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 Foreword The final year undergraduate lectures on theoretical physics given by David Bohm at Birkbeck College were unique and inspiring. As they were attended by experimentalists and theoreticians, the lectures were not aimed at turning out students with a high level of manipulative skill in mathematics, but at exploring the conceptual structure and physical ideas that lay behind our theories. His lectures on special relativity form the content of this book. This is not just another text on the subject. It goes deeply into the conceptual changes needed to make the transition from the classical world to the world of relativity. In order to appreciate the full nature of these radical changes, Bohm provides a unique appendix entitled “Physics and Perception” in which he shows how many of our “self-evident” notions of space and of time are, in fact, far from obvious and are actually learnt from experience. In this appendix he discusses how we develop our notions of space and of time in childhood, freely using the work of Jean Piaget, whose experiments pioneered our understanding of how children develop concepts in the first place. Bohm also shows how, through perception and our activity in space, we become aware of the importance of the notion of relationship and the order in these relationships. Through the synthesis of these relationships, we abstract the notion of an object as an invariant feature within this activity which ultimately we assume to be permanent. It is through the relationship between objects that we arrive at our classical notion of space. Initially, these relations are essentially topological but eventually we begin to understand the importance of measure and the need to map the relationships of these objects on to a co-ordinate grid with time playing a unique role. His lucid account of how we arrive at our classical notions of space and absolute time is fascinating and forms the platform for the subsequent development of Einstein’s relativity. After presenting the difficulties with Newtonian mechanics and Maxwell’s electrodynamics, he shows how the Michelson-Morley experiment can be understood in terms of a substantive view of the ether provided by Lorentz and Fitzgerald. The difficulties in this approach, which assumes actual contraction of material rods as they move through the ether, are discussed before a masterful account of Einstein’s conception of space-time is presented. Bohm’s clarity on this topic was no doubt helped by the many discussions he had with Einstein in his days at Princeton. The principle of relativity is presented in terms of the notion of relationship and the order of relationship that were developed in the appendix and he argues that a general law of physics is merely a statement that certain relationships are invariant to the way we observe them. The application of this idea to observers in relative uniform motion immediately produces the Lorentz transformation and the laws of special relativity. Interlaced with the chapters on the application of the Lorentz transformation, is a chapter on the general notion of the falsification of theories. Here he argues against the Popperian tradition that all that matters is mere experimental falsification. Although a preliminary explanation might fit the empirical data, it may ultimately lead to confusion and ambiguity and it is this that could also lead to its downfall and eventual abandonment
 
 in favour of another theory even though it contradicts no experiment. His final chapters on time and the twin paradox exhibit the clarity that runs throughout the book and makes this a unique presentation of special relativity. B.J.HILEY
 
 Preface The general aim of this book is to present the theory of relativity as a unified whole, making clear the reasons which led to its adoption, explaining its basic meaning as far as possible in non-mathematical terms, and revealing the limited truth of some of the tacit “common sense” assumptions which make it difficult for us to appreciate its full implications. By thus showing that the concepts of this theory are interrelated to form a unified totality, which is very different from those of the older Newtonian theory, and by making clear the motivation for adopting such a different theory, we hope in some measure to supplement the view obtained in the many specialized courses included in the typical program of study, which tend to give the student a rather fragmentary impression of the logical and conceptual structure of physics as a whole. The book begins with a brief review of prerelativistic physics and some of the main experimental facts which led physicists to question the older ideas of space and time that had held sway since Newton and before. Considerable emphasis is placed on some of the efforts to retain Newtonian concepts, especially those developed by Lorentz in terms of the ether theory. This procedure has the advantage, not only of helping the student to understand the history of this crucial phase of the development of physics better, but even more, of exhibiting very clearly the nature of the problems to which the older concepts gave rise. It is only against the background of these problems that one can fully appreciate the fact that Einstein’s basic contribution was less in the proposal of new formulas than in the introduction of fundamental changes in our basic notions of space, time, matter, and movement. To present such new ideas without relating them properly to previously held ideas gives the wrong impression that the theory of relativity is merely at a culminating point of earlier developments and does not properly bring out the fact that this theory is on a radically new line that contradicts Newtonian concepts in the very same step in which it extends physical law in new directions and into hitherto unexpected new domains. Therefore, in spite of the fact that the study of the basic concepts behind the ether theory occupies valuable time for which the student may be hard pressed by the demands of a broad range of subjects, the author feels that it is worthwhile to include in these lectures a brief summary of these notions. Einstein’s basically new step was in the adoption of a relational approach to physics. Instead of supposing that the task of physics is the study of an absolute underlying substance of the universe (such as the ether) he suggested that it is only in the study of relationships between various aspects of this universe, relationships that are in principle observable. It is important to realize in this connection that the earlier Newtonian concepts involve a mixture of these two approaches, such that while space and time were regarded as absolute, nevertheless they had been found to have a great many “relativistic” properties. In these lectures, a considerable effort is made to analyze the older concepts of space and time, along with those of “common sense” on which they are based, in order to reveal this mixture of relational and absolute points of view. After bringing out some of the usually “hidden” assumptions behind common sense and Newtonian notions of space and time, assumptions which must be dropped if we are to understand the theory of relativity, we go on to Einstein’s analysis of the concept of
 
 viii  Preface simultaneity, in which he regards time as a kind of “coordinate” expressing the relationship of an event to a concrete physical proc ess in which this coordinate is measured. On the basis of the observed fact of the constancy of the actually measured velocity of light for all observers, one sees that observers moving at different speeds cannot agree on the time coordinate to be ascribed to distant events. From this conclusion, it also follows that they cannot agree on the lengths of objects or the rates of clocks. Thus, the essential implications of the theory of relativity are seen qualitatively, without the need for any formulas. The transformations of Lorentz are then shown to be the only ones that can express in precise quantita tive form the same conclusions that were initially obtained without mathematics. In this way, it is hoped that the student will first see in general terms the significance of Einstein’s notion of space and time, as well as the problems and facts that led him to adopt these notions, after which he can then go on to the finer-grained view that is supplied by the mathematics. Some of the principal implications of the Lorentz transformation are then explained,not only with a view of exploring the meaning of this transformation, but also of leading in a natural way to a statement of the principle of relativity—that is, that the basic physical laws are the invariant relationships, the same for all observers. The principle of relativity is illustrated in a number of examples. It is then shown that this principle leads to Einstein’s relativistic formulas, expressing the mass and momentum of a body in terms of its velocity. By means of an analysis of these formulas, one comes to Einstein’s famous relationship, E=mc2, between the energy of a body and its mass. The meaning of this relationship is developed in considerable detail, with special attention being given to the problem of “rest energy,” and its explanation in terms of to-and-fro movements in the internal structure of the body, taking place at lower levels. In this connection, the author has found by experience that the relationship between mass and energy gives rise to many puzzles in the minds of students, largely because this relationship contradicts certain “hidden” assumptions concerning the general structure of the world, which are based on “common sense,” and its development in Newtonian mechanics. It is therefore helpful to go into our implicit common sense assumptions about mass to show that they are not inevitable and to show in what way Einstein’s notion of mass is different from these, so that it can be seen that there is no paradox involved in the equivalence of mass and energy. Throughout the book, a great deal of attention is paid quite generally to the habitual tendency to regard older modes of thought as inevitable, a tendency that has greatly impeded the develop ment of new ideas on science. This tendency is seen to be based on the tacit assumption that scientific laws constitute absolute truths. The notion of absolute truth is analyzed in some detail in this book, and it is shown to be in poor correspondence with the actual de velopment of science. Instead, it is shown that scientific truths are better regarded as relationships holding in some limited domain, the extent of which can be delineated only with the aid of future experimental and theoretical discoveries. While a given science may have long periods in which a certain set of basic concepts is developed and articulated, it also tends to come, from time to time, into a critical phase, in which older concepts reveal ambiguity and confusion. The resolution of such crises involves a radical change of basic concepts, which contradicts older ideas, while in some sense containing their correct features as special cases, limits, or approximations. Thus, scientific research is not a process of steady accumulation of absolute truths, which has
 
 Preface  ix culminated in present theories, but rather a much more dynamic kind of process in which there are no final theoretical concepts valid in unlimited domains. The appreciation of this fact should be helpful not only in physics but in other sciences where similar problems are involved. The lectures on relativity end with a discussion of the Minkowski diagram. This is done in considerable detail, with a view to illustrating the meaning of the principle of relativity in a graphical way. In the course of this illustration, we introduce the K calculus, which further brings out the meaning of Einstein’s ideas on space and time, as well as providing a comparison between the implications of these ideas and those of Newton. In this discussion, we stress the role of the event and process as basic in relativistic physics, instead of that of the object and its motion, which are basic in Newtonian theory. This leads us on to the (hyperbolic) geometry of Minkowski space-time, with its invariant distinction of the events inside of the past and future light cones from those outside. On the basis of this distinction, it is made clear that the relativistic failure of different observers to agree on simultaneity in no way confuses the order of cause and effect, provided that no signals can be transmitted faster than light. We include in these lectures a thorough discussion of the two differently aging twins, one of whom remains on Earth while the other takes a trip on a rocket ship at a speed near to that of light. This discussion serves to illustrate the meaning of “proper-time” and brings out in some detail just how Einstein’s notions of space and time leave room for two observers who separate to have experienced different intervals of “proper-time” when they meet again. Finally, there is a concluding discussion of the relationship between the world and our various alternative conceptual maps of it, such as those afforded respectively by Newtonian physics and Einsteinian physics. This discussion is aimed at removing the confusion that results when one identifies a conceptual map with reality itself—a kind of confusion that is responsible for much of the difficulty that a student tends to meet when he is first confronted by the theory of relativity. In addition, this notion of re lationship in terms of mapping is one that is basic in modern mathematics, so that an understanding of the Minkowski diagram as a map should help prepare the student for a broader kind of appreciation of the connection between physics and a great deal of mathematics. The lectures proper are followed by an appendix, in which Einstein’s notions of space, time, and matter are related to certain properties of ordinary perception. It is commonly believed that Newtonian concepts are in complete agreement with everyday perceptual experience. However, recent experimental and theoretical developments in the study of the actual process of perception make it clear that many of our “common sense” ideas are as inadequate and confused when applied to the field of our perceptions as they are in that of relativistic physics. Indeed, there seems to be a remarkable analogy between the relativistic notion of the universe as a structure of events and processes with its laws constituted by invariant relationships and the way in which we actually perceive the world through the abstraction of invariant relationships in the events and processes involved in our immediate contacts with this world. This analogy is developed in considerable detail in the appendix, in which we are finally led to suggest that science is mainly a way of extending our perceptual contact with the world, rather than of accumulating knowledge about it. In this way, one can understand the fact that scientific research does not lead to absolute truth, but rather (as happens in ordinary perception) an awareness and understanding of an ever-growing segment of the world with which we are in contact.
 
 x  Preface
 
 Although the appendix on perception is not part of the course, it should be helpful in calling the student’s attention to certain aspects of everyday experience, in which he can appreciate intuitively relationships that are in some ways similar to those proposed by Einstein for physics. In addition, it may be hoped that the general approach to science will be clarified, if one regards it as a basically perceptual enterprise, rather than as an accumulation of knowledge. DAVID BOHM London, England January, 1964
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 I Introduction The theory of relativity is not merely a scientific development of great importance in its own right. It is even more significant as the first stage of a radical change in our basic concepts, which began in physics, and which is spreading into other fields of science, and indeed, even into a great deal of thinking outside of science. For as is well known, the modern trend is away from the notion of sure “absolute” truth (i.e., one which holds independently of all conditions, contexts, degrees, and types of approximation, etc.) and toward the idea that a given concept has significance only in relation to suitable broader forms of reference, within which that concept can be given its full meaning. Just because of the very breadth of its implications, however, the theory of relativity has tended to lead to a certain kind of confusion in which truth is identified with nothing more than that which is convenient and useful. Thus it may be felt by some that since “everything is relative,” it is entirely up to each person’s choice to decide what he will say or think about any problem whatsoever. Such a tendency reflecting back into physics has often brought about something close to a sceptical and even cynical attitude to new developments. For the student is first trained to regard the older laws of Newton, Galileo, etc., as “eternal verities,” and then suddenly, in the theory of relativity (and even more, in the quantum theory) he is told that this is all out of date and it is implied that he is now receiving a new set of “eternal verities” to replace the older ones. It is hardly surprising, then, that students may feel that a somewhat arbitrary game is being played by the physicists whose only goal is to obtain some convenient set of formulas that will predict the results of a number of experiments. The comparatively greater importance of mathematics in these new developments helps add to the impression, since the older conceptual understanding of the meaning of the laws of physics is now largely given up, and little is offered to take its place. In these notes an effort will be made to provide a more easily understood account of the theory of relativity. To this end, we shall go in some detail into the background of problems out of which the theory of relativity emerged, not so much in the historical order of the problems as in an order that is designed to bring out the factors which induced scientists to change their concepts in so radical a way. As far as possible, we shall stress the understanding of the concepts of relativity in non-mathematical terms, similar to those used in elementary presentations of earlier Newtonian concepts. Nevertheless, we shall give the minimum of mathematics needed, without which the subject would be presented too vaguely to be appreciated properly. (For a more detailed mathematical treatment, it is suggested that the student refer to some of the many texts on the subject which are now available.) To clarify the general problem of changing concepts in science we shall discuss fairly extensively several of the basic philosophical problems that are, as it were, interwoven into the very structure of the theory of relativity. These problems arise, in part, in the criticism of the older Lorentz theory of the ether and, in part, in Einstein’s discovery of
 
 2  The Special Theory of Relativity the equivalence of mass and energy. In addition, by replacing Newtonian mechanics after several centuries in which it had an undisputed reign, the theory of relativity raised important issues, to which we have already referred, of the kind of truth that scientific theories can have, if they are subject to fundamental revolutions from time to time. This question we shall discuss extensively in several chapters of the book. In the Appendix we give an account of the role of perception in the development of our scientific thinking, which, it is hoped, will further clarify the general implication of a relational (or relativistic) point of view. In this account, the mode of development of our concepts of space and time as abstractions from everyday perception will be discussed; and in this discussion it will become evident that our notions of space and time have in fact been built up from common experience in a certain way. It therefore follows that such ideas are likely to be valid only in limited domains which are not too far from those in which they arise. When we come to new domains of experience, it is not surprising that new concepts are needed. But what is really interesting is that when the facts of the process of ordinary perception are studied scientifically, it is discovered that our customary way of looking at everyday experience (which with certain refinements is carried into Newtonian mechanics) is rather superficial and in many ways, very misleading. A more careful account of the process of perception then shows that the concepts needed to understand the actual facts of perception are closer to those of relativity than they are to those of Newtonian mechanics. In this way it may be possible to give relativity a certain kind of immediate intuitive significance, which tends to be lacking in a purely mathematical presentation. Since effective thinking in physics generally requires the integration of the intuitive with the mathematical sides, it is hoped that along these lines a deeper and more effective way of understanding relativity (and perhaps the quantum theory) may emerge.
 
 II Pre-Einsteinian Notions of Relativity It is not commonly realized that the general trend to a relational (or relativistic) conception of the laws of physics began very early in the development of modern science. This trend arose in opposition to a still older Aristotelian tradition that dominated European thinking in the Middle Ages and continues to exert a strong but indirect influence even in modern times. Perhaps this tradition should not be ascribed so much to Aristotle as to the Medieval Scholastics, who rigidified and fixed certain notions that Aristotle himself probably proposed in a somewhat tentative way as a solution to various physical, cosmological, and philosophical problems that occupied Ancient Greek thinkers. Aristotle’s doctrines covered a very broad field, but, as far as our present discussion is concerned, it is his cosmological notion of the Earth as the center of the universe that interests us. He suggested that the whole universe is built in seven spheres with the Earth as the middle. In this theory, the place of an object in the universe plays a key role. Thus, each object was assumed to have a natural place, toward which it was striving, and which it approached, in so far as it was not impeded by obstacles. Movement was regarded as determined by such “final causes,” set into activity by “efficient causes.” For example, an object was supposed to fall because of a tendency to try to reach its “natural place” at the center of the Earth, but some external “efficient” cause was needed to release the object, so that its internal striving “principle” could come into operation. In many ways Aristotle’s ideas gave a plausible explanation to the domain of phenomena known to the Ancient Greeks, although of course, as we know, they are not adequate in broader domains revealed in more modern scientific investigations. In particular, what has proved to be inadequate is the notion of an absolute hierarchial order of being, with each thing tending toward its appropriate place in this order. Thus, as we have seen, the whole of space was regarded as being organized into a kind of fixed hierarchy, in the form of the “seven crystal spheres,” while time was later given an analogous organization by the Medieval Scholastics in the sense that a certain moment was taken as that of creation of the universe, which later was regarded as moving toward some goal as end. The development of such notions led to the idea that in the expressions of the laws of physics, certain places and times played a special or favored role, such that the properties of other places and times had to be referred to these special ones, in a unique way, if the laws of nature were to be properly understood. Similar ideas were carried into all fields of human endeavor, with the introduction of fixed categories, properties, etc., all organized into suitable hierarchies. In the total cosmological system, man was regarded as having a key role. For, in some sense, he was considered to be the central figure in the whole drama of existence, for whom all had been created, and on whose moral choices the fate of the universe turned. A part of Aristotle’s doctrine was that bodies in the Heavens (such as planets) being more perfect than Earthly matter, should move in an orbit which expresses the perfection of their natures. Since the circle was considered to be the most perfect geometrical figure, it was concluded that a planet must move in a circle around the Earth. When observations failed to disclose perfect circularity, this discrepancy was accommodated by the
 
 4  The Special Theory of Relativity introduction of “epicycles,” or of “circles within circles.” In this way, the Ptolemaic theory was developed, which was able to “adjust” to any orbit whatsoever, by bringing in many epicycles in a very complicated way. Thus, Aristotelian principles were retained, and the appearances of the actual orbits were “saved.” The first big break in this scheme was due to Copernicus, who showed that the complicated and arbitrary system of epicycles could be avoided, if one assumed that the planets moved around the Sun and not around the Earth. This was really the beginning of a major change in the whole of human thought. For it showed that the Earth need not be at the center of things. Although Copernicus put the Sun at the center, it was not a very big step to see later that even the Sun might be only one star among many, so that there was no observable center at all. A similar idea about time developed very naturally, in which one regarded the universe as infinite and eternal, with no particular moment of creation, and no particular “end” to which it was moving. The Copernican theory initiated a new revolution in human thought. For it eventually led to the notion that man is no longer to be regarded as a central figure in the cosmos. The somewhat shocking deflation of the role of man had enormous consequences in every phase of human life. But here we are concerned more with the scientific and philosophical implications of Copernican notions. These could be summed up by saying that they started an evolution of concepts leading eventually to the breakdown of the older notions of absolute space and time and the development of the notion that the significance of space and time is in relationship. We shall explain this change at some length, because it brings us to the core of what is meant by the theory of relativity. Briefly, the main point is that since there are no favored places in space or moments of time, the laws of physics can equally well be referred to any point, taken as the center, and will give rise to the same relationships. In this regard, the situation is very different from that of the Aristotelian theory, which, for example, gave the center of the Earth a special role as the place toward which all matter was striving. The trend toward relativity described above was carried further in the laws of Galileo and Newton. Galileo made a careful study of the laws of falling objects, in which he showed that while the velocity varies with time, the acceleration is constant. Before Galileo, a clear notion of acceleration had not been developed. This was perhaps one of the principal obstacles to the study of the movements of falling objects, because, without such a notion, it was not possible clearly to formulate the essential characteristics of their movements. What Galileo realized was, basically, that just as a uniform velocity is a constant rate of change of position, so one can conceive a uniform acceleration as a constant rate of change of velocity—i.e.,
 
 (2–1)
 
 where t is the time and
 
 is a small increment of time. [v(t) is, of course, the velocity at
 
 the time t, and is the velocity of the time, .] This means that a falling body is characterized by a certain relationship in its changing velocities, a relationship that does not refer to a special external fixed point but rather to the properties of the motion of the object itself.
 
 Pre-Einsteinian Notions of Relativity  5
 
 Newton went still further, along these lines, in formulating his law of motion:
 
 (2–2)
 
 is the acceleration of the body and F is the force on it. In these laws where Newton comprehended Galileo’s results through the fact that the force of gravity is constant near the surface of the Earth. At the same time he generalized the law to a relationship holding for any force, constant or variable. Implicit in Newton’s equations of motion is also the law of inertia—that an object under no forces will move with constant velocity (or zero acceleration) and will continue to do so until some external force leads to a change in its velocity. An important question raised by Newton’s laws is that of the so-called “inertial frame” of coordinates, in which they apply. Indeed, it is clear that if these laws are valid in a given system S, they will not apply in an accelerated system S! without modification. For example, if one adopts a rotating frame, then one must add the centrifugal and Coriolis forces. As a first approximation, the surface of the Earth is taken as an inertial frame; but because it is rotating such an assumption is not exactly valid. Newton proposed that the distant “fixed stars” could be regarded as the basis of an exact frame, and this indeed proved to be feasible, since under this assumption the orbits of the planets were ultimately correctly calculated from Newton’s laws. Although the assumption of the “fixed stars” as an inertial frame worked well enough from a practical point of view, it suffered from a certain theoretical arbitrariness, which was contrary to the trend implicit in the development of mechanics, i.e., to express the laws of physics solely as internal relationships in the movement itself. For a “favored role” had, in effect, been transferred from the center of the Earth to the fixed stars. Nevertheless, a significant gain had been made in “relativizing” the laws of physics, so as to make them cease to refer to special favored objects, places, times, etc. Not only was there no longer a special center in space and time but, also, there was no favored velocity of the coordinate frame. For example, suppose we have a given frame of coordinates x, referred to the fixed stars. Now imagine a rocket ship moving at a constant velocity, u relative to the original frame. The coordinates x, t!, as measured relative to the rocket ship, are then assumed to be given by the Galilean transformation,1
 
 (2–3)
 
 1
 
 The Galilean transformation is, in fact, only an approximation, valid for velocities that are small compared with that of light. Further on we shall see that at higher velocities one must use the Lorentz transformation instead.
 
 6  The Special Theory of Relativity In other words, the velocities are taken to add linearly (which is in agreement with “common sense”). Note especially the third equation, t!=t, which asserts that clocks are not affected by relative motion. Let us now look at the equations of motions in the new frame. Equation (2–2) becomes
 
 (2–4)
 
 This means that one obtains the same law in the new frame as in the old frame. This is a limited principle of relativity. For the mechanical laws are the same relationship in all frames that are connected by a Galilean transformation. Nevertheless, to make subsequent developments clear, it must be pointed out that Newton and those who followed him did not fully realize the relativistic implications of the dynamics that they developed. Indeed, the general attitude (of which that of Newton was typical) was that there is an absolute space, i.e., a space which exists in itself, as if it were a substance, with basic properties and qualities that are not dependent on its relationship to anything else whatsoever (e.g., the matter that is in this space). Likewise, he supposed that time “flowed” absolutely, uniformly, and evenly, without relationship to the actual events that happen as time passes. Moreover, he supposed that there is no essential relationship between space and time, i.e., that the properties of space are defined and determined independently of movement of objects and entities with the passage of time, and that the flow of time is independent of the spacial properties of such objects and entities. The inertial frame was, of course, identified with that of absolute space and time. In a sense, it may be said that Newton continued, in a modified form, those aspects of the Aristotelian concept of absolute space that were compatible with physical facts available at the time. We shall see later, however, that further facts, which become available in the nineteenth century, were such as to make Newtonian notions of absolute space and time untenable, leading instead to Einstein’s relativistic point of view.
 
 III The Problem of the Relativity of the Laws of Electrodynamics We have seen that even in Newtonian mechanics there was a strong element of relativity. Einstein was therefore not the first to introduce relativistic notions into physics. What he did was to extend such notions to the phenomena of electrodynamics and optics, thus laying the foundation for the even more important step of bringing out explicitly and in a thoroughgoing manner the notion that all physical laws express invariant relationships which are to be found in the changes that are actually taking place in natural processes. Why was it necessary to extend relativistic principles to the phenomena of electrodynamics and optics? The reason is basically that light has a finite velocity of cm per sec. Now, light was originally thought to be propagation, constituted of particles moving at this speed, but later, it was discovered to be a wave, with interference, diffraction properties, etc. Maxwell’s equations for the electromagnetic field vectors and indeed predicted waves of this kind, in such a way that their speed was determined by the ratio of electrostatic and electromagnetic units. The calculated speed agreed with the observed speed of light, thus giving a strong indication that light was in fact a form of electromagnetic wave. The agreement of the observed polarization properties of light with those predicted by the electromagnetic theory provided further confirmation of this assumption. Light, infrared, and ultraviolet rays, as well as many other kinds of radiation, were then explained as electromagnetic radiations of very high frequency, emitted by electrons, atoms, etc., moving in heated and otherwise excited matter. Later, lower-frequency electromagnetic waves of the same kind (radiowaves) were produced in the laboratory. Gradually there emerged a whole spectrum of electromagnetic radiation, as shown in Figure 3–1. Now, just as sound waves consist of vibrations of a material medium, air, it was postulated that electromagnetic waves are propagated in a rarefied, all-pervasive (spacefilling) medium called “the ether,” which was assumed to be so fine that planets pass through it without appreciable friction. The electromagnetic field was taken to be a certain kind of stress in the ether, somewhat similar to stresses that occur in ordinary solid, liquid, and gaseous materials that transmit waves of sound and mechanical strains (e.g., the ether was regarded as supporting Faraday’s “tubes of electric and magnetic force”). If this assumption is true, then the Galilean relativity of mechanics cannot hold for electrodynamics, and particularly for light. For if light has a velocity C relative to the ether, then by Galileo’s law (2–3) for addition of velocities, it will be C!=C!U, relative to a frame that is moving through the ether at a speed U. Maxwell’s equations will then have to be different in different Galilean forms, in order to give different speeds of light. The laws of electrodynamics will have a “favored frame,” i.e., that of the ether.
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 Figure 3–1
 
 This is, of course, not an intrinsically unreasonable idea. Thus, sound waves do in fact move at a certain speed Vs, relative to the air. And relative to a train moving at a speed U, their velocity is Vs!=Vs!U. But here it must be recalled that whereas the air is a well-confirmed material medium, known to exist on many independent grounds, the ether is an unproved hypothesis, introduced only to explain the propagation of electromagnetic waves. It was therefore necessary to obtain some independent evidence of the existence and properties of the presumed ether. One of the most obvious ideas for checking this point would have been to measure the velocity of light in a moving frame of reference, to see if its speed C!, relative to the moving frame, is changed to C!!U, where U is the velocity of the frame. For example, consider Fizeau’s experiment, diagrammed in Figure 3–2. Light is passed through a moving toothed wheel at A across the distance L and reflected back by a mirror. The speed of the wheel is adjusted so that the reflected light comes through a succeeding tooth. With the aid of a suitable clock, the speed of the wheel is measured; and from this, one knows the time T for one tooth to replace a previous one at a given angular position of the wheel. The speed of light is then given by
 
 (3–1)
 
 Now, we know that the Earth must be moving through the presumed ether at some variable but unknown velocity V. However, it is clear that this velocity will differ in summer and winter, for example, by about 36 miles per sec. Let us now see if this difference would show up in the speed of light as observed in different seasons.
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 Figure 3–2
 
 If C is the speed of light relative to the ether, it will be C!U relative to the laboratory, while the light is going toward the mirror and C+V while it is returning. The traversal time T is thus
 
 (3–2)
 
 where we have expanded the result as a series of powers of the small quantity V/C, retaining only up to second powers. Note then that the observable effect is only of order V2/C2, which is of the order of 10–8. At the same time when physicists began to study this problem seriously (toward the end of the nineteenth century) such an effect was too small to be detected, with the apparatus available (although now it can be done with Kerr cells, with results that will be discussed later).
 
 IV The Michelson-Morley Experiment The main difficulty in checking the ether hypothesis was to obtain measurements of the speed of light with very great accuracy. Toward the end of the nineteenth century interferometers had been developed which were capable of quite high precision. Michelson and Morley made use of this fact to do an experiment that measured very accurately, not the velocity of light itself, but rather the ratio of the velocities of light in two perpendicular directions; which ratio would, as we shall see, also in principle serve as a means of testing the hypothesis of an ether. The experimental arrangement is shown schematically in Figure 4–1. Light enters a half-silvered mirror at A. Part of the beam goes to a mirror at B, at a distance l1 from A, which reflects it back. Another part goes to the mirror C at l2, also to be reflected back. The two beams combine at A again to go on to D as indicated, giving rise to an interference pattern. By counting fringes it is possible to obtain very accurate measurements of the difference between the optical paths of the two beams. If the Earth were at rest in the ether, and if l1 were equal to l2, there would be constructive interference at D. But suppose Figure 4–1
 
 The Michelson-Morley Experiment  11 and that the Earth is moving at a speed U in the X direction. The time for light to go from B to C and back again is given (as in the Fizeau toothed-wheel experiment) Eq. (3–2):
 
 (4–1)
 
 Let t2 be the time for light to go from A to C and back. We note that while the light passes from A to C, the mirror at C moves relative to the ether through a distance d=Ut2/2 in the X direction. Similarly, while the light is returning, the mirror A moves the same distance in the X direction. Then by the Pythagorean theorem, the total path length of the light ray is (back and forth)
 
 (4–2)
 
 Since the speed of light in the ether is C, we have
 
 (4.3)
 
 (4–4)
 
 (4–5)
 
 The time difference is
 
 (4–6)
 
 If (as was the case in the actual experiment) l1=l2, then
 
 (4–7) is of course proportional to the fringe shift.
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 Now suppose that the apparatus is rotated through 90°. Then, the fringe pattern should be altered. So by rotating the apparatus, one should be able to observe a steadily changing fringe shift, with maximum and minimum indicating the direction of the Earth’s velocity through the ether. From the magnitude of the fringe shift, one should be able to calculate the value U of the speed itself. Of course, it might happen by accident that at the moment the experiment was done the Earth would be at rest in the ether, thus leading to no observable changes when the apparatus is rotated. But, by waiting 6 months, one could infer that the speed of the Earth must be about 36 miles per sec, so that a fringe shift could then be observed. Because the predicted fringe shift is of order U2/C2, it should of course be very small. Yet, the apparatus of Michelson and Morley was sensitive enough to detect the predicted shifts. Nevertheless, when the experiment was done, the result was negative within the experimental accuracy. No fringe shifts were observed at any season of the year. Later, more accurate experiments of a similar kind continued to confirm the results of Michelson and Morley.
 
 V Efforts to Save the Ether Hypothesis The Michelson-Morley experiment was doubtless one of the most crucial in modern physics. For it contradicts certain straight-forward inferences of the hypothesis that light is carried by an ether. It ultimately led to the radical changes in our concepts of space and time brought in by the theory of relativity. Yet it must not be supposed that physicists immediately changed their ideas as a result of this experiment. Indeed, as was only natural, a long series of alternative hypotheses was tried, with the object either of saving the ether in one way or another, or at least of saving the “common-sense” notions of space and time that were behind Newton’s laws of motion and their invariance under a Galilean transformation (2–3). Nevertheless, all of these attempts ultimately failed or else led to such confusion that physicists eventually felt it wiser not to proceed further along these lines. We shall give here a summary of a few of the main accommodations and adjustments of ideas that were made in order to keep older ideas of space and time, while explaining the negative results of the Michelson-Morley experiment. [For a more thorough account of these efforts, see W.Panofsky and M.Phillips, Classical Electricity and Magnetism, Addison-Wesley, Reading, Mass., 1955; also, C.Moller, The Theory of Relativity, Oxford, New York, 1952.] One of the simplest of these was the suggestion that bodies such as the Earth drag the ether with them in their neighborhood, as a ball moving through air drags a layer of air near its surface. As a result, the measured velocity of light would not change with the seasons, because it would always be determined relative to the layer of ether that moves with the Earth. Sir Oliver Lodge tried to test for such an effect by passing a beam of light near the edge of a rapidly spinning disk. If the disk had been dragging a layer of ether, observable effects on the light beam could have been expected. However, the results of this experiment were negative. The idea arose quite naturally that while a small object does not drag a significant amount of ether, a larger body such as the Earth might still do so. But this explanation was ruled out by observations on the aberration of light. To understand this problem let us temporarily reconsider the assumption that the Earth does not drag the ether with it. Suppose it to be moving relative to the ether at a velocity U in the X direction (see Figure 5–1) and that an astronomer was pointing his telescope
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 at a distant star, which for the sake of simplicity we take to be in a direction perpendicular to that of motion of the Earth (i.e., Y). The light from the star propagates through the ether in the Y direction. However, because the telescope is moving with the Earth, it must be pointed at a certain angle,
 
 (usually very small), relative to the Y direction, such that
 
 . Since the Earth’s velocity changes by 36 miles per sec between summer and winter, the angular position of the star should alter by about 2!10–4 rad, which is observable in a good telescope. And the shift is actually found. Now, if the Earth dragged a layer of ether next to it, no such aberration (or shift) in the position of the star should be seen. The problem is very similar to that of sound waves incident on a moving railway train. To simplify the problem, let us again suppose the waves to be incident perpendicular to the side walls of the train from a very distant source, as indicated in Figure 5–2. These waves would set the walls and windows into vibration at the same frequency and these would in turn set the air inside the train in vibration. It is evident that since the incident sound is a plane wave, the walls of the train will emit corresponding plane waves in the same direction. Therefore, a variation of the speed of the train would produce no corresponding variation in the direction of the sound inside the train. And it is evident that in a similar way, plane light waves from a distant star incident on a moving layer of ether near the Earth’s surface would not show any dependence of their direction on the speed of the Earth. The experiment of Sir Oliver Lodge, along with observations on the aberration of light, seem fairly definitely to rule out the hypothesis of an ether drift, so that this cannot be used to explain the negative results of the Michelson-Morley experiment. Later, an alternative
 
 Efforts to Save the Ether Hypothesis  15 Figure 5–2
 
 suggestion was tried—that perhaps the speed of light is determined as C not relative to some hypothetical ether but relative to the source of the light. Of course the source of most of the light on the Earth is the Sun, but when this light is used it will have been reflected from bodies on the surface of the Earth. According to this theory, the last reflection would be the main factor determining the speed of light. So whether a lamp or reflected sunlight were used, one would expect the speed of light to be C relative to the Earth, thus explaining the negative result of the Michelson-Morley experiment. This hypothesis was consistent with many of the facts available (including the observations on the aberration of light), but it ran into serious difficulties with regard to observations on double stars. To see what these difficulties are, let us assume, for the sake of simplicity, that there are (as shown in Figure 5–3) two stars, A and B, of equal mass moving on opposite sides of a circular orbit around their common center of mass C (similar results can easily be seen to follow for the more general case). Let us consider an observer P, at a very great distance d, from the center of the orbit of the stars, so that the angle subtended by their orbits is always very small. We consider only the light rays that are emitted in such a way as eventually to reach the point P. Let us begin with those rays which reach P after being emitted at the time t1, when the diameter of the orbit is along the line PC (which is then the line of sight). By means of a little algebra (involving the Pythagorean theorem), we can see that because of the smallness of V/C (where V is the speed of rotation in the orbit), both rays can be regarded as traveling at the same speed along the direction of PC (neglecting terms of order V2/C2, which are small in relation to certain terms of order V/C that will be seen to be relevant in the subsequent discussion). ti from the nearer star, A, to reach P will be The me taken for light Figure 5–3
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 (5–1)
 
 (where a is the radius of the orbit) and that light from the farther star, B, will be
 
 (5–2)
 
 As the orbits of the two stars develop (with the speed of light always being C relative to the emitting star), the rays reaching P from A and B will begin to have different velocities. Indeed, at the time t2 when the diameter of the orbit is perpendicular to the line of sight, the light from A, which is receding from P, will have a velocity of C!V, while that from B, which is approaching P, will have a velocity of C+V. (We have here used the smallness of to neglect terms of order ). The times taken for this light to reach P will be (in the approximations that we are using)
 
 (5–3)
 
 Finally, at the time t3, when the orbits have turned through 180° (so that the diameter is once again along the line of sight), we shall have
 
 (5–4)
 
 Let us now compute
 
 (5–5)
 
 This is a first-order quantity in v/c. Moreover, since d is an astronomical order of distance, it can easily happen that (dv)/c2>a/c. In such a case, the light emitted from star A at t2 will arrive at P before the light emitted from this star at the time t1. Hence there will have to be a corresponding period of time when no light from star A arrives at P (similar results follow, of course, for star B). This would produce a rather striking and easily observable kind of variation in the intensity of light from the double star, which has not in fact been found. We conclude, therefore, that the hypothesis that light is emitted at a velocity C relative to its source is not tenable.
 
 VI The Lorentz Theory of the Electron An entirely different way of trying to reconcile the ether hypothesis with the results of experiments (such as those cited in Chapters 4 and 5) was developed by Lorentz. The theory of Lorentz actually did lead, as we shall see, to such a reconciliation; but, in doing so, it brought up new problems of a much deeper order concerning the meaning of space and time measurements, which laid a foundation for Einstein’s radically new concepts of space and time. Even though the Lorentz theory is no longer generally accepted today, it is worthwhile to study it in some detail, not only because it helps to provide an appreciation of the historical context out of which the theory of relativity arose, but much more because it helps us to understand the essential content of Einstein’s new approach to the problem. Indeed, a critical examination of the Lorentz theory leads one, on the basis of already familiar and accepted physical notions, to see clearly what is wrong with the Newtonian concepts of space and time, as well as to suggest a great many of the changes needed in order to avoid the difficulties to which these concepts lead. Lorentz began by accepting the assumption of an ether. However, his basic new step was to study the dependence of the process of measurement of space and time on the relationship between the atomic constitution of matter and the movement of matter through the ether. It was already known that matter was constituted of atoms, consisting of negatively charged particles, called electrons, and positively charged bodies (which were shown by Rutherford to be in the form of small nuclei) to which the electrons were attracted. The forces between atoms, responsible for binding them into molecules, and ultimately into macroscopic solid objects were, on plausible grounds, surmised to originate in the attractive forces between electrons and the positively charged part of an atom, and the repulsive forces between electrons and electrons. Consider, for example, a crystal lattice. The places where such electrical forces come to a balance would then determine the distance D between successive atoms in the lattice, so that, in the last analysis, the size of such a crystal containing a specified number of atomic steps in any given direction is determined in this way. Lorentz assumed that the electrical forces were in essence states of stress and strain in the ether. From Maxwell’s equations (assumed to hold in the reference frame in which the ether was at rest) it was possible to calculate the electromagnetic field surrounding a charged particle. For a particle at rest in the ether, it followed that this field was derivable from a potential,
 
 , which was a spherically symmetric function of the distance R from
 
 the charge, i.e., (where q is the charge of the particle). When a similar calculation was done for a charge moving with a velocity v through the ether, it was found that the force field was no longer spherically symmetric. Rather its symmetry became that of an ellipse of revolution, having unchanged diameters in the directions perpendicular to the velocity, but shortened in the direction of motion in the ratio through the ether.
 
 . This shortening is evidently an effect of the movement of the electron
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 Because the electrical potential due to all the atoms of the crystal is just the sum of the potentials due to each particle out of which it is constituted, it follows that the whole pattern of equipotentials is contracted in the direction of motion and left unaltered in a perpendicular direction, in just the same way as happens with the field of a single electron. Now the equilibrium positions of the atoms are at points of minimum potential (where the net force on them cancels out). It follows then that when the pattern of equipotentials is contracted in the direction of motion, there will be a corresponding contraction of the whole bar, in the same direction, so that it will be shortened in the ratio . As a result, a measuring rod of length l0 at rest will, when moving with a velocity v along the direction of its length, have the dimension
 
 (6–1)
 
 But if the bar is perpendicular to the direction of motion, its length will of course not be altered. Let us now return to the Michelson-Morley experiment. Since the arms of the interferometer are composed of atoms, we expect them to undergo the same shift as that given by Eq. (6–1). However, only the bar whose length is parallel to the direction of movement will be shortened; the other will not be changed in length. Since the two bars are assumed to be equal in length when they are at rest, we write in Eq. (4–6)
 
 (6–2)
 
 and obtain
 
 (6–3)
 
 In this way we calculate that, independent of the velocity of the Earth, there will be no fringe shift, thus reconciling the ether theory with the results of the Michelson-Morley experiment. This reconciliation is of course directly a result of what has since been called the Lorentz contraction of an object moving through the ether.1
 
 1
 
 Fitzgerald had earlier suggested a similar contraction on ad hoc grounds, but Lorentz was the first to justify it theoretically.
 
 VII Further Development of the Lorentz Theory Although the result described in Chapter 6 is very suggestive, it does not by itself give a complete account of all the factors that are relevant in this problem. Thus, although the direct measurement of the velocity of light with the requisite accuracy was not possible in the time of Lorentz, it was evidently necessary for him to predict what would happen when such measurements became feasible (as they are now). For it might perhaps still be possible to measure the speed v of the Earth relative to the ether by a very exact Fizeau experiment, using the terms of order v2/c2 in Eq. (3–2) to calculate this speed. To treat the problem Lorentz had to consider not only that rulers would contract when moving through the ether, but also that there might be some corresponding effect on clocks (since both a ruler and a clock are needed to measure the velocity of light in this way). This problem is rather a complicated one to analyze, so that we shall only sketch some of the principal factors involved. A typical clock is a harmonic oscillator, satisfying the equation where M is its mass and K is its force constant. Its period is
 
 ,
 
 (7–1)
 
 Now, let us first consider what happens to the mass of a moving electron. As we accelerate an electron, we create a magnetic field that is steadily increasing. As is well known, a changing magnetic field induces an electric field. And by Lenz’s law, this electric field is such as to oppose the electromotive force that produced the increasing magnetic field in the first place. In other words, electromagnetic processes have a kind of inertia, or resistance to change, which shows up, for example, in the property of the inductance of a coil. With an electron this inertia appears as a resistance to acceleration. A detailed calculation (which is beyond the scope of this work) shows that if an electron is given the acceleration a, there is a “back force” given by
 
 (7–2)
 
 where
 
 is a constant depending on the size and charge distribution of the electron. (For
 
 a slow-moving spherical-shell charge or radius r0 and charge q,
 
 .) The
 
 equation of motion of the electron is then
 
 (7–3)
 
 20  The Special Theory of Relativity where mm is the ordinary “mechanical” mass and F is the remainder of the applied force (over and above this reaction of the accelerating electron to the field produced by itself). This equation can be re-written as
 
 (7–4)
 
 where. . We note that in the actual equations of motion there is an effective mass m, which may also be called the observed mass. For it is this mass which is measured when we observe the force needed to accelerate the particle. On the other hand, is called the “electromagnetic mass,” which evidently must be added to mm to give the effective mass. Such an effective mass is also found in hydrodynamics, where it is shown that amoving ball drags the fluid near it, so that it has a higher resistance to acceleration than such a ball in a vacuum. It may be said that the electromagnetic field near the electron contributes similarly to the inertia. The above considerations show that the equations of mechanics are deeply bound with those of electrodynamics. This relationship would become especially significant if we could find some way of distinguishing mm and . According to Lorentz such a distinction should in principle, be possible. For a further calculation based on the Lorentz theory showed that the electromagnetic mass is a function of the velocity relative to the ether.
 
 (7–5)
 
 where is the electromagnetic mass of an electron at rest in the ether. On the other hand, according to Newtonian concepts, the mechanical mass should be a constant, independent of the velocity. We therefore, write for the effective mass,
 
 (7–6)
 
 By studies of the variation of effective mass with speed, one might then be able to distinguish the mechanical mass mm from the electromagnetic mass . Such studies have in fact been made with cathode-ray measurements of e/m. These experiments disclose that the effective mass does in fact increase with the velocity and in the ratio
 
 . Thus, it would seem either that all the mass is
 
 Further Development of the Lorentz Theory  21 electromagnetic in origin or that, for unknown reason, the non-electromagnetic mass mm is also proportional to . As far as the laws of mechanics are concerned, both of these hypotheses lead to the same results, so that, in the present discussion, we need not concern ourselves further with the question of the origin of mass. For us it is sufficient to note that in fact we have
 
 (7–7)
 
 where m0 is the observed mass of the particle at rest in the ether. It is evident then that because every particle grows heavier in a clock moving through the ether, such a clock must oscillate more slowly. However, to calculate the period we would have to take into account not only the change of mass but also the change in force constant, K. This would require a rather detailed investigation of the effects of movement through the ether in the interatomic forces—a discussion too lengthy to record here. Such a calculation would show that
 
 , with the result that
 
 (7–8)
 
 where T0 is the period of the clock at rest in the ether and T is the period of the corresponding clock as it moves through the ether. Thus clocks moving through the ether slow down in the ratio
 
 (7–9)
 
 Now the person who is moving with the laboratory is also constituted of atoms. Therefore, his body will be shortened in the same ratio as his rulers, so that he will not realize that there has been a change. Likewise, his physical-chemical processes will slow down in the same ratio as do his clocks. Presumably his mental processes will slow down in an equal ratio, so that he will not see that his clocks have altered. He will therefore attribute to his rulers the same length, l0, that they would have if they were at rest in the ether, and likewise he will attribute the same period, T0, to his clocks. In interpreting his experimental results, we must therefore take this into account. Let us now return to the measurement of the velocity of light by the Fizeau method. Since the clocks and rulers of a laboratory moving with the surface of the Earth are altered, it is best to describe this experiment by imagining ourselves to be in a frame that
 
 22  The Special Theory of Relativity is at rest relative to the ether. The velocity of light will then be c in this frame. Let a ray of light enter the toothed wheel at the time t=0, as measured in the ether frame (see Figure 3–2). We suppose that the surface of the Earth (with the laboratory) is moving through the ether at the speed v. Let t1 be the time taken for a light ray to go from A to the mirror at B, from which it will be reflected. Remembering the movement of the laboratory, we have
 
 (7–10)
 
 For the light ray on its way back, we similarly obtain
 
 (7–11)
 
 But now we recall that the actual length of the ruler is shortened to , while the period of the clock is increased so that . Substitution of these values into Eq. (7–11) yields
 
 (7–12)
 
 This result is independent of the speed of the laboratory relative to the ether. But if the observer in the laboratory does not realize what is happening to his rulers and clocks, and measures the speed of light under the assumption that they are unaltered, he will, of course, calculate this speed as 2l0/T0. We have thus proved that because of the Lorentz contraction and slowing down of moving clocks, all observers will obtain the same measured speed of light by the Fizeau method, if each one supposes his own instruments to be registering correctly. This means, of course, that the Fizeau experiment cannot be used to find out the speed of the Earth relative to the ether, because its result is independent of this speed.
 
 VIII The Problem of Measuring Simultaneity in the Lorentz Theory The results of Chapters 6 and 7 show that neither the Michelson-Morley experiment nor the Fizeau experiment can provide us with knowledge of the speed of the Earth relative to the ether. Yet it is evident that this speed plays an essential role in the Lorentz theory. For, without knowing it, we cannot correct our rulers and clocks to find out how to measure the “true length” and the “true time,” which would be indicated by rulers and clocks at rest relative to the ether. As a further attempt to provide information on this question, let us consider yet another way of measuring the speed of light. Consider two points A and B, separated by a distance l0, as measured in the laboratory frame. Suppose the laboratory to be moving at a speed v relative to the ether in the direction of the line AB. Let us send a light signal from A to B and measure the time t0 (as indicated by laboratory clocks) needed for the signal to pass from A to B. The measured speed of light would then be
 
 (8–1)
 
 If we could show that this measured speed depended in a calculable way on the speed of the laboratory relative to the ether, then we could solve our problem of finding this speed, thus permitting the correction of our rulers and clocks, so as to yield “true lengths” and “true times.” We could in principle do the experiment, if we could place equivalent clocks at A and B, which were accurately synchronized. The difference of readings of the clock at A on the departure of the signal and the clock at B on its arrival would then be equal to t0. But how can we synchronize the clocks? A common way is to use radio signals. But this evidently will not do here, because the radio waves travel at the speed of light, which is, of course, just what we are trying to determine by the experiment. We shall therefore propose another purely mechanical way of synchronizing the clocks. Let us construct two similar clocks, place them side by side, and synchronize them. After we verify that they are running at the same rate, let us separate the clocks very slowly and gently, so as not to disturb the movements of their inner mechanisms by jolts and jarring accelerations. Then, at least according to the usually accepted principles of Newtonian mechanics, as well as of “common sense,” the two clocks ought to continue to run at the same rates while being separated, so that they remain synchronous. To check on this we could bring them back together in a similar way and see if they continue to show the same readings. Let us now see what would happen to these clocks, if they were in a laboratory moving at a speed v relative to the ether. Once again, we imagine ourselves to be observers at rest in the ether. While the clocks were initially together and being compared, we would see that they were running slower than similar clocks at rest in the ether, in the ratio
 
 24  The Special Theory of Relativity . Now, while clock A remains at the same place in the laboratory, clock B is moved. While it is moving, it has a velocity relative to the ether. We assume that , in order to be sure that the movement is gentle and gradual. If l is the ultimate separation as measured in the ether frame, and is the time needed for separation (also as measured in the ether frame), we have
 
 (8–2)
 
 While the clocks are separating, they will be running at slightly different rates. Indeed, if v0=1/T0 is the frequency of a clock when it is at rest in the ether, then the “true” frequency of clock A, as observed in the ether frame, will be
 
 (8–3)
 
 while that of clock B will be
 
 (8–4)
 
 Expanding in powers of
 
 , and retaining only first powers of
 
 , we obtain
 
 (8–5)
 
 If a time
 
 is required to separate the clocks, then their phase differences will be
 
 (8–6)
 
 The difference in time readings will be
 
 (8–7)
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 yields
 
 (8–8)
 
 We see then that the clocks get out of phase by an amount proportional to their separation, l0 and to v. Even if
 
 is small, so that the two clocks run at nearly the same
 
 rate while they are separating, the time interval,
 
 , increases correspondingly,
 
 so that the total relative phase shift is independent of . Note also that by a similar argument it can be shown that if the two clocks are brought back together again, they will come back into phase and show the same readings. Of course, when is large, the expansion in power of must be carried further, and the phase difference between the clocks becomes a rather complicated function, which is no longer given by Eqs. (8–6) to (8–8). We shall later show (see Chapter 28) that when approaches C, the two clocks will indeed not show the same reading if separated and then brought together again. But for the present we restrict ourselves to small , so that (8–6) to (8–8) will hold. The above discussion demonstrates that even if two clocks are equivalently constructed and run at the same rate while side by side, they will get out of synchronism and read different times on being separated, although they will return to synchronous readings when they are brought back together again (provided that their relative velocity, , is never very great). On the other hand, the observer in the laboratory frame (which is generally moving relative to the ether), who does not realize the existence of this phase shift, will call two events simultaneous when his two clocks A and B give the same readings. Thus, he will make a mistake about what is simultaneous and what is not. Let us try to find the relationship between the times ascribed by a laboratory observer and the “true” times, as measured by clocks at rest in the ether [note that according to (8–8), when v=0, displaced clocks remain synchronous, so that such clocks at rest in the ether do measure “true” time even if they are in different places]. Now the laboratory clock reading must not only be corrected according to the formula , but it must have the error in simultaneity removed; from Eq. (8–8) we see that the displaced clock reads less than the undisplaced one, so that (8–8) must be added to t!. This gives
 
 (8–9)
 
 Let us now return to the problem of measuring the velocity of light by emitting a flash at A and finding the time needed for light to go a measured distance to be received at B. Let
 
 26  The Special Theory of Relativity us suppose that the distance and time measured with the aid of the laboratory equipment are, respectively, l0 and t0, yielding a measured velocity of light, cm=l0/t0. Let us further suppose that the laboratory is moving at a velocity v relative to the ether, in the direction of the line AB. We let l be the “true” distance between A and B. But because the laboratory is moving, the light must travel a distance l!=l+vt, where t is the “true” time taken by light to go from A to B. Since l!=ct, we have
 
 But using (8–9), and with
 
 , we arrive at
 
 (8–10)
 
 Comparing with (8–1) we see that the moving observer will always obtain the same measured velocity for light (Cm=C), independent of his speed through the ether.
 
 IX The Lorentz Transformation We have seen in Chapters 6, 7, and 8 that the Lorentz theory implies that several natural methods of observing the speed of light relative to the ether (the Michelson-Morley experiment, the Fizeau toothed-wheel experiment, and the direct measurement of the time needed for a signal to propagate between two points) lead to results that are independent of the speed of the laboratory instruments. The question then arises as to whether there exists any experiment at all where results would depend on this speed, and thus permit its being measured. In this chapter we shall show that according to the Lorentz theory no such experiment is in fact possible. We shall begin by finding the relationship between the coordinates x!, y!, z! of an event with its time t!, as measured by instruments moving through the ether with the laboratory, and the “true” co-ordinates x, y, z with the “true” time t, as measured by corresponding instruments at rest in the ether (see Figure 9–1). For the sake of convenience let us consider coordinate frames in which an event with coordinates x!=y!=z!=t!=0 corresponds to one with x=y=z=t=0. We suppose that the laboratory has a speed v in the z direction. If we consider a measuring rod fixed in the laboratory frame, whose rear edge is at z!=0 while its front edge is at z!=l0, then Eq. (8–9) already gives us the proper expression Figure 9–1
 
 for the time t corresponding to z!=l0. With z!=l0 we obtain
 
 (9–1)
 
 28  The Special Theory of Relativity Since x and y are unchanged by motions in the z direction, we have
 
 (9–2)
 
 There remains only the problem of finding a corresponding expression for z in terms of z! and t!. Actually, it is easier to begin by solving for z! in terms of z and t, rather than the other way round. To do this, we first recall that in the ether frame the ruler is moving with velocity v along the direction of its length. To simplify the problem, suppose that at t=0 the rear edge of the ruler passes z=0. In accordance with our choice of the origins of coordinates in the two frames, this will correspond to z!=0, t!=0 in the laboratory frame. Then, if the front edge of the ruler reaches the point z at the time t (corresponding to z!, t! in the laboratory frame), the actual length of the ruler will be z!!=z–vt (to take into account its movement). From the Lorentz contraction, we have , or
 
 (9–3)
 
 Substituting (9–1) for t in the above, we obtain
 
 A little algebra yields
 
 (9–5)
 
 Equations (9–1), (9–2) and (9–5) express x, y, z, t as functions of x!, y!, z!, t!, thus defining a transformation between the “true” co-ordinates and those that are measured by an observer moving relative to the ether with velocity V in the direction. This is called the Lorentz transformation. Alternatively, we could have eliminated z from (9–1), obtaining
 
 (9–6)
 
 The Lorentz Transformation  29 Equations (9–3), (9–6) and (9–2) now express x!, y!, z!, t! as functions of x, y, z, t. This is the inverse Lorentz transformation from x, y, z, t to x , y!, z!, t!. The direction and inverse forms of the transformation are of course equivalent, because one can be derived from the other. Let us now consider a light wave emitted from the origin (x=y=z=0) at t=0. A light wave will be propagated through the ether at speed C, so that the wave front is defined by the surface
 
 (9–7)
 
 Let us now express this in terms of x!, y!, z!, t!. Using Eqs. (9–1), (9–2), and (9–5) we obtain
 
 (9–8)
 
 We see from Eq. (9–8) that the front will also be a sphere in the x!, y!, z!, t! frame representing a wave propagated at the “measured velocity” C. This result shows that because of the changes of rulers and clocks resulting from the motion through the ether, the Lorentz theory implies that all uniformly moving observers will ascribe the same velocity C to light, independent of their speed of motion through the ether. In this way we generalize the results of Chapters 6, 7, and 8, where we have seen how particular ways of measuring the speed of light give values that do not depend on the speed of the laboratory frame.
 
 X The Inherent Ambiguity in the Meanings of Space-Time Measurements, According to the Lorentz Theory Chapters 6, 7, 8, and 9 show that according to the Lorentz theory every measurement of the velocity of light will lead to the same result, independent of the speed of the laboratory relative to the ether. Nevertheless, this theory formulates all its laws and equations in terms of “true” distances and times, measured by rulers and clocks that are supposed to be at rest in the ether. Therefore, the measured distances ought to be corrected, to take into account the effect of the movement of the instruments before we can know what they really mean. But if the Lorentz theory is right, there can be no way thus to correct observed distances and times. The “true” distances and times are therefore inherently ambiguous, because they drop out of all observable relationships that can be found in actual measurements and experiments. What then can be the status of these “true” distances and times that are supposed to be measured by rulers and clocks at rest in the ether? If we recall that the ether is in any case a purely hypothetical entity, not proved on the basis of any other independent evidence, the problem becomes even sharper. Do these “true” distances and times really mean anything at all? Or are they not just purely conceptual inventions, like dotted lines that we sometimes draw in our imaginations, when we apply geometrical theorems, in order to draw conclusions concerning real objects? The problem is not just a purely theoretical one, which arises only as a result of the analysis of Lorentz’s theory. It is also a factual problem. For the Michelson-Morley experiment actually gave results that were independent of the speed of the Earth, in accordance with what the Lorentz theory says. In Lorentz’s time, the Fizeau toothed-wheel experiment was not feasible with the accuracy needed to test the theory, but since then, electrical methods of timing pulses of light have been developed which do have the requisite accuracy, and these experiments also give a measured speed of light that is independent of the speed of the Earth. Moreover, as we shall see later, Einstein’s theory of relativity, which is based on the assumption that all observers will obtain the same measured velocity of light, has been found to be correct in so many different kinds of experiments that one can regard this fundamental assumption as very well confirmed indeed. Therefore, the consideration of the experimental evidence available leads to just the same problem as that to which the Lorentz theory gives rise: “How can one measure the ‘true’ distances and ‘times’ that refer to the frame of the ether?” In this connection it is perhaps worth noting parenthetically that a direct measurement of the speed of propagation of light between two points has not yet been done, probably because of technical difficulties in synchronizing clocks in different places without using electrical signals. With the new, very accurate cesium clocks that are now available, it should perhaps soon be possible to do such an experiment. But considering the enormous amount of evidence on this point that has already been accumulated in other experiments, there seems to be little reason to suppose that this experiment would not also fail to depend on the velocity of the laboratory relative to the presumed ether.
 
 XI Analysis of Space and Time Concepts in Terms of Frames of Reference In the preceding chapter we saw that both theoretically and experimentally, the older concepts of space and time lead to a critical problem, which is very deep in the sense that it goes to the root of basic notions that are at the foundation of physics, as well as of a large part of our everyday, technical, and industrial activities. This problem is of a novel kind. For the difficulty was not that the Lorentz theory disagreed with experiment. On the contrary, it was in accord with all that had been observed at the time of Lorentz, and in fact, it is also in accord with all that has been observed since then. The problem was rather that the fundamental concepts entering into the Lorentz theory, i.e., the “true” time and “true” space coordinates as measured by apparatus that would be at rest in the ether, were in fact completely ambiguous. For, as we have seen, it was deduced on the basis of the Lorentz theory itself that no means at all could ever be found to correct the readings of laboratory instruments to give the values of the “true” coordinates and times. Indeed, since these properties of the “ether” frame of coordinates cancel out of all observable results, it makes no difference whether we assume that there is such a frame or not. Of course, if some properties of the ether had turned out to be observable, then the ether would have had a further physical significance. But if none of its properties are observable, it can be said to have only the role of serving as a vehicle for the notions of absolute space and time which are basic in Newtonian mechanics. Moreover, the attempt to adjust these notions to the observed facts had, as we have seen, led to a state of confusion in which it was no longer clear what was meant by our basic space and time concepts or what could be done with them. It seems evident that what is needed here is a fresh approach to this problem, starting not from inherently untestable hypothesis concerning the ether, but as far as possible from facts that are known and further basic hypotheses that can at least in principle be tested by experiment. In order to help lay the foundation for such an approach, we shall begin by giving a preliminary analysis of some of the main facts underlying our use of space and time coordinates. The first relevant fact in this problem is that space and time co-ordinates consist of relationships of objects and events to some kinds of measuring instruments, set up by the physicist himself. For example, to measure the length of something we can use a sufficiently rigid ruler, and find (approximately) the numbers on the ruler to which the two ends of our object correspond. Or alternatively, we can observe its ends with a telescope, measuring the angle subtended by the object, assuming that light travels in straight lines. From observations made at several points separated by known distances, we can then calculate the length of our object, with the aid of Euclidian geometry. With regard to time, we need, of course, some kind of clock, which may consist of a pendulum or a harmonic oscillator. Alternatively, we can use some regular natural process as a clock, for example, the period of rotation of the Earth as the half-life of certain radioactive elements.
 
 32  The Special Theory of Relativity Of course it is not enough to consider only the results of individual measurements in isolation. The real significance of our measurements arises in the fact that we can observe distances and time intervals in many ways, with many different kinds of instruments and procedures, and yet obtain equivalent results. For example, measurements of length made with different rulers yield the same value, within a certain experimental imprecision or error, that is characteristic of the ruler. And if we use triangulation with the aid of light rays, or still another method, we can obtain essentially the same value for the length of an object. This result may seem obvious and even trivial, but it is a fact of extraordinary importance, not only for science but for the whole of our lives. For example, the possibility of making machines with interchangeable parts depends on the fact that the measurements determining the size of one part will yield a length that is equivalent to that given by measurements determining the size of another part, into which, for example, the first part must fit. We can easily imagine a world in which there are no quasi-rigid objects, in which case such measurements would of course mean almost nothing. But, in fact, in the world in which we actually live, there is a wide-enough distribution of quasi-rigid objects to make the results of such measurements quite significant. In measuring time the problem is very similar. In order that such measurements shall have their usual significance it is necessary that different instruments and procedures be able to yield equivalent results when applied to the same sets of events. For example, two people with good watches may agree to meet at a certain place; and if they follow the readings on their watches they will in fact meet, in the sense of reaching that place in such a manner that one does not have to wait for the other. Likewise, one can follow one’s watch in catching a train that is scheduled to leave at a certain time, and generally one will actually meet the train. Or with regard to natural phenomena, one can plan to do a certain amount of work before sunset, and if one manages to arrange the order of work according to the clock, one can actually do the work before it is made impossible by darkness. It is hardly necessary to emphasize the importance of a common measure of time in ordering, arranging, and organizing our lives, both in relation to society and in relation to natural phenomena. The regularity and order in the properties of space can be summed up in the notion of a frame of reference. This is essentially a regular grid of coordinates, set up to make possible the expression of the results of different measurements in a common language, and thus to facilitate the establishment of relationships between these measurements. For example, one can imagine a set of parallel regularly spaced lines, say at intervals of 1 cm. Three similar sets of this kind are required for three-dimensional space. They are usually taken perpendicular to each other, although nonorthogonal systems of lines are also sometimes used. A point, P, is specified by giving it three co-ordinates, x, y, z, which are in essence, the number of unit steps needed along each of the three sets of lines in order to reach that point from some origin, O (which can be chosen arbitrarily according to convenience). If we need a higher accuracy of specification, we can in principle always divide up the grid into intervals of the necessary degree of fineness. It is important to emphasize that these coordinates do not actually exist in space but are a purely conceptual invention, an abstraction introduced by us for our own convenience. Nevertheless, they do have a certain objective content, because it is possible for any number of different observers using various kinds of measurements to agree on these coordinates. This possibility of agreement is an extremely important fact representing the results of countless tests over many generations of men. (Recall that in a world where there were no quasirigid objects, our current measurement procedures would not yield such systematic agreement.)
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 There is, of course, some arbitrariness in the choice of a coordinate frame, so that, for example, one observer may choose a nonorthogonal frame, while another chooses an orthogonal frame. Even if both choose orthogonal frames, they may have different origins as well as different orientations. But here the important fact is that there exists a set of transformations between different systems of coordinates, which enables us to know how the coordinates of the same point in any specified system are related to those in another system. For example, let the coordinates of a point P be x0, y0, z0, in system A. In system B, which is parallel to A, but whose origin is displaced by a vector with components a, b, c, the coordinates of the same point will be
 
 (11–1)
 
 Similarly, if we have two coordinate frames with the same origin, such that frame B is rotated through an angle about the Z axis relative to A, the coordinates of the same point P in these two frames are related by the equations
 
 (11–2)
 
 In both these transformations it is easily shown that the distance between any two points, P and Q, is an invariant function; i.e., it is the same function of its arguments in every coordinate frame related by these transformations (displacement and rotation). We need not give the proof (which is essentially based on the Pythagorean theorem) but merely state the result. If x1, y1, z1 and x2, y2, z2 are the coordinates in the frame B of the points P and Q ) and ( respectively, while ( corresponding points in frame A, we have
 
 ) represent the coordinate of the
 
 (11–3)
 
 It is, of course, also possible to find transformations between orthogonal and nonorthogonal systems of coordinates, but, of course, in nonorthogonal frames Eq. (11–3) no longer yields an invariant function. There do, however, exist more general invariant functions, which apply to nonorthogonal frames as well as to orthogonal frames. These are significant for Einstein’s general theory of relativity. But for his special theory of relativity, which we are discussing here, it is adequate to consider only orthogonal frames, so that we shall not hereafter refer to nonorthogonal systems of space coordinates.
 
 34  The Special Theory of Relativity There also exists a time frame of reference. But as far as Newtonian mechanics is concerned, this is much simpler than the space frame. With the aid of a clock, one can of course mark off regular intervals of time, which are in principle as fine as are needed in any particular problem. The number of such intervals between a given event and an arbitrary origin is equal (on a suitably chosen scale) to the time coordinate of that event. But with regard to time, it is assumed that there is in essence only one system of time coordinates (except for the possibility of a change of scale and of a displacement that shifts the origin to any desired moment). This implies that given any event with time coordinate t, as measured by an accurate clock, there exists a potentially infinite set of events, all co-present with the first mentioned event. As a result, no observer who carries out proper procedures for time measurement will ever find that any one of this set of events is before or after another. If this is the case, then it makes sense to ascribe the same time coordinate t to all these events, and to say that they are simultaneous. Of course, this assumption has been tested by means of a tremendous range of observations, both in common experience and in scientific observations. Thus, in actual fact it is common for people in different places to agree to do things at the same time, as measured by their watches. Then, even if they are in different places, they can see each other performing the planned action, if they are in each other’s line sight. Or else, they can use radio or electrical signals to let each other know what is happening (e.g., two people on opposite sides of the world can agree to call each other up when their watches have the same reading, in terms of Greenwich mean time, and they will in fact discover that when one of them calls, the other is ready, waiting to listen). Of course, all this experience depends on the circumstance that the speed of light, radio waves, etc., is so great that on the ordinary scale of time and distance, the time taken for a signal to travel from one place to another can be neglected. This is equivalent to assuming an infinite speed of light. When the finite speed of light is taken into account, new problems do in fact arise, which will be discussed later. But for the present, we are, of course, concerned only with the notions of pre-relativistic physics, with the object of making clear the background of ideas that have to be taken into account, in order to come to more clear notions of space and time than those which had developed by the end of the nineteenth century.
 
 XII “Common-Sense” Notions of Space and Time In the previous chapter we saw that certain notions of space and time have been built up in physics. These notions are founded on a tremendous amount of general experience, observation, and experiment over many generations. They are summed up in the idea of a space-and-time frame of reference, specified by suitable coordinates x, y, z, and t, which have been found to be capable of being put into a unique (i.e., one-one) correspondence with a very wide variety of actual events and objects, as observed and measured by any qualified observer, and in many different possible ways. By thus using coordinates associated to frames of reference, we comprehend the essential content of the facts behind the notions of space and time that are used in physics. Actually, however, these facts are seen to be based on a tremendous totality of observed relationships between a very wide variety of phenomena and various kinds of measuring apparatus, the whole of which set of relationships is such that it can be ordered, organized, and integrated into a structure capable of being described accurately in terms of such frames of reference. If all the facts consist of observed relationships of the kind described above, what then is the origin of the Newtonian idea of an absolute space and time, supposed to be like a self-existent and flowing substance, essentially independent of all relationships? Evidently it does not come primarily from experiment and observation, but rather, as was suggested in Chapter 2, probably from the continuation in modified form of certain aspects of the older Aristotelian notions of space. And if we ask where Aristotle found his ideas, the answer is not far to seek. For Aristotle was merely expressing in a systematic, organized, and somewhat speculative form a set of notions that has in essence probably been held by everybody for many ages before the time of the Ancient Greeks, and is still our “common-sense” view of space. In this view, space is regarded as a kind of receptacle, inside which each thing has a certain place, size, and form. Thus space is in effect “substantialized” and taken as an absolute. We shall discuss the problem in some detail in the Appendix where we shall show that there is a great deal of evidence demonstrating that the notion of space described above has been built up and learned in the early years of each person’s life. Since then the use of this concept has become a habit, further reinforced by the structure of the common language, in such a way that it is very difficult even to think or to say something that is intended to deny or contradict it. Of course, such a procedure is probably to a large extent inevitable, and it is not our intention to suggest that in everyday life we could do without “common-sense” notions of space. However, a very serious problem arises, because we are not ordinarily aware of this process of learning our concept of space and reinforcing it through habit and through the structure of our language. As a result, we tend to think of it as necessary and inevitable, something that cannot be otherwise. Then scientists incorporate such ideas into their theories, which now apparently provide scientific confirmation of the inescapability of these concepts. But the fact is that these concepts are the outcome of a long process that, in effect, conditions us to believe in their inevitability in all possible contexts and modes of existence of everything, and not merely to use them as tentative and therefore dispensible hypotheses when we enter new domains of study. Out of this kind of conditioning has arisen what is perhaps the principal
 
 36  The Special Theory of Relativity problem that modern physics has had to face in new domains such as those of relativity and the quantum theory—i.e., the difficulty of entertaining new concepts which clash with older ones that we have held habitually since childhood in such a way that to go beyond such ideas seems inconceivable. With regard to the concept of time, the problem of conditioning is perhaps even more serious than it is for that of space. Indeed, just as we are in the habit of conceiving an absolute space, which we suppose to represent the real place, size, and form of objects, we are also in the habit from the time of childhood onward of conceptualizing the flux of process, both in nature and in our own “inward” psychological experiences, as ordered in a unique and absolute time sequence. The basis of this ordering is evident. At any moment we see the whole of our environment, as what is co-present in our perceptions —optical, aural, tactile, etc. At the moment when we are experiencing this totality of what we perceive, we refer to it as “now.” Because the speed of light is so great, we can of course neglect the time needed for light to reach us, at least as far as objects in our immediate environment are concerned, while for most purposes even the time needed for sound to reach us can also be neglected. Within a certain limited domain we have found that it is indeed possible to ascribe a single, universal, well-defined time order to events, as is implicit in the notions described above. Within this domain, many different observers, using different instruments and procedures, all agree within an appropriate experimental error which events are co-present, which are before others, and which are after. In other words, there is a good factual basis for the assumption of the chronological order of a unique past, present, and future, the same for all events of every kind, regardless of where they take place and how they are observed. As in the case of our ideas about space, the problem with our common concept of time is evidently not that it is totally wrong. If it were, then nobody would be foolish enough to try to hold onto it. The difficulty arises because it is adequate in a limited domain, but in-appropriate, as we shall see when extended beyond this domain. But as a result of the fact that this domain of adequacy includes a tremendous amount of common experience beginning with childhood, and because this experience has been incorporated into the structure of the language, we find it very hard to get out of the habit of regarding our ordinary concept of time as inevitable. Indeed, this sense of inevitability extends so far that we perceive the world only through this concept of time. As a result, we do not seem to be able actually to imagine that things could happen differently than in a unique and absolute time order, the same for the whole universe. Nevertheless, as we shall see presently, the theory of relativity demands that just such a notion is what we have to consider. We must do this only abstractly and conceptually at first, even if it contradicts “common-sense” notions. Later perhaps, as we become familiar with such ideas, we may begin to grasp them in a more “intuitive” fashion. To sum up, then, the concepts of absolute space and time are based only on the continuation of certain modes of perceiving, conceiving, experiencing, etc., arising in the domain of everyday life, which are now habitual but which we once learned as children. These habits seem to be adequate in their proper domain, but there do not exist any well-confirmed facts supporting the notion that such concepts are inevitable. Indeed, as we have seen, the physical facts concerning space and time coordinates consists only of sets of relationships between observed phenomena and instruments, in which no absolute space and time is ever to be seen. Likewise, as we shall show in the Appendix, the facts
 
 “Common-Sense” Concepts of Space and Time  37 concerning perception in common experience show that this also is always concerned with relationships, and that here, too, there is in reality no absolute space and time. This means that both in the field of physics and in that of everyday experience, it may be necessary to set aside the notions of absolute space and time, if we are to understand what has been discovered in broader domains.
 
