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 matrix debonding, s: fibre/matrix sliding, fi: fibre fracture, po: fibre pull-out, m: matrix fracture specific work of fracture (energy per crack plane) of ductile matrix fracture specific work of fracture (energy per crack plane) of brittle matrix fracture specific crack initiation energy (energy per crack plane, which is equal to specimen cross section) impact energy of unnotched specimen (energy per crack plane, which is equal to specimen cross section) energy released on the crack surfaces fibre/matrix debonding energy for mode I loading fibre/matrix debonding energy for mode II loading essential work of fracture work of fracture work of fracture of the dissipation mechanism i = d, s, fi, po with d: fibre/matrix debonding, s: fibre/matrix sliding, fi: fibre fracture, po: fibre pull-out, m: matrix yielding non-essential work of fracture restricted pull-out energy of one fibre (pull-out over the distance Δ) Cartesian coordinates (i = 1, 2, 3) Cartesian coordinates calibration factors, i = 1, 2, a radial and angular coordinates with the origin at the crack tip index for mode I, mode II and mode III for the fracture mechanical parameters fraction of the brittle fracture area of the crack plane; also percentage of sub-critical fibres composite thermal expansion coefficient weighting fraction of the mechanisms (i) shape factor of the volume of plastic zone fibre reinforcing coefficient for composite strength fibre orientation factor for composite strength fibre length factor for composite strength phase angle fibre spacing interfibre spacing (Chapter 6) boundary of plastic zone in the multi-fibre model relaxation strength (Chapter 9) pull-out distance (Chapter 10); also in Sections 10.10.5 and 10.11, normalised by the fibre length l
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 Notation strain average strain of the composite, fibre, and matrix, respectively axial mean strain of fibre and matrix, respectively transverse fibre strain mean transverse fibre strain failure strain for debonding at the fibre–matrix interface applied strain on composite strain within the ellipsoidal inclusion in Eshelby model transformation or eigen strain ultimate deformation of the fibre ultimate deformation of the matrix matrix strain for stabilised necking difference in ultimate deformations of the matrix, ε uM, and fibre, ε uF specific fracture surface energy (energy per unit area of crack surface) specific fracture surface energy of fibre–matrix interface under mode II loading specific fracture surface energy of fibre–matrix interface under mode I loading specific fracture surface energy of brittle matrix under mode I loading specific fracture surface energy of ductile matrix specific fracture surface energy of fibre shear strain of the composite shear strain of fibre and matrix, respectively shear lag parameter or decay parameters of fibre stress energy density of the dissipation mechanism i, i = d for fibre–matrix debonding, i = s for fibre/matrix sliding, i = p for plastic matrix deformation (energy per volume) elastic energy density (energy per volume) elastic energy density of the composite until creation (initiation) of crack propagation (energy per volume) fibre length factor for composite flexural modulus fibre orientation factor for composite flexural modulus geometry coefficients for elastic energy (dimension: one over area) geometry coefficients for plastic energy (dimension: one over area) a parameter for characterising fibre orientation distribution
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 fibre reinforcing coefficient for composite modulus fibre–matrix friction coefficient; also snubbing friction coefficient in Chapter 9 Poisson ratio of component i, i = f, m directional Poisson ratio fibre orientation angle minimum fibre orientation angle maximum fibre orientation angle applied loading direction with respect to fibre axis fibre orientation angle angle between two branches of a branched fibre matter density stress applied stress in general applied stress of composite composite stress for fibre–matrix debonding composite stress for fibre–matrix sliding composite strength stress at a point in the fibre transverse fibre stress cross-sectional mean stress of fibre and matrix, respectively; they are mean stresses in fibre (Chapter 5) and matrix (Chapters 3 and 5) at the failure of the composite average stress of a branched fibre ultimate fibre strength mean stress of an oblique fibre fracture stress of an oblique fibre stress component, i-direction of force, j-direction of surface normal stress at a point in the matrix transverse matrix stress matrix yield stress matrix strength thermal stress at the fibre–matrix interface amplitude of the external stress σc yield stress applied stress in y-direction (Chapter 6) shear stress at the interface physical-chemical interaction shear stress at the interface matrix yield shear stress debonding shear strength at the fibre–matrix interface
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 Notation shear stress at the fibre surface shear stress at the matrix surface to the fibre pull-out shear stress between fibre and matrix mean shear stress along the fibre axis mean shear stress in the sliding zone (ls) along the fibre axis relaxation time frequency crack creation (initiation) energy per volume of the composite plastic deformation energy per volume of the matrix plastic deformation energy per volume of the fibre volume per sample cross section of crack initiation processes solid angle
 
 Foreword
 
 Some time ago, the publisher asked me whether I would like to prepare a foreword to a book on short fibre reinforced polymer composites (SFRP). When I recognized the authors, I could not say no. I have been in close contact with each of them during many years of research activity, and I know many of their scientific contributions. It is therefore a pleasure for me to write this foreword. I met Yiu-Wing Mai for first time in the 1980s. In 2006–2007 I worked with him during an international professorial fellowship at the University of Sydney. He is an outstanding researcher in the field of fracture mechanics, providing a fundamental understanding of cracks in fibre reinforced composite materials. I visited Bernd Lauke at his invitation, based on our common interests in the fracture behaviour of short fibre composites, at the Institute for Technology of Polymers, Dresden, in East Germany in 1987. Soon after the German reunification, i.e. in 1991, I invited him to work in my group at the Institute for Composite Materials in Kaiserslautern. Shao-Yun Fu worked with Bernd Lauke as a Humboldt Fellow during 1995–1996 and they visited me several times. Both scientists have contributed a lot to the understanding of the action of fibres in composites. Their major working activities have been focused on stiffness, strength and toughness, both from the experimental and from the modelling side. There are a huge number of journal publications related to the topic of this book, but only a few books have summarized the state of the art in this field. The last one dates back to 1998. After more than 10 years, it is the right time to renew the extent of our knowledge of SFRP through a new book. Knowing the authors’ work in this field, it will be worth the wait. This book is not a collection of chapters from different contributors but is wholly written by the authors. This is a big advantage. All definitions and main symbols are valid from the first to the last page. The contents provide a systematic coverage, ranging from the introduction to the components of these composites to the description of the production technologies involved and the experimental determination and modelling of their mechanical xix
 
 xx
 
 Foreword
 
 properties. It is well balanced between experimental findings and micromