned, the first term in eqn (12.23) is due to the dissipation caused by relaxation of the order parameter after passage of a vortex, while the second one comes from the normal-current dissipation in the vortex core. In the TDGL model with u ~ 1, both mechanisms give comparable contributions to f . The numerical calculations using the vortex order parameter obtained by solving the GL equation give for the first term (see the review by Gor’kov and Kopnin (1975) and references therein)
 
 which is independent of u. The second term, however, does depend on u. For example, for u = 5.79 we have
 
 To calculate a2 we need first to solve eqn (12.20). In this case, the total coefficient is a 0.502. The flux flow conductivity becomes end p.239
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 It is close to t ho expression f = n Hc2/B known as the Bardeen–Stephen model (Bardeen and Stephen 1965). This simple prediction implies that the flux flow resistivity is just a normal-state resistivity times the fraction of space occupied by
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 vortex cores.
 
 12.5.2 Dense lattice: High fields Consider now high fields, H Hc2. We put A = (0, Hx, 0), and choose the static potential in the form = Exx, where the electric field Ex = ( y/c)H is homogeneous in the leading approximation. Recall that the static order parameter in the vicinity of the upper critical field, see Section 1.1.2, eqn (1.36): (12.26)
 
 Equation (12.16) gives
 
 where d is again an arbitrary vector. We have (12.27)
 
 We need to calculate the averages (12.28)
 
 and (12.29)
 
 We make use of the identities
 
 end p.240
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 (12.30)
 
 derived for the order parameter from eqn (12.26). The sign of the electronic charge appears because the upper critical field contains the modulus of the electronic charge,
 
 For the average in eqn (12.28) we obtain
 
 The second average is
 
 Therefore (12.31)
 
 We obtain from eqn (12.27) (12.32)
 
 Finally (12.33)
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 where the flux flow conductivity is (12.34)
 
 The average magnitude of the order parameter is from eqn (1.43)
 
 Therefore
 
 end p.241
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 Equations (12.25) and (12.35) determine the flux flow conductivity in the limits is linear in of low and high magnetic fields. The effective resistivity the magnetic field in both limits. However, the slope at low fields is smaller than Hc2. Indeed, that for H
 
 For practical values of u
 
 5.79, one has 2/ua < u/2
 
 A.
 
 It is interesting to note that the linearized TDGL equation has an analytical solution describing the moving vortex lattice (Schmid 1966). Indeed, the TDGL equation (12.36)
 
 with A = (0, Hx, 0) and E
 
 =
 
 Exx has the solution within the first-order terms in
 
 (12.37)
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 It corresponds to a vortex lattice moving with the velocity
 
 y
 
 =
 
 cEx/H.
 
 12.5.3 Direction of the vortex motion From eqns (12.22) and (12.33) we observe that vortices move at a right angle to the transport current, and generate the electric field parallel to it. The Lorentz force from the transport current is balanced by purely dissipative friction force:
 
 where the vortex viscosity is expressed through
 
 f:
 
 (12.38)
 
 There is no Hall effect and no gyroscopic force, i.e., the force which would be perpendicular to the vortex velocity: the transverse force F in Fig. 12.1 is absent. This is the result of a fully dissipative dynamics of the TDGL model. We discuss what can be the origin of a gyroscopic force and of the Hall effect in the TDGL model later in Section 12.9. end p.242
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 12.6 Anisotropic superconductors
 
 第3页 共6页
 
 Almost all high temperature superconductors are highly anisotropic, and some of them have even a well-developed layered structure. The time-dependent Ginzburg–Landau model can also be used to calculate the flux flow conductivity in such superconductors. One should note, however, that the TDGL scheme works reasonably well only for dirty superconductors and in a very limited range of parameters. Therefore, the results of this section do not directly apply to real high temperature superconductors which are, in fact, clean materials. Nevertheless, it is instructive to see what predictions can be expected within the TDGL model for anisotropic superconductors. In this section we consider uniaxial anisotropic superconductors. Some aspects of the vortex dynamics in layered systems will be discussed in the following section. Applying the general TDGL scheme described on page 19 to the anisotropic Ginzburg–Landau equation (7.21) we obtain the corresponding order parameter equation in the form
 
 The total current in the ab plane is (12.39)
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 while the total current along c has the form (12.40)
 
 where the z axis is directed along the crystallographic c axis. We follow the approach developed by Ivlev and Kopnin (1991). Assume that the normal-state conductivity satisfies the condition (12.41)
 
 since both the gradient terms in the Ginzburg–Landau equation and the conductivity tensor are proportional to the same factor
 
 averaged over the Fermi surface with the inverse impurity scattering cross section, see Section 9.3. This is true for dirty superconductors. In clean systems, eqn (12.41) is expected to hold only for isotropic scattering by impurities. end p.243
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 FIG. 12.2. The coordinate frame (x, y, z) is associated with the crystallographic axes; the frame (x , y , z ) has the z along the
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 magnetic field. Consider the orientation of the magnetic field at an angle to the crystallographic c-axis. We chose the coordinate frame (x , y , z ) with the x = x-axis perpendicular to the plane comprising the c axis and the magnetic field, see Fig. 12.2. The y -axis makes the angle with the ab plane. The order parameter and the magnetic field depend only on x and y . The order parameter equation takes the form (12.42)
 
 where we define
 
 The current along the x-axis is given by eqn (12.39) while (12.43)
 
 We define also
 
 Comparison of eqn (12.42) with eqn (7.33) shows, in particular, that the upper critical magnetic field for this configuration is (Kats 1969, 1970, Lawrence and Doniach 1971)
 
 where
 
 .
 
 end p.244
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 12.6.1 Low fields
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 For Hc1 H Hc2, we have essentially a single-vortex problem similar to that in Section 12.5.1. Making the scaling of variables
 
 and A = (H/Hc2) Ã one can see that the static single-vortex problem reduces to an isotropic situation of Section 1.1.2. A static vortex determined by eqns
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 (12.42), (12.39), and (12.43) has an axial symmetry in the space
 
 such that
 
 where
 
 and
 
 are the radius and the azimuthal angle in the coordinate frame
 
 . The function
 
 satisfies eqn (7.39) on page 139.
 
 To calculate the flux flow conductivity we can use eqn (12.17) which is also valid for anisotropic superconductors. To evaluate the integrals in the r.h.s. of eqn (12.17) we need to find the gauge-invariant potential . Let us put
 
 The anisotropy is scaled out with this transformation due to eqn (12.41). The function satisfies eqn (12.20) where now
 
 We find from eqn (12.17)
 
 where a is determined by eqn (12.23). Expressing the vortex velocity in terms of the average electric field (12.44)
 
 we obtain the flux flow conductivity components for currents along the x-axis and in the (x , y ) plane: (12.45)
 
 This important result shows that, for the given orientation of the magnetic field, the ratio of the flux flow conductivity to the normal-state conductivity in the same direction in the plane perpendicular to the applied magnetic field scales as the upper critical field. end p.245
 
 Top Privacy Policy and Legal Notice © Oxford University Press, 2003-2010. All rights reserved.
 
 第6页 共6页
 
 2010-8-8 16:02
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 Kopnin, Nikolai, Senior Scientist, Low Temperature Laboratory, Helsinki University of Technology, and L.D. Landau Institute for Theoretical Physics, Moscow
 
 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [246]-[250]
 
 12.6.2 High fields For H Hc2 ( ) we calculate the flux flow conductivity using a solution of the linearized time-dependent equation as was done on page 242. We assume = Ex x Ey y , and Ay = Hx , Ax = 0. Within the first-order terms in E we find instead of eqn (12.37)
 
 The solution describes the vortex lattice moving with the velocity eqn (12.44). The coefficients Cn satisfy the periodicity conditions for an Abrikosov lattice and are normalized according to the nonlinear eqn (12.42). Calculating the 1) the same components of current we find (keep in mind that we use scaling as for low fields,
 
 For a general orientation of the transport current in the (x , y ) plane, the electric field is not parallel to the current, of course. However, it does not give rise to the Hall effect because the direction of an electric field does not change if the magnetic field is reversed, E(H) = E( H): both the vortex circulation and the vortex velocity change their signs keeping E unchanged.
 
 12.7 Flux flow in layered superconductors Flux flow in layered superconductors is a very rich and complicated phenomenon. Moreover, it has not been fully investigated so far. The fundamental difference with respect to homogeneous isotropic and anisotropic superconductors is a strong interaction between vortices and the crystal structure itself known as intrinsic pinning. This introduces new features to the vortex dynamics. Motion of vortices in presence of pinning (including intrinsic pinning) is associated with deformations of the vortex lattice and should be considered together with elastic properties of vortex arrays. The problem of vortex pinning is a special issue in the vortex physics. The reader can find some relevant references in the review by Blatter et al. (1994). In this section we consider two particular examples when the vortex deformations are either not important or can be easily taken into account. The first example is motion of vortices in a highly layered superconductor in a magnetic field inclined with respect to the layers. In this case
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 a vortex makes sharp bends before it crosses superconducting layers and penetrates through them in a form of two-dimensional pancake vortices. The second example treats straight vortices aligned parallel to the layers when they end p.246
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 FIG. 12.3. Motion of vortices in layered superconductors. The shadowed plane is the conducting layer parallel to the crystal ab plane. Only pancake vortices move and produce dissipation in a presence of transport current j move in the direction perpendicular to the layers such that they experience an intrinsic pinning as described in Section 7.4.2.
 
 12.7.1 Motion of pancake vortices Consider a highly layered superconductor in a magnetic field which is inclined to the conducting layers at some angle . We can describe a magnetic field penetration in terms of two systems of vortices (Kes et al. 1990, Ivlev et al. 1990). The component parallel to the layers Bab, produces Josephson vortices whose cores fit in between the layers so that superconductivity on the layers is not essentially affected. This is equivalent to the assumption of a very large value of the in-plane upper critical field Hc2 ( /2). These vortices are strongly pinned by an interaction with the crystal structure. The magnetic field component Bc penetrates by forming pancake vortices having normal cores on the layers and screening currents flowing in the layers. Combining these two vortex systems, one can say that, for a tilted magnetic field, Josephson vortices (produced by the component Bab) cross the layers by making kinks in places where they meet pancake vortices (produced by Bc), see Fig. 12.3. If a transport current flows along the layers, the kinks, i.e., the pancake vortices, will move along the planes thus producing dissipation. Since the density of pancake vortices is proportional to Bc/Hc2 (0), the corresponding flux flow conductivity is
 
 according to eqn (12.45). The flux flow conductivity depends only on the magnetic field component along the c axis.
 
 12.7.2 Intrinsic pinning
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 Consider the situation when the magnetic field and vortices are aligned parallel to the layers. The transport current flows in the plane of layers such that the
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 Lorentz force eqn (12.1) is perpendicular to the layers. We choose the z-axis to be along the crystallographic c-direction. The vortex displacement z along the z-axis is opposed by the intrinsic pinning force. In this section, we consider the simplest case of a weakly layered structure. For this limit, the pinning force is given by eqn (7.44) on page 140. Balancing the Lorentz force and the pinning force we find the maximum depinning current end p.247
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 If the transport current along the x-axis is smaller than, jp, a vortex cannot overcome the pinning force and remains trapped in between the layers. For higher currents, it starts to move along the z direction. The vortex motion is opposed also by friction such that the full force balance is (12.47)
 
 The vortex viscosity introduced in eqn (12.38)
 
 is expressed through the corresponding flux flow conductivity conductivity in eqn (12.45) for the magnetic field orientation
 
 =
 
 . It is the /2.
 
 A vortex which moves according to eqn (12.47) needs a time
 
 to cover the distance s. The averaged velocity is z = s/t0 which gives rise to the electric field in the x-direction Ex = B z/c such that
 
 The I–V curve becomes nonlinear in presence of pinning. A finite voltage appears jc, the linear dependence is restored. when j > jc. For high currents, j
 
 12.8 Flux flow within a generalized TDGL theory 12.8.1 Dirty superconductors
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 In this section we consider a situation where the superconductor cannot be described by a simple TDGL model but is still within the range of parameters such that the generalized TDGL scheme derived in Section 11.2 is applicable. As we
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 know, it requires slow gradients and time derivatives such that
 
 Since, in presence of vortices, the gradients are k ~ applicability is
 
 or
 
 1
 
 (T), the condition of
 
 . Note that, depending on
 
 temperature, the order parameter can be either outside of, inside,
 
 , or
 
 , the gapless region.
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 Using eqns (11.25) and (11.26) we can write the force balance equation (12.48) as (12.49)
 
 In this section, we only consider the limit of low fields when vortices are well separated. One can neglect the magnetic field in eqn (12.49) and put
 
 Using eqn (11.27) we find for the function
 
 defined through eqn (12.19)
 
 This equation differs from eqn (12.20) by a more complicated -dependence of the last term. The boundary condition is 1/ for 0. Replacing | |/ t with (vL· ) | | = ) in eqn (12.49) we obtain L ( | |/
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 (12.50)
 
 The integral is extended over the radius r0 of the unit cell of the vortex lattice. Equation (12.50) determines the flux flow conductivity. Using vL = c [E × we obtain
 
 ]/B
 
 (12.51)
 
 end p.249
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 , and
 
 is the order parameter magnitude far from the
 
 vortex. The function F1(q) = F1(q) + F2(q) is defined by two equations, (12.52)
 
 (12.53)
 
 where, as before, f = | |/
 
 . Using the dirty-limit value
 
 from eqns (1.9) and (1.15), we find (12.54)
 
 where
 
 and u =
 
 4
 
 /14
 
 (3)
 
 5.79.
 
 In the gapless regime, q
 
 1, the functions F1(q) and F2(q) are of the same order
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 so that F(q) a, and the result of the TDGL model eqn (12.24) with = ua/2 is reproduced. A more realistic case, when the order parameter is outside the gapless region, corresponds to q 1. For q 1 when , the electric field penetration length is large,
 
 The function under the integral in eqn (12.53) is l/ within a region larger than the vortex core. The term F2(q) diverges logarithmically and is cut off at distances ~ R0 such that (12.55)
 
 where
 
 is the intervortex distance,
 
 (12.56)
 
 However, the prefactor in eqn (12.56) is small. The largest contribution comes thus from F1(q) in eqn (12.52) which gives
 
 The integral is of the order of unity. The flux flow conductivity is thus much higher than what is predicted by the Bardeen and Stephen model. Indeed, end p.250
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 . It is determined by a relaxation of the order parameter (Tinkham’s mechanism) via slow inelastic electron–phonon interactions while the contribution from normal currents in the vortex core is smaller by a factor on order q
 
 2
 
 . The factor
 
 decreases proportionally to
 
 when T approaches Tc.
 
 12.8.2 D-wave superconductors The same approach can be applied to calculate the flux flow conductivity in a d-wave superconductor (Kopnin 1998 a) described by eqns (11.46) and (11.47). . We know that d-wave superconductors should be clean, However, the applicability of eqns (11.46) and (11.47) requires that the temperatures are close to Tc such that (T) which is equivalent to . We obtain from eqn (12.48) (12.57)
 
 We keep the subscript p to distinguish the momentum average from the average taken over the vortex array.
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 The function U is found from eqn (11.41) under the condition that it does not increase with distance. Assuming that the diffusion is faster than the inelastic relaxation we find (12.58)
 
 In the low field limit H Hc2 we have Q = (c/2e) . Moreover, the scalar potential is = (1/2e) / t because lE . For a vortex lattice with a symmetry not lower than tetragonal,
 
 As a result, the flux flow conductivity becomes (12.59)
 
 Equation (12.59) looks exactly as eqn (12.51) with the difference that the factor Fd is now
 
 end p.251
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 instead of eqns (12.52), (12.53), The largest contribution comes from the second term under the integral which is logarithmically diverging at distances r ~ R0 where R0 is determined by eqn (12.55). Therefore, Fd ln[R0/ (T)]. We had already such logarithmic divergence of F due to a long relaxation length lE in eqn (12.56) of the previous section. However, it was not important for the flux flow conductivity of dirty superconductors. On the contrary, it dominates in the present example. Writing eqn (12.51) in the form of eqn (12.54) we find that because
 
 for a clean superconductor.
 
 12.8.3 Discussion: Flux flow conductivity
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 the TDGL model. The model identifies two principal sources for dissipation as sociated with a moving vortex. The first is due to variations of the order parameter with time as the vortex passes through a superconductor. The simple TDGL model describes the process of the order parameter relaxation in terms of a which is of the order of (Tc T) 1. The characteristic relaxation time generalized TDGL scheme treats this process in a more detailed manner. We encounter a concept of nonequilibrium excitations which relax through their interactions with phonons. Deviation from equilibrium is created by order parameter variations which cause changes in the energy spectrum and thus produce redistribution of excitations away from equilibrium. The order parameter returns to its undisturbed value only together with the relaxing excitations. Its characteristic relaxation time depends now on the electron–phonon mean free : time
 
 and is much slower than (Tc T) 1 when the parameters are outside the gapless region. This results in a larger dissipation and larger conductivity as compared to the simple TDGL model. The second mechanism is associated with currents which flow through vortex cores. Near a vortex core, the supercurrent converges into a normal current according to eqn (11.26) through the current conservation (the charge neutrality)
 
 It is the normal current which dissipates energy. The conversion rate is determined by the r.h.s. of eqns (1.79) or (11.26), or by the r.h.s. of eqn (11.44) in the d-wave case. For a gapless regime, the conversion is fast. In our examples, the gapless regime in s-wave superconductors is associated with magnetic impurities or with an electron–phonon interaction very near the critical temperature. Here the dissipation caused by the normal currents is high. In a gapless situation for end p.252
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved a d-wave superconductor near Tc, it gives even the largest contribution to the flux flow conductivity. However, the conversion rate is slow in superconductors which are far from the gapless regime, see eqn (12.56) in the limit . The results obtained confirm our general expectation that the vortex dynamics is governed by kinetics of excitations driven out of equilibrium by a moving vortex. In the following chapter we consider an example when the kinetics of excitations creates even larger dissipation than that predicted by the generalized TDGL approach. What the generalized TDGL model can not describe completely is the Hall effect associated with the transverse gyroscopic force on a moving vortex. To conclude the chapter on the TDGL model, we discuss how one should modify the TDGL scheme to incorporate at least some possible mechanisms responsible for the vortex Hall effect.
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 12.9 Flux flow Hall effect We start with a very brief summary on the Hall effect in the normal state. A more detailed analysis of the Hall effect in normal metals can be found, for example, in the book by Abrikosov (1998). In the presence of a magnetic field, the current in a normal metal has generally both longitudinal and transverse components with respect to the electric field (12.61)
 
 where
 
 is the normal-state Hall conductivity. The Hall angle is defined as
 
 The Hall conductivity has a simple form for a metal with electronic spectrum En = p2/2m*. For low magnetic fields, (12.62)
 
 where
 
 is the cyclotron frequency. The low field limit implies Let us estimate the parameter superconductors
 
 .
 
 for magnetic fields less than Hc2. For dirty
 
 (12.63)
 
 It is very small because, normally, Tc/EF 1. In this limit, the Hall conductivity is much smaller than the Ohmic component and the Hall angle is also small. We thus expect that the Hall effect in dirty superconductors cannot be large. We shall see nevertheless, that it exhibits interesting features specific only end p.253
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved for the superconducting state. The most interesting property is that the Hall angle can change its sign after transition into a superconducting state, this is known as the Hall effect anomaly. The Hall anomaly has been observed in many experiments starting with the conventional niobium and vanadium type II superconductors (Niessen et al. 1967, Noto et al. 1976) and later re-discovered also in high temperature superconductors (see, for example, Hagen et al. 1993). This section describes the aspects of the flux flow Hall effect that can be identified within the TDGL theory.
 
 12.9.1 Modified TDGL equations
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 As we have seen, the usual TDGL theory gives zero Hall effect. This is a result of
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 pure dissipative nature of the TDGL equations. To incorporate nondissipative forces, we have to modify our TDGL equations (Kopnin et al. 1992, 1993, Dorsey 1992). This can be done in two ways. First, we write the normal current in the form of eqn (12.61). Second, we allow for an imaginary part of the relaxation constant (12.64)
 
 The origin of an imaginary part of is as follows (Aronov and Rapoport 1992). We know that a moving vortex induces a scalar potential proportional to the vortex velocity. The induced potential adds to the chemical potential of the superconductor: . On the other hand, the critical temperature depends on the chemical potential, therefore, the coefficient in the GL equation becomes (12.65)
 
 Since the critical temperature in the BCS theory is Tc = BCS exp( 1/ ) where = |g| is the coupling BCS is the cut-off energy of pairing interaction, and constant, we have
 
 Therefore, correction to
 
 becomes
 
 To preserve the gauge invariance, we should write the correction in the form (12.66)
 
 which results in an imaginary part of the coefficient in front of the orderparameter time-derivative (12.67)
 
 The imaginary part
 
 is small
 
 end p.254
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 however, it has the correct order of magnitude to account for a Hall effect in dirty superconductors. For example, for usual superconductors, ~ 10
 
 1
 
 ÷ 10
 
 2
 
 ~ 10
 
 2
 
 ÷ 10
 
 3
 
 and
 
 for HTSC.
 
 The imaginary part of the form
 
 results in a modification of the equation for
 
 . It takes
 
 (12.69)
 
 The last line is obtained under the assumption that
 
 .
 
 12.9.2 Hall effect: Low fields We calculate the Ohmic and Hall components of conductivity in the same way as in the previous section. The force balance is obtained from eqn (12.15):
 
 We put
 
 =
 
 1
 
 +
 
 2
 
 where, as in eqn (12.19),
 
 (12.70)
 
 while (12.71)
 
 Equations for
 
 1(
 
 ) and
 
 2(
 
 ) follow from eqn (12.69) where one can neglect the
 
 second line, since satisfies equation (12.20) while
 
 2
 
 for H is to be found from
 
 Hc2. The function
 
 1
 
 (12.72)
 
 with the condition
 
 2
 
 0 for both
 
 0 and
 
 .
 
 The transport current becomes
 
 第6页 共7页
 
 2010-8-8 16:03
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 (12.73)
 
 The sign of the electron charge in the second term appears because the sense of the phase circulation is positive for positive charge of carriers when the direction end p.255
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [256]-[260] of the magnetic field coincides with the vortex circulation, and it is negative for a negative charge of carriers. Expressing the vortex velocity through the average electric field we find
 
 where the longitudinal (Ohmic) flux flow conductivity O is given by eqn (12.24) with the constant a defined by eqn (12.23). The Hall conductivity is (12.74)
 
 The constant b is (12.75)
 
 It is b = 0.27 for u = 5.79.
 
 12.9.3 High fields Equation (12.15) gives
 
 Using eqns (12.30) and eqn (12.31) we find (12.76)
 
 The longitudinal (Ohmic) conductivity is the same as in eqn (12.34), while the Hall conductivity has the form (12.77)
 
 12.9.4 Discussion: Hall effect
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 This model predicts a Hall angle H ~ ~ -1(Tc/EF). We shall see later that, in clean superconductors with (T), the mechanisms of the Hall effect are more complicated. The resulting Hall conductivity appears to be much larger than what we obtain from our simple TDCJL model except for a relatively short mean free path ~ (T). However, the contribution which we consider here is also present in clean superconductors. Indeed, eqn (12.65) is quite general and does not depend on the quasiparticle mean free path. To make a bridge between end p.256
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 FIG. 12.4. The Hall angle as a function of magnetic field. The sign of the Hall angle is not changed after a transition into the superconducting state if the signs of c and of are the same (curve 1). The sign reverses if c and of have different signs (curve 2). The thick dashed line is an extrapolation of the normal-state Hall angle into the super conducting region. the general situation and the TDGL model we note that, in superconductors which are far from the gapless conditions like the one considered in Section 12.8, the electric field penetration length lE is usually long compared to (T). In this case, eqn (12.72) gives obtain b = 1 and
 
 2
 
 = 0 while eqn (12.20) results in
 
 Using = (1/2 ) (dv/d ) and clean-limit value
 
 =
 
 1
 
 =
 
 / . In this limit, we
 
 /8Tcwith the expression for Hc2 and the
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 we find (12.78)
 
 We denote here (12.79)
 
 the “virtual” variation in the electron density caused by the change in the electronic spectrum after transition into the superconducting state. Equation (12.78) was obtained by Feigel’man et al. (1995) and by van Otterlo et al. (1995). Of course, there is no real density change in a superconductor because of the charge neutrality: all the variations are compensated by the corresponding variations in the chemical potential. Equation (12.78) appears to be exact from Tc, the point of view of the microscopic theory (Kopnin 1996) in the limit T see Section 14.6.2. end p.257
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved Note one interesting feature of the obtained expressions for the Hall conductivities. Equations (12.74) and (12.77) show that the sign of the Hall effect in the superconducting state near the critical temperature is determined by
 
 which can be different from the sign (e/m*) for a metal whose Fermi surface has both electron-like and hole-like pockets. If these signs are different, the Hall angle changes its sign after a transition into the superconducting state and the Hall anomaly appears (see Fig. 12.4). The suggested mechanism takes into account the effect of vortex motion on the pairing interaction due to local variations in the chemical potential of / t. This mechanism is of a superconducting electrons s = (1/2) thermodynamic nature and is not related directly to the kinetics of nonequilibrium excitations. We shall see later that interaction of vortices with excitations in clean superconductors can produce much larger flux flow Hall effect: excitations play a prominent role again. end p.258
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 13 VORTEX DYNAMICS IN DIRTY SUPERCONDUCTORS Nikolai B. Kopnin
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 Abstract: The force exerted on a vortex from the environment is derived microscopically using the quasiclassical Green function formalism. The kinetic equation is solved for the distribution function of excitations driven out of equilibrium by the moving vortex. The flux flow conductivity in a dirty superconductor is calculated. The vortex viscosity appears to be much larger than
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 what is predicted by the conventional TDGL model. The flux-flow conductivity is discussed as a function of temperature and the kinetic parameters. Keywords: dirty superconductor, force, vortex, environment, Green function, kinetic equation, flux-flow conductivity The force exerted on a vortex from the environment is derived microscopically. The kinetic equation is solved for the distribution function of excitations driven out of equilibrium by the moving vortex; the flux flow conductivity in a dirty superconductor is calculated. The vortex viscosity appears to be much larger than what is predicted by the TDGL model.
 
 13.1. Microscopic derivation of the force on moving vortices The TDGL scheme can only be applied in very special situations under rather restricting conditions of gapless superconductivity. This chapter treats the vortex dynamics in a more general case when nonstationary processes in a superconductor go beyond the TDGL model. We shall see that kinetics of nonequilibrium excitations makes the nonstationary behavior of a superconductor more complicated and diverse. The complexity of the problem gives rise to the expectation that it would not be easy to calculate anything beyond the simple TDGL equations. Fortunately, this is not exactly the case, especially when we are interested in a linear response of a vortex array to applied perturbations. The major simplification is that the force on the moving vortex can be expressed through the characteristics of a static vortex and through the solutions to the kinetic equations which only contain the order parameter and magnetic field for a steady vortex array. The force thus does not contain distortions of the order parameter and of the magnetic field caused by the moving vortex. Restricting ourselves to the linear approximation in the vortex velocity we start with the derivation of the general expression for the force which acts on a moving vortex from the environment.
 
 13.1.1 Variation of the thermodynamic potential Let us consider a variation of the thermodynamic potential eqn (3.71) derived in Section 3.3. We have in the real frequency representation (13.1)
 
 Here end p.259
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 The Hamiltonian is
 
 in the quasiclassical approximation. The variation eqn (13.1) is taken at a constant chemical potential. When the system is in a nonstationary state, the concept of thermodynamic potential can be used only if deviations from the equilibrium are small. The total Green function describing the nonstationary state in frequency representation is (13.2)
 
 where ± = ± /2. It is the stationary part (st) which enters the variation of the thermodynamic potential in eqn (13.1). We substitute it with the difference , and take into account that the order parameter and the current in the nonstationary state satisfy equations (9.17) and (9.18). We obtain (13.3)
 
 The terms with |g| (0)).
 
 K
 
 disappear due to eqns (9.17) and (9.18) (we recall that
 
 =
 
 Equation (13.3) determines the variation of the thermodynamic potential with respect to and A. For example, (13.4)
 
 and (13.5)
 
 where (13.6)
 
 Equations (13.4) and (13.5) are microscopic counterparts of the corresponding TDGL equations. The right-hand sides of these equations are proportional to deviations from equilibrium; they vanish in a stationary state.
 
 13.1.2 Force on vortices
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 (13.7)
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [261]-[265] where d is an arbitrary constant vector of an infinitesimal translation. The last term can be written as
 
 where 1 = EF is the deviation of the chemical potential from its value in the normal state. Equation (13.7) takes the form (13.8)
 
 where
 
 is the free energy which is a function of N instead of . The gradient of the particle density is omitted because the density is constant due to the charge neutrality. Equation (13.8) follows from the general property of thermodynamic for constant N is equal to the variation functions: Variation of the free energy of for a constant . The gradient of free energy density for a constant number of particles gives the density of force acting on the vortex from environment. The r.h.s. of eqn (13.8) can be transformed in exactly the same way as we did it earlier for the derivation of the force balance within the TDGL model in Section 12.4. The force from environment per unit vortex length becomes (13.9)
 
 The relation
 
 used during the derivation follows from eqn (13.5) and the requirement of the gauge invariance according to which the vector potential and the gradient of the . order parameter phase always come in the combination A (c/2e) Using eqns (13.4) and (13.6) we can finally present eqn (13.9) in the form (Larkin and Ovchinnikov 1986) (13.10)
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 where (13.11)
 
 Equation (13.10) is written in the form which does not assume a spherical Fermi surface. end p.261
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 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved In presence of a transport current, the force Fenv should be balanced by the Lorentz force. The corresponding term eqn (12.14) can be incorporated into the free energy exactly in the same way as we did it in Section 12.4. The force balance becomes (13.12)
 
 Consider now the nonstationary part of the Green function. We write the Keldysh function eqn (10.62) in frequency representation
 
 where (13.13)
 
 As in eqn (11.21) we define the nonstationary function as
 
 Using the particle–hole symmetry of the Green functions and p eqn (10.68) with respect to the transformation show that
 
 of the type of p one can
 
 (13.14)
 
 is even in . Therefore, the first derivatives of and A in time drop out of eqn (13.14). As a result, the nonequilibrium part of the total Green function in eqn
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 (13.10) can be written as
 
 within the first-order terms in . Performing the Fourier transformation back to the center-of-mass time, we get (13.15)
 
 where the gauge-invariant time-derivative is defined by eqn (10.32). Equations (13.10) and (13.15) make the basis for calculations of the force on a vortex within the microscopic theory. We shall use them for both dirty and clean end p.262
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved superconductors in the following sections. We observe that the force is expressed and , as well as through the distribution through the Green functions functions f1 and f2. For the Green functions we can take their values for a steady vortex array because f1 and f2 are themselves proportional to deviation from equilibrium. In turn, f1 and f2 are solutions of kinetic equations which again contain only the steady-state Green functions. The problem thus reduces to two major steps. First, we need to find the Green functions for a stationary vortex. Second, we solve the resulting kinetic equations and find the distribution function of nonequilibrium excitations. The force can then be calculated performing the necessary operations in eqn (13.10).
 
 13.2. Diffusion controlled flux flow
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 In this section we consider dirty s-wave superconductors such that (13.16)
 
 for temperatures close to Tc. Note that the gradients are not assumed to be small any more in the sense of eqn (11.9). On the contrary, we concentrate on the situation when the relaxation by diffusion is faster than the inelastic relaxation: (13.17)
 
 We recall also that the inelastic relaxation rate is much smaller than the critical temperature, . The temperature range when the condition eqn (13.17) is fulfilled corresponds to
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 This condition is much less restrictive than what we have considered in the previous chapter where, on the contrary, D
 
 2
 
 was assumed smaller than
 
 ph
 
 and thus temperatures were required. The present conditions are more “natural” and can easily be realized in experiments. Due to eqn (13.16) the stationary Green functions for dirty superconductors are determined by Usadel equations (5.97). For temperatures close to Tc, the diffusion terms in the Usadel equations can be neglected despite the fact that the gradients are of the order of
 
 if
 
 . Indeed,
 
 , or
 
 when but still . The diffusion terms are thus under conditions of eqn (13.16). We also neglect the small small compared to inelastic pair-breaking. As a result, we obtain the adiabatic expressions (10.104) and (10.105) for the regular functions
 
 and
 
 .
 
 end p.263
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 The boundary conditions for eqn (13.18) are formulated as follows. For , the quasiparticle Green functions extend over long distances from the vortex cores. For a periodic vortex array, the distribution function f1 is translationally invariant with the period of the vortex array. Thus it should not increase at large distances from the vortex. This requires that the average gradient of f1 vanishes (13.19)
 
 However, for particles with , large distances are not accessible. The boundary conditions are imposed at the surface determined by the condition
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 (13.20)
 
 beyond which the particle cannot penetrate. The conditions can be obtained from eqns (10.106) and (13.18). Integrating eqn (13.18) across the surface in eqn (13.20) one finds that the derivative nf1 along its normal is continuous at this surface. At the same time, eqn (10.106) implies that, at the side of the surface where | | < | (r)|, the gradient vanishes because g = 0. Therefore, one should also have (13.21)
 
 at the other side of the surface defined by eqn (13.20), where n is the derivative along the normal to the surface. Equations (13.19) and (13.21) are the required boundary conditions to eqn (13.18) (Larkin and Ovchinnikov 1986). The expression for the force eqn (13.10) contains the nonstationary part of the current eqn (13.6) proportional to the energy integral of g f1. According to eqn (10.108), we have
 
 The integral diverges logarithmically at
 
 due to a square-root singularity in
 
 . This divergence is cut off at ~ D 2. However, the prefactor at the logarithm is proportional to /T; it is thus small near the critical temperature. The main contribution, however, comes from the region of energies ~ T. For such energies, . At the same time, the function f2 is proportional to /T (compare with eqn (11.19)) and can be neglected. As a result, we again have
 
 end p.264
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 and gives a much larger contribution to the nonstationary Green function than the first term in the r.h.s. of eqn (13.15). Therefore, neglecting f2 we have
 
 Equation (13.10) becomes (13.22)
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 The next step is to solve the kinetic equation (13.18) for f1. Consider first the limit of low magnetic fields. For well-separated vortices, the order parameter magnitude depends only on the distance from the vortex axis. Equation (13.18) for 2 > | |2 takes the form
 
 We put
 
 and obtain for w ( )
 
 The solution regular at
 
 0 is
 
 The constant should be found from the boundary conditions. Denote d a constant arbitrary vector. We have
 
 end p.265
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 (13.23)
 
 For , the boundary condition has the form of eqn (13.19). We average eqn (13.23) over the angles Since
 
 the first term in the r.h.s. of eqn (13.23) vanishes. The second term gives
 
 Integrating now over the radial distance, we have from eqn (13.19)
 
 where r0 is the radius of the vortex lattice unit cell. Thus
 
 where the average is taken over the vortex unit cell. The function w ( ) vanishes for = r0. , we use the boundary condition eqns (13.21). Equation For (13.23) taken for the derivative along the direction with d = 0 gives
 
 where
 
 and
 
 is determined by | | = | (
 
 )|.
 
 Now we calculate the force on a vortex. The balance of the Lorentz force and the force in eqn (13.22) reads
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 Integrating the first term in the r.h.s. by parts we find that it is equal to
 
 end p.266
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 The surface term vanishes because f1 = 0 at at
 
 =
 
 = r0 for | | > | |max, and
 
 for | | < | |max. The energy integral is
 
 determined by ~ | | and the spatial integral converges at distances of the order of (T). The equation of the force balance becomes
 
 where we denote
 
 We put here
 
 As a result, (13.24)
 
 and, as usually,
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 The coherence length is defined by eqn (6.26)
 
 For high magnetic fields when vortices are closely packed, it is not easy to solve eqn (13.18) because the vortex lattice does not have an axial symmetry any more. To simplify calculations, we adopt the approximation of the round unit cell even for high vortex density. Within this approximation, we obtain the same solution as before even for high magnetic fields. Therefore, we shall use eqn (13.24) as an approximation for the whole range of magnetic fields. For well separated vortices at low fields one can neglect the normal current in the l.h.s. of eqn (13.24). Indeed, it is of the order of nE while the term in the r.h.s. has an order of (Hc2/B) nE. For fields close to the upper critical field end p.267
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 ]/B one thus can write an
 
 The flux flow conductivity becomes (13.25)
 
 This result was obtained by Gor’kov and Kopnin (1973 a) and by Larkin and Ovchinnikov (1986). The function (H) is of the order of unity. To calculate it for well separated vortices at low fields we observe that
 
 and
 
 ; moreover
 
 On the other hand, for high fields
 
 The high-field flux flow conductivity becomes
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 As a function of the magnetic field, this expression is valid until
 
 For higher fields, the superconductor becomes essentially gapless, and the regular TDGL contribution [the first term in the r.h.s. of eqn (13.15)] dominates. Equation (13.25) can be written in a form similar to eqn (12.54) (13.26)
 
 where is a function of temperature, magnetic field, and, also of the electron mean free path. The numerical values for are listed in the review by Larkin and Ovchinnikov (1986). In the dirty limit
 
 . one has for H
 
 Hc2
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 .
 
 and
 
 for H Tc/
 
 Hc2. The factor (1 T/Tc) in the right-hand side.
 
 1/2
 
 follows form eqn (13.25) due to the term
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 13.2.1 Discussion We note first of all that the flux flow conductivity in dirty superconductors appears to be much larger than what is predicted by the simple TDGL model or by the Bardeen–Stephen model. Indeed, for low inductions the factor in eqn (13.26) is = 1 within the Bardeen–Stephen model. The microscopic theory, however, predicts a large near Tc which grows as
 
 when T approaches Tc. This is the consequence of a decrease in the diffusion relaxation rate when the size of the vortex core increases near Tc with an increasing coherence length. When temperature is close enough to Tc the diffusion relaxation rate becomes comparable with the inelastic relaxation rate when
 
 . This happens for temperature
 
 this point, the increase in
 
 at the border of applicability of eqn (13.25). At saturates at
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 which has the same order of magnitude as the factor ~ F(q) in eqn (12.54). This is exactly the regime which is described by the generalized TDGL scheme discussed in Section 12.8. When the temperature approaches Tc. even closer, the factor starts to decrease as (1 T/Tc)1/2 down to values of the order of unity according to eqn (12.54). We have only discussed a vicinity of the critical temperature. The low-temperature behavior of the How conductivity in dirty superconductors can also be considered within the same framework based on the kinetic equations derived in Section 10.5. This was done by Gor’kov and Kopnin (1973 b). The result approaches the Bardeen and Stephen model with 0.9. The overall behavior of the flux flow conductivity in a dirty superconductor as a function of temperature is shown schematically in Fig. 13.1. Experimental data for conventional duty superconductors generally lie above the results of ihe Bardeen–Stephen model; on the other hand, they are below the predictions of the exact microscopic theory (see the reviews by Gor’kov and Kopnin 1975 and by Larkin and Ovchinnikov 1986). The reason is that the parameter that large in practice, thus the increase in is limited to lower values.
 
 is not
 
 end p.270
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 14 VORTEX DYNAMICS IN CLEAN SUPERCONDUCTORS Nikolai B. Kopnin Abstract: The general features of the vortex dynamics in clean superconductors are first discussed using the Boltzmann kinetic equation. The conditions when the dissipative dynamics of vortices transforms into a Hamiltonian one are established. The crucial importance of excitations localized in vortex cores is clarified. Next the quasiclassical Green function technique and the kinetic equations of the previous chapters are used to calculate the longitudinal and Hall components of the flux flow conductivity for s-wave superconductors. The forces on a vortex, vortex cross sections, and the flux-flow conductivity are discussed in detail as functions of temperature and of purity of the superconductor. The transition from viscous to non-dissipative vortex dynamics is demonstrated to occur as a function of the relaxation time in superconductor. Keywords: clean superconductor, vortex dynamics, kinetic equation, vortex core, flux-flow conductivity, Hall effect, force on vortex, cross section We discuss first the general features of the vortex dynamics in clean superconductors using the Boltzmann kinetic equation. We establish the conditions when the dissipative dynamics of vortices transforms into a Hamiltonian one. We emphasize the crucial importance of excitations localized in vortex cores. Next we use the quasiclassical Green function technique and the kinetic equations of the previous chapters to calculate the longitudinal and Hall components of the flux flow conductivity for s-wave superconductors. We discuss the forces on a vortex as functions of temperature and of purity of the superconductor.
 
 14.1 Introduction This chapter is devoted to the vortex dynamics in clean superconductors. Clean systems offer more intriguing physics than dirty superconductors considered in the previous section. For example, one of the fundamental problems can be formulated as follows: Speaking of clean superconductors one can, in particular, think of such a system where no relaxation processes are available, i.e., the mean free path of excitations is infinite. In this case, vortices should move without dissipation since there is no mechanism to absorb the energy. The vortex velocity should then be parallel to the transport current, which makes the electric field perpendicular to the current; the dissipation thus vanishes j · E = 0. This contrasts with what we know from the previous chapters on dirty superconductors: the vortex motion is dissipative, and each moving vortex experiences a large friction; it generates an electric field parallel to the transport current which produces energy dissipation. Clearly, a crossover should occur from dissipative to nondissipative vortex motion as the quasiparticle mean free path increases. The question is what is the condition which controls the crossover? This question is of a fundamental importance for our understanding of the dynamics of superconductors and, in a more broad sense, for the understanding of dynamic properties of quantum condensed matter in general. To illustrate the
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 problem one can consider a simple example as follows. One can argue that a time-dependent nondissipative superconducting state, similarly to any other quantum state, can be described by a Hamiltonian dynamics based on a time-dependent Schrödinger equation. Such a description has been suggested for a weakly interacting Bose gas by Pitaevskii (1961) and Gross (1961, 1963); it is widely used also for superfluid helium II. The Gross–Pitaevskii equation is essentially a nonlinear Schrödinger equation, it has the imaginary factor i in front end p.271
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved of the time-derivative of the condensate wave function / t. On the other hand, the time-dependent Ginzburg–Landau model which is a particular case of a more general Model F dynamics (Hohenberg and Halperin 1977) is believed to describe a relaxation dynamics of superconductors near the transition temperature. In contrast, to the Gross–Pitaevskii equation, it has the time-derivative / t with a real factor in front of it. The question which we are interested in can be formulated as follows: What is the condition when the imaginary prefactor transforms into a real one? It seems that there is no universal answer to this simple question in general. However, the problem of crossover from nondissipative to dissipative behavior of a condensed matter state can be solved for the particular example of superconducting vortex dynamics. We have already seen in Section 12.9 that a relaxation constant in the time-dependent Ginzburg–Landau model has in fact a small imaginary part which results in appearance of a small transverse component of the electric field with respect to the current. We shall see later that the transverse component of the electric field increases at the expense of the longitudinal component as the mean free path of excitations grows. The crossover condition, however, does not coincide simply with the condition which divides superconductors between dirty and clean ones. The criterion rather involves the spectrum of excitations localized in the vortex cores; the distance between their levels takes the part of the energy gap. The condition for a nondissipative vortex motion requires that the relaxation rate of localized excitations is smaller than the distance between the levels. This implies a much longer mean free path of excitations than the condition for a superconductor to be just in a clean limit.
 
 14.1.1 Boltzmann kinetic equation approach
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 A vortex moving in a clean superconductor experiences both friction and transverse forces. The transverse force comes from several different sources including the hydrodynamic Magnus force, the force produced by excitations scattered from the vortex, and the force associated with the momentum flow from the heat bath to the vortex through the localized excitations. The whole rich and exciting physics involved in the vortex dynamics can be successfully described by the general formalism developed in Chapter 10. In this chapter we concentrate on isolated vortices such that their cores do not overlap, i.e., on the Hc2. It is this limit when the specifics of core states region of magnetic fields H is more pronounced. Let us first discuss a general picture using a simple approach based on the Boltzmann kinetic equation. For simplicity, we consider an s-wave superconductor. We remind that the profile of the order parameter (r) near the vortex core produces a potential well where localized states with a discrete spectrum exist. The spectrum of excitations in the vortex core has been
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 calculated in Section 6.4 (see Fig. 6.2). The localized states correspond to . The spectrum has the so-called anomalous branch with n = 0 energies | | < whose energy varies from changes from to + , the anomalous
 
 to +
 
 as the particle impact parameter b
 
 and crosses
 
 = 0, being an odd function of b. For low
 
 end p.272
 
 第3页 共6页
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved branch is
 
 0
 
 =
 
 0
 
 where
 
 =
 
 bp
 
 is the angular momentum, and p
 
 is the
 
 momentum in the plane perpendicular to the vortex axis (Caroli et al. 1964). In an, s-wave superconductor with an, axisymmetric vortex, the angular momentum is quantized and so is the spectrum, 0 being the distance between the discrete levels in the vortex core. The spectrum may also have branches with n 0 which are separated from the one with n = 0 by energies of the order of . The states n 0 do not cross zero of energy as functions of b; they approach the same energy + or for both b ± . Numerical calculations (Gygi and Schlüter 1991) show that these states are practically absorbed by the continuous spectrum. However we include the states with n 0 into consideration for generality. We denote the separation between the levels with neighboring angular momenta through (14.1)
 
 The interlevel spacing n (b) is an even function of b for n = 0; the spacing decreases with increasing n.
 
 n
 
 We choose the direction of the z-axis in such a way that the vortex has a positive circulation. The z-axis is thus parallel the magnetic field for positive charge of . Since carriers, and it is antiparaliel to it for negative charge: makes an angle with the x-axis, the cylindrical the particle velocity v coordinates of the position point ( ,
 
 ) are connected with the impact parameter
 
 and the coordinate along the trajectory through
 
 2
 
 = b2 + s2 where
 
 (14.2)
 
 The coordinates are shown in Fig. 6.1. The first step is as follows. We assume that the quasiclassical spectrum n (b) of a particle plays the role of its effective Hamiltonian. We can thus invoke the Boltzmann equation in the canonical form (14.3)
 
 to describe the quasiparticle distribution (Stone 1996). We shall derive eqn (14.3) from our set of generalized kinetic equations in the following chapter. Second, we assume that the force acting on a vortex from the environment is
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 exerted via excitations localized in the vortex core. According to this picture, the force on a moving vortex can be written as the momentum transfer from the localized excitations to the vortex (14.4)
 
 Here we make use of the Hamilton equation (14.5)
 
 The second equality follows from the fact that, in the coordinate frame of Fig. 6.1, the energy only depends on the particle impact parameter b. The normalization end p.273
 
 PRINTED FROM OXFORD SCHOLARSHIP ONLINE (www.oxfordscholarship.com) © Copyright Oxford University Press, 2003-2010. All Rights Reserved in eqn (14.4) is chosen such that the sum over the two spin states outers as (1/2) s. We derive eqn (14.4) microscopically in Section 14.5. We shall later demonstrate that eqn (14.4) indeed gives the full force on a vortex if the vortex density is small enough. The measure of the vortex density is set by the ratio of the Larnior radius rH = F/ c of particles in the magnetic field B = 0nL to their mean free path, . Here c = eB/mc is the cyclotron frequency and nL, is the density of vortex lines. When the magnetic field is small (and so is the vortex density) such that rH , i.e., the excitations with energies above the gap are in equilibrium, with the heat bath. f1 = 0. According to eqn (14.4) they do not produce a force and thus do not influence considerably the vortex motion. For a moving vortex, the force from the environment is balanced by the Lorentz force: (14.6)
 
 with the flux quantum
 
 0
 
 =
 
 c/|e|. This form of the Lorentz force is the same as
 
 in eqn (12.1) but the vortex circulation axis equation
 
 is used. The force balance
 
 (14.7)
 
 determines the transport current in terms of the vortex velocity and thus allows to find the flux flow conductivity tensor.
 
 14.1.2 Forces in s-wave superconductors
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 We consider a parabolic spectrum of quasiparticles in the normal state and thus a spherical Fermi surface. We shall simplify the collision, integral in eqn (14.3)
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 using the relaxation-time approximation (14.8)
 
 Equation (14.3) is easy to solve. Let us take the distribution function in the form (14.9)
 
 where the factors O,H are to be found. For an axi-symmetric s-wave vortex the energies n do not depend on and the term vanishes. In the term with n/ the time-derivative, the energy n contains a time dependence through such that (14.10)
 
 With the Ansatz (14.9), the force eqn (14.4) splits into two terms Fenv = F + F
 
 , with the friction F and transverse F
 
 forces given by
 
 (14.11)
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 where N is the electron density, with the weight
 
 is the average over the Fermi surface
 
 ,
 
 (14.13)
 
 and VF is the volume encompassed by the Fermi surface. For an isotropic Fermi surface,
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 where pz = pF cos . The Boltzmann equation (14.3) gives the factors
 
 O,H
 
 in the form
 
 (14.14)
 
 The longitudinal force F defines the friction coefficient in the vortex equation of motion and determines the Ohmic component of the conductivity the vortex velocity vL through the average electric field E, as
 
 O.
 
 Expressing
 
 , we find (14.15)
 
 The transverse force determines the Hall conductivity (14.16)
 
 We emphasize that the force Fenv is defined as the response of the whole environment to the vortex displacement. It is therefore the total force acting on the vortex from the ambient system, including all partial forces such as the longitudinal friction force and the nondissipative transverse force. The transverse force, in turn, includes various parts which can be identified historically (Sonin 1987) as the Iordanskii force (Iordanskii 1964), the spectral flow force (Volovik 1986, Stone and Gaitan 1987, Kopnin et al. 1995), and the Magnus force. We shall discuss this later in more detail In Section 14.6.3. The main conclusion is that the Ohmic and Hall conductivities depend on the (recall that and purity of the sample through the parameter decreases rapidly with n). One can distinguish two regimes: moderately clean and superclean . Note that the moderately clean regime still requires that the superconductor is clean in the usual sense
 
 .
 