 XIII Introduction to Einstein’s Conceptions of Space and Time As soon as we come to a domain in which the time taken for light to propagate between different points cannot be ignored, then ordinary ideas in time and space begin to lead to difficulties and problems that cannot be resolved within their limited framework. We have already seen, in the study of the Lorentz theory, for example, that when equivalent clocks running together synchronously are separated by a distance l0, their relative , where v is the velocity of readings of time will change by the clocks relative to the hypothetical ether. But because there is no way to measure this velocity, we can never know precisely how much clocks which show the same time at different places actually deviate from being “truly” synchronous. In ordinary experience, such effects are of course so small that they can be neglected. In very accurate measurements, however, we have seen that they play a crucial role. Even at the level of immediate experience, the ambiguity in what is meant by simultaneity will become significant, when very long distances are involved. Consider, for example, the problem of radio-television communication that will arise when astronauts succeed in reaching Mars. Suppose that a man on the Earth asks his friend on Mars what is happening “now.” Because of the time needed for the signals to reach Mars and the signals from Mars to come to the Earth, the reply will not come for 10 minutes or more. By the time the answer is received, the information will refer, not to what is happening “now,” but to what was happening when the signal left Mars. So we will not know what is happening “now” on Mars. One might perhaps wish at least to know at what time this event did happen. To do this, one might look at the television image of a clock carried by the astronaut, a clock that was equivalently constructed to one in the laboratory, and which was so made that it ought to keep time properly even while it was subject to the acceleration of the rocket ship. But, according to the Lorentz theory, this clock would measure time differently from the one on the Earth, and be out of synchronism with the one on the Earth by , where l0 is the distance to Mars and v is the velocity of the clock relative to the ether. Since v is unknown, the “true” time of this event on Mars would, for us, be ambiguous. We might perhaps try to correct the time of the event on Mars, not by referring to the television image of a clock in the space ship, but by “correcting” directly for the time interval needed for light to reach us. But to make the right correction, we should have, according to the Lorentz theory, to know the “true” distance l, as well as the true velocity v, of the Earth relative to the ether to yield the correction, . Once again, we encounter essentially the same ambiguity in theattempttofind out precisely when an event happens on Mars.
 
 Introduction to Einstein’s Conceptions of Space and Time  39 It is clear then that our ordinary ideas of what is the meaning of simultaneity become ambiguous when they are extended too far beyond the domains in which they arose. As we saw in Chapter 11, these ideas are based on the intuitive notion that all that is co-present in a given moment of what we perceive with our senses is actually happening at the same time, “now.” But as soon as we come to distant events, such as those taking place on Mars, we see that even when we use the fastest means of communication available to us (radio waves or light), what we perceive, for example in the television image, is not happening at the same time, but rather the more distant the event, the earlier it has happened. Indeed, we know that light now visible in telescopes was emitted by stars as much as a thousand million years ago. Thus it is clear that for long distances, co-presence to our sense perceptions no longer means the same thing as simultaneity. And in accurate measurements involving shorter distances, essentially the same conclusion follows, in the sense that the events detected as co-present in a given instrument (e.g., what appears in a given photograph) are also not necessarily all simultaneous. What is even more significant than the nonequivalence of co-presence and simultaneity described above is the fact that there is, as we have seen, no unique way to ascribe a given event unambiguously to a well-defined time in the past. It follows, then, that the whole of our intuitive notion of what is meant by “now,” as well as of past and future, no longer refers clearly to what we can actually observe, perceive, experience, or measure. In view of this deep and fundamental ambiguity that has developed in the application of intuitive notions of time beyond their proper domain, our approach must be, as we remarked earlier, to set aside this whole mode of thinking and to begin afresh. Instead of referring to a suppositious moment of simultaneity that could be observed only if we knew what cannot be known, i.e., our own speed relative to an intrinsically unobservable ether, we begin our inquiry by basing ourselves as far as possible on the facts of the case and on hypotheses that are in principle testable. What are these facts? In Chapter 10 we have already discussed one aspect of the relevant facts, viz., that all our actual knowledge of space and time coordinates of real events is based on, at least in principle, observable relationships of physical phenomena to suitable measuring instruments. In order to avoid ambiguity in our fundamental notions of space and time, it is therefore necessary to express the whole content of physical law in terms of such relationships, and not in terms of an ether with intrinsically untestable properties that are inherently ambiguous. We are now ready to consider what was, in essence, Einstein’s point of departure—i.e., that in terms of actually measurable coordinates of the kind described above, all uniformly moving (that is, unaccelerated) observers obtain the same measured velocity of light, independent of their own speeds, if each uses equivalently constructed instruments and follows equivalent measurement procedures in relation to the reference frame of his own laboratory. (Special relativity restricts itself to relationships holding for uniformly moving observers; to deal with accelerated observers, one must use the general theory of relativity, which is beyond the scope of the present discussion.) Einstein did not regard the above result as a deduction from the Lorentz theory, but as a basic hypothesis which was evidently subject to experimental tests and which had in fact already been confirmed in many experiments at the time Einstein first developed his theory (having since then been confirmed in a much wider variety of experimental contexts, and never yet having been refuted). To see more clearly what this hypothesis implied with regard to the meaning of the notions of simultaneity in physics, Einstein considered a simple experiment. It is only an
 
 40  The Special Theory of Relativity imagined experiment in the sense that we do not, at least for the present, possess instruments sensitive enough to do what is called for. Yet this experiment is in principle possible; and it has the advantage that reflection on it brings out clearly the essential difficulty in older notions of what constitutes simultaneity of two separated events. Consider a train moving on a railway embankment with a velocity v. Let us suppose that there is an observer fixed on the embankment at the point O, more or less adjoining the middle of the train. This observer has two colleagues situated at A and B, possessing well-synchronized clocks in relation to the embankment, as shown in Figure 13–1. A and B are assumed to be the same distance, l, from O, as measured by rulers at rest relative to the embankment. Suppose that O’s colleagues at A and B set off flashes of light, and that these flashes reach O at the same time. From the fact of their being seen together, it evidently does not necessarily follow that they originated at the same time. Indeed, O must correct, taking into account the time for light to reach him from A and from B. Since the distances are the same, and since the speed of light is the same in both directions, it follows that in this case O will calculate that the flashes occurred at the same time. Figure 13–1
 
 Now consider an observer O! on the moving train. Suppose that O! happens to be opposite to O when O receives the two flashes from A and B. Of course, O! will also see the two flashes at the same time. But he too must calculate the times at which they started. To do this, he must measure the distance between him and the sources of light, as shown by his rulers, which move with the train. He can accomplish this conveniently with the aid of several of his own colleagues, in different parts of the train. Suppose that one of these colleagues happens to be at A when the flash is emitted there. This observer will then proceed to record the reading, C, on his ruler, for the point corresponding to A, at the moment that A passes him. Now, the light passes from C to O! (or equivalently from A to O), taking some time to do so. Considering the process from the point of view of an embankment observer, we see that when the flash is first emitted, the original train observer, who will later be opposite to O, cannot yet have reached O! but will have attained only a point D!, to the left of O!, such that the distance D!O! will be covered while the light is moving from A to O (or alternatively from C to O!). When this observer reaches O! and sees the flash, the point C will have, according to the embankment observer, moved over to C!, a distance equal to D!O!. Since the train observer O! regards himself as at rest, he does not take this movement into account when he comes to record the distance between himself and the origin of the light flash. Rather, he assigns the distance as C!O!, which is less than the distance AO assigned by the embankment observer. In a similar way, he will assign a distance EO!, for the light to travel from E to O!, which is greater than the distance BO assigned by the embankment observer.
 
 Introduction to Einstein’s Conceptions of Space and Time  41 Now, if Newtonian mechanics were valid, this different assignment of distances by the two observers would be compensated, because the train observer would assign a lower speed of light (c–v) to the flash coming from c, and a higher speed (c+v) to the flash coming from E. As a result, he would, in agreement with the embankment observer (as well as with what “common sense” leads us to expect), calculate that the flashes at C and E were emitted at the same time. In fact, however, all observers must assign the same speed to light, since as we have seen, experiments show this to be the case. Therefore the train observer can no longer agree that the two flashes are simultaneous, because they cover different distances at the same speed. This is a major break with older ideas, because different observers do not agree on what is the same time for events that are far away. It must be emphasized, however, that for distant events the establishment of simultaneity is based only on an indirect deduction, the result of a calculation, which expresses the correction for the time needed by a light (or radio) signal to pass from the observed point to the point where the observation actually takes place. Simultaneity is therefore no longer an immediate fact corresponding to co-presence in our everyday experience. For it is now seen to depend, to a large extent, on a purely conventional means of taking into account the time of passage of a signal. This convention seems natural and inevitable to our “common sense,” but it leads to unambiguous results, the same for all observers, only under conditions in which the Galilean law for the addition of velocities is a good approximation. When the velocity of light can no longer be regarded as effectively infinite, then the experimental facts of physics make it clear that the results will depend on the speed of the observer’s instruments. It follows from the above discussion that simultaneity is not an absolute quality of events, whose significance is independent of state of movement of the measuring apparatus. Rather, the meaning of simultaneity must be understood as being relative to the observing instruments, in the sense that observers carrying out equivalent procedures with equivalently constructed instruments moving at different speeds will ascribe the property of simultaneity to different sets of events. If there were some way to obtain an instantaneous signal from one event to another, then no corrections for the time of propagation would be needed, and the above-described relativity of simultaneity need not arise. But there is no known signal that can go faster than light. Moreover, as we shall see later, the theory of relativity implies that such a signal is not possible, in the sense that the assumption that such a signal is possible leads to a contradiction with the theory of relativity. Therefore, at least as far as we now know, and as far as the present theories of physics are concerned, a correction must always be made in order to calculate the times of distant events, in a conventional way that depends on taking into account the time needed for light signals to propagate between different points, and using the fact that all observers measure the same velocity for light. Under these conditions, the relativity of simultaneity will be an inescapable necessity. Once we admit that simultaneity is relative to the speed of the observer, it immediately follows that the measurements of length and time intervals must have a corresponding relativity. To demonstrate this with regard to length, let us return to our example of the two observers, one fixed on the railway embankment and one moving with the train. Suppose that the observer on the embankment has laid out a ruler from A to B and sets up clocks at A and B, synchronized by light flashes, corrected by the rule t!=t–(l/c). The observer on the train follows the same procedure in his moving frame of reference,
 