 , the conductivity roughly follows In the moderately clean limit where the Bardeen and Stephen (1965) expression at low temperatures though end p.275
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 Theory of Nonequilibrium Superconductivity Print ISBN 9780198507888, 2001 pp. [276]-[280] it exhibits an extra temperature-dependent factor
 
 /Tc on approaching Tc
 
 (Kopnin and Lopatin 1995),
 
 The factor
 
 /Tc appears because the number of delocalized quasiparticles
 
 contributing to the vortex dynamics decreases near Tc. Note that the flux flow as conductivity of a dirty superconductor has just the inverse extra factor Tc/ compared to the Bardeen–Stephen model (see Section 13.2.1). We discuss this later in Section 14.6.2. The Hall conductivity and the Hall angle are small and
 
 , respectively.
 
 In the superclean limit, on the contrary, the Ohmic conductivity is small. The vortex dynamics becomes nondissipative. The friction force vanishes while the transverse force eqn (14.12) takes the form
 
 We have accounted for the fact that
 
 since
 
 0(
 
 because
 
 ) varies from n(
 
 to +
 
 . Similar integrals with
 
 ) returns to the same energy +
 
 n
 
 (or to the same
 
 vanish for n
 
 0
 
 ) for both
 
 ± . The force balance equation tell us that the transport current is coupled to the vortex velocity by
 
 It shows that N tanh( factor tanh(
 
 /2T) electrons move together with the vortex. The
 
 /2T) accounts for the fact that delocalized excitations are at rest
 
 with respect to the heat bath according to our assumption made on page 274. At low temperatures, delocalized excitations are absent, and the current is proportional to the density of all the electrons. We shall discuss this in more detail in Section 14.6.3. The corresponding Hall conductivity is
 
 We conclude that it is the parameter 0 which determines the crossover from dissipative to nondissipative vortex dynamics. We stress again that these results apply for the low-field limit,
 
 第1页 共6页
 
 . When
 
 , delocalized
 
 2010-8-8 16:07
 
 Oxford Scholarship Online: Theory of Nonequilibrium Supe... http://www.oxfordscholarship.com/oso/private/content/phy...
 
 excitations also contribute to the force Fenv. We consider this in more detail later using the microscopic approach which allows us to get a more comprehensive picture of this phenomenon. end p.276
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 14.2 Spectral representation for the Green functions
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 We turn now to the microscopic description of the vortex dynamics in clean superconductors. We consider first some general properties of Green functions of clean superconductors which will he used later. For clean systems, the quasiparticle spectrum is well defined. According to the general properties of the Green functions, the combination GR GA is a sum of a spectral weight multiplied by -functions at energies corresponding to the quasiparticle spectrum. We show that the same holds also for quasiclassical Green functions taken on a discrete spectrum. We consider states in a vortex core for definiteness. Let us expand the Green function
 
 in the eigeiifunetioiis of a
 
 1 moving along a definite quasiclassical particle with the momentum p ~ pF trajectory. In case of a linear vortex, we specify the trajectory by the direction of particle velocity vF and by the impact parameter b with respect to the vortex
 
 axis. Consider the Bogoliubov–de Gemies wave function
 
 at a point with coordinates s and b in the coordinate frame (s, b) rotated by an, angle with respect to the (x, y) frame as shown in Fig. 6.1 and with z-coordinate along the vortex axis. This satisfies the equation
 
 For a two-dimensional problem, we ignore the trivial z dependence for brevity. The Hamiltonian is
 
 We take a fixed point b0 in the vicinity of b and put b = b0 + b1 where . Next, we perform a Fourier transformation in the coordinate b1. As a result we obtain a wave function which depends on the wave vector pb and on the coordinate s; in addition, it also has a parametric dependence on b0. The obtained wave function satisfies the equation
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 Here we neglect a small correction b1 in the Hamiltonian
 
 . We now take the
 
 . This limit of small pb, and fix it within the interval means that the particle momentum becomes parallel to the s-axis. In other words, the end p.277
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 The term can be neglected as compared to ~ . We also omit the index 0 at b. The wave function depends now on the distance along the trajectory s and on the parameters b and where is the angle between the and the x axis of the coordinate frame. They satisfy the particle momentum p orthogonality conditions eqns (3.59) and (3.60) which now read (14.18)
 
 (14.19)
 
 We also denote the energy spectrum as n (b); it is a function of the impact parameter b and also on, the momentum along the z axis pz as well as (possibly) on . In addition, it can depend on the principal quantum number n and on other quantum numbers (for example, particle–hole isotopic spin, etc.) relevant for the particular problem. The impact parameter b is a good quantum number for a whose magnitude is much quasiclassical particle which moves in a potential smaller than the kinetic energy EF. Under these conditions, the trajectory is a straight line with a constant b even if the problem does not have an axial symmetry. We can now expand the Green function of the particle in terms of these wave functions: (14.20)
 
 The Green function matrix obeys the equation (14.21)
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 where En(p) is the normal-state electronic spectrum. Next, we determine the relation between the Green function quasiclassical counterpart retarded and advanced) as
 
 and its
 
 . We represent the Green function (both
 
 (14.22)
 
 where ±(s) are slow functions of s = (s1 + s2)/2; they vary over distances of the order of as compared to atomic-scale variations of the exponents. From eqn (14.21) end p.278
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 +
 
 +
 
 = i/
 
 where
 
 is the particle velocity in the plane
 
 perpendicular to the vortex axis. It is easy to check that the functions
 
 ±
 
 satisfy
 
 the same Eilenberger equations as the quasiclassical Green functions To do this we insert eqn (14.22) into eqns (14.21) and expand in small gradients of a±. Using the boundary conditions at large distances, we obtain (Gor’kov and Kopnin 1973 a)
 
 Thus,
 
 This relation was obtained by Kopnin and Lopatin (1995). Finally (14.23)
 
 Comparing eqns (14.20) and (14.23), one can write (14.24)
 
 where
 
 n
 
 are the spectral weights for the quasiclassical Green function.
 
 14.3 Useful identities
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 Here we concentrate on the Green functions in presence of vortices and derive several identities (Kopnin and Lopatin 1995. Blatter et al. 1999) which will be
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 used in what follows. Consider the energies | | 

 
 needs a discussion. First, an,
 
 integral over the remote surface may appear in course of transformations involved in the derivation of eqn (14.28). We will see how to deal with the surface terms later. Second, for energies above the gap, the energy spectrum is continuous. One can, however, make it quasi-discrete by placing the system in a large box. Now we can count the energy branches which cross an energy once. This counting can be performed for impact parameters larger than the core radius. This implies that the number N does not depend on the actual structure of the vortex core: to calculate N one can use any convenient model for the core. The surface contributions are determined by large distances and are also independent of the actual core structure. The simplest model is an “artificial” vortex with a core size much larger than . In such a vortex the order parameter magnitude varies on distances much longer than so that the Green functions can be found by expanding the Eilenberger equations (5.84), (5.85) in powers of small gradients. We get for | | > | ( )|: (14.31)
 
 (14.32)
 
 and . For | | < | ( )| the functions are Here the “adinbutie” Given functions are
 
 .
 
 (14.33)
 
 We now find
 
 The last term in the second line vanishes being the full derivative of the quantity because | | is periodic in the vortex lattice. The contour integral taken along the boundary of the unit cell represents the surface term mentioned earlier (note that for large distances, g = g ). It vanishes because the magnetic
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 flux through the unit cell is just the flux quantum function g(0) = 1, and we obtain
 
 0.
 
 Since | (0)| = 0, the
 
 (14.34)
 
 The right-hand side of eqn (14.34) corresponds to the number N = 1 of the branches crossing once. Note that the same model of the vortex core would end p.281
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