 42  The Special Theory of Relativity setting up a corresponding ruler and clocks, synchronized by light flashes, corrected by the formula t0A=t0–(l0A/c) and t0B=t0 –(l0B/c), where l0A and l0B are the respective distances from O to A and O to B as measured by rulers moving with the train. Now, as long as a rod is not moving in relation to an observer, he can measure its length without regard to time measurements. Thus, he can consider one end, A, “now” and the other end, B, “a bit later,” and this will not affect the result that he gets. But if a rod is moving in relation to an observer, he defines its lengths as the distance between its end points at the same time. (Thus, if the observer in the embankment measured the position of the rear of the train at one moment and the front an hour later, he could ascribe a length of 60 miles or more to the train, evidently an absurd result.) Now, let us suppose that the colleagues of O at A and B set off flashes, at the same time, as measured by their clocks, at rest on the embankment, and that this is just the moment when the ends of the train are passing A and B, respectively. Suppose likewise that corresponding moving observers at A! and B! at the two ends of the train set off flashes when their clocks showed the same reading. According to our discussions of simultaneity, it follows that observers on the embankment would conclude that the flashes said to be simultaneous by the moving observers actually occur at different times, as calculated by embankment observers. Vice versa, the observers on the train would calculate that the flashes said by the embankment observers to be simultaneous actually occur at different times. Let us say that the flashes regarded as simultaneous by the observer on the train have, for the embankment observer, a time difference of t. In this time the train moves a . The embankment observer therefore concludes that the train observer is not distance really measuring the “true” length of the train, but is adding in the effects of the displacement due to its motion during the interval . It is therefore not surprising that he comes to a different result. In a similar way, the train observer concludes that the observer on the embankment is not measuring the “true” length of the trains, so that he too is not surprised at the difference of the results of the two observers. But we in the analysis of the results of both observers can see more, i.e., that since the conventions of the two observers for determining simultaneity do not have the same meaning, it follows that there is a similar problem with regard to the conventions for defining length. In other words, although each observer goes through the same procedure in relation to his reference frame, using equivalently constructed instruments, the two are not in fact referring to the same set of events when they are talking about the length of something. A similar problem arises in the measurement of time intervals. To see these, let us consider again our example in which the front end of the train passes A and the rear end B at what are shown by O’s clocks at A and B to be the same time. (This fact could, for example, be noted by O’s colleagues at A and B.) Now, consider a clock on the train, which showed the time
 
 , when the front of the train passed A and
 
 when it passed B.
 
 An observer on the train would say then that a time interval was needed for the front end of the train to go from A to B. On the other hand, the observers on the embankment would measure the time for this to happen by means of two of their own “synchronized” clocks at A and B. If tA were the time at which the front end of the train was seen by an observer at A to pass this point, and tB were the time at which a
 
 Introduction to Einstein’s Conceptions of Space and Time  43 corresponding observer saw it passing B, then the observers on the embankment would conclude that the time interval is . However, as we have seen, the observers on the train would regard the clocks at A and B as not synchronous; so that they would argue that the embankment observers were not really measuring the “true” time interval for the train to go from A to B. And by a similar argument the embankment observers would argue that those on the train were likewise not measuring the “true” time interval properly. But, as in the case of length measurements, it is clear that where moving clocks are concerned, the relativity of simultaneity implies that the definition of time intervals also has a certain conventional aspect; as a result there is no absolute significance to time intervals, but rather, their meaning is relative to the speed of the instruments with the aid of which time is measured. We see then that there is a close interrelationship of the definitions of simultaneity, length, and time interval, and that the fact that all observers obtain the same measured velocity for light implies that all three of these concepts must be considered not as absolutes but rather as having a meaning only in relationship to a frame of reference.
 
 XIV The Lorentz Transformation in Einstein’s Point of view The essentially relational character of space and time coordinates as described in the previous chapter may be compared to a similar characteristic that is already familiar in the measurement of space coordinates alone. In such a measurement each observer is able to orient his apparatus in a different direction, so that all observers do not obtain the same value for the x coordinate of the same point. That is to say, the x coordinate is not an “absolute” property of a point but rather specifies a relationship between that point and a certain frame of reference. Similarly observers moving at different speeds do not obtain the same values for the “time coordinates” of a given event, so that this coordinate must also correspond to some relationship to a frame of reference and not to an “absolute” property of the event in question. Now, in the geometry of space, it has been found that in spite of this “relativity” in the meanings of coordinates, there are certain transformations, such as translations (11–1) and rotations (11–2), which enable us to know when we are dealing with the same point, even though measurements are carried out on the basis of differently oriented and centered reference frames. Are there similar transformations in the space and time coordinates taken together? In Chapter 2 we saw that in Newtonian mechanics there is the Galilean transformation, Eq. (2–3), which does in fact enable us to relate the space and time coordinates of the same event when measurements are carried out in frames of reference that are moving with respect to each other. However, as we have seen, the Galilean law of addition of velocities implies that the speed of light should vary with the speed of the observing equipment. Since this predicted variation is contrary to fact, the Galilean transformation evidently cannot be the correct one (except as an approximation holding under conditions in which the speed of light can be regarded as effectively infinite). What we are seeking is a transformation between the set of space coordinates x, y, z and time t of an event, as measured in a given frame of reference A and a corresponding set x!, y!, z!, t! belonging to the same event, as measured in another frame of reference B, moving in relation to the frame A. To simplify the argument, let us suppose that the velocity of B relative to A is v, in the direction z (generalization to arbitrary directions will be seen to be quite straightforward). This transformation must be compatible with the fact that the measured velocity of light is c, the same in all uniformly moving frames of reference. To express the fact, choose our origin of space and time coordinates, O, for both frames, as the event corresponding to the emission of a given light ray. Then, in the frame A, the light ray must after a time t have reached a spherical surface given by
 
 (14–1)
 
 The Lorentz Transformation in Einstein’s Point of View  45 while in frame B it will also have reached the spherical surface
 
 (14–2)
 
 We therefore need a transformation which leaves the above relationship expressing the spherical propagation of a light wave invariant. In Chapter 9 we have already shown that there does exist a transformation leaving the speed of light invariant, viz., the Lorentz transformation. To this we may evidently add an arbitrary rotation in space, since this leaves invariant the function , while it also leaves the time invariant (t!=t), with the result that the function , is also left invariant. Besides that, there are the reflections in space and in time, such as x=–x!, t=–t!, etc., which evidently also leave the speed of light invariant. The question then naturally arises as to whether there are any other transformations that leave the speed of light invariant. The answer is that if we make the physically reasonable requirement that the transformation possesses no singular points (so that it is everywhere regular and continuous) then it can be shown that the Lorentz transformations plus rotations plus reflections are the only ones that are possible. It cannot be emphasized too strongly that in Einstein’s approach one does not deduce the Lorentz transformation as a consequence of the changes in observing instruments as they move through a hypothetical ether, and, from this, infer that all observers will obtain the same measured velocity, independent of their speeds. Rather, as we have already indicated in earlier chapters, one begins with the experimentally well-confirmed hypothesis of the invariance of the velocity of light, as actually measured. This needs no explanation (e.g., in terms of changes of instruments in an assumed ether), but is just our basic starting point in further work (as in Newtonian mechanics, we start from Newton’s laws as a well-confirmed hypothesis, and in electro-dynamics we start with Faraday’s and Ampère’s laws). With this starting point, Einstein then goes on to show in the manner described above that the Lorentz transformation is the only physically allowable one that is compatible with our basic starting hypothesis. Let us now write down the Lorentz transformation (which expresses coordinates in system B in terms of those in system A) once again [see Eqs. (9–1), (9–2), (9–3), and (9–5)]:
 
 (14–3)
 
 The inverse transformation (expressing coordinates in system A in terms of those of system B) is
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 (14–4)
 
 Note that the inverse transformation is obtained from the original one by replacing v by –v. This is, of course, to be expected, since if the velocity of B relative to A is v, the velocity of A relative to B is –v. Therefore, one is in reality using the same function of the actual velocity when one transforms B to A as when one transforms A to B. Note also that as v/c0 (which is equivalent to letting c"), the Lorentz transformation reduces to
 
 (14–5)
 
 which is just the Galilean transformation. In this way we see definitively that the older concepts of space and time are contained in those of Einstein, as special limiting cases, applicable when v/c is not too large. It is evident that the Lorentz transformation implies the relativity of simultaneity, length, and time intervals, as described in the previous chapter. For example, if we consider a set of events which observer B described as simultaneous, so that t!=0 for all of them, then according to Eq. (14–4) observer A will say that for these events t=vz/c2; such events are evidently not simultaneous. Likewise, if observer A is measuring the length of an object moving in the z direction with velocity v, he must consider the two ends at the same time, as measured in his frame (say t=0). From Eq. (14–3) we obtain , or . Since we have chosen v as the speed of the object, it is clear that z! is the length of the object in a frame in which it is at rest, so that we have obtained the Lorentz contraction. To study the change in rates of clocks, let us begin by regarding B as the frame in which the clock is at rest (say at z!=0). Let its period be t!. Then by (14–4) we obtain , which is just the formula for the slowing down of moving clocks. Because the transformation between B and A is the same one as between A and B, with v replaced by –v, it follows that the conclusions that A draws about the change of the relationship of B’s instruments to what is actually being measured will be drawn also by B in relation to A’s instruments. Thus, for example, A says that he sees B’s rulers as contracted, while B says that he sees A’s rulers as contracted. How is it possible for each to see a contraction of the same kind in the rulers of the other? That is, if A says that B’s rulers are shorter, why does not B say that A’s rulers are longer? The answer is, as we have already seen, that A and B do not refer to the same set of events when they measure the length of an object. Because they disagree on simultaneity, A says that B is allowing the ruler to move while making his measurements,
 
 The Lorentz Transformation in Einstein’s Point of View  47 and thus he is measuring something different from the real length, while B says the same about A. One may perhaps compare this situation to what happens when two people A and B separate, while still in each other’s line of sight. A says that B seems to be getting smaller, while B says that A seems to be getting smaller. Why then does not B say that A seems to be getting larger? The answer is that each is seeing something different, i.e., the image of the world on his retina. There is no paradox in the fact that the image of A on B’s retina gets smaller at the same time that the image of B on A’s retina gets smaller. Similarly, there is no paradox in saying that A will ascribe a contraction to B’s ruler, while B ascribes a contraction to A’s, simply because each is referring to something different when he talks about the length of an object.
 
 XV Addition of Velocities Earlier we saw that the Galilean transformation between coordinates x!, y!, z!, t! in a frame B moving at velocity v in the z direction and a resting frame A, with coordinates x, y, z, t is
 
 (15–1)
 
 If an observer in the frame A is watching an object moving in the X direction with velocity u, he will see this object moving in the line given by z=ut+z0. For simplicity, let us suppose z0=0. Then he will obtain u=z/t. To calculate what is seen by observer B, we apply the Galilean transformation, which yields
 
 (15–2)
 
 The observer B will therefore ascribe to the moving object the velocity
 
 (15–3)
 
 This is of course, just the well-known Galilean law of addition of velocities, given in Eq. (2–3), which we have derived again in more detail, in order to facilitate comparison with what is done in Einstein’s approach. If the correct transformation between A and B is that of Lorentz rather than that of Galileo, then we begin with the expression (14–3) for B’s coordinates in terms of those of A:
 
 (15–4)
 
 As in the case of the Galilean transformation, one writes z=ut as the equation of the trajectory of the moving object, expressed in A’s frame. This yields
 
 Addition of Velocities  49
 
 (15–5)
 
 From (14–3) we also obtain
 
 (15–6)
 
 and
 
 (15–7)
 
 This is the relativistic law for addition of velocities. Note that as v/c approaches zero it approaches the Galilean law, w=u–v. More generally, however, it is evidently quite different from the Galilean law. Indeed, as can easily be seen, it is impossible by adding velocities that are less than c ever to exceed the speed c. To prove this, let us consider a case in which we transform, not between A and B, but between B and A. As seen from Eqs. (14–3) and (14–4) this involves only the replacement of v by –v. A little reflection shows that our argument on the addition of velocities would then yield
 
 (15–8)
 
 where we are using a capital letter as a symbol in order to distinguish (15–8) from (15–7). It is clear then that if u and v are positive, W					    
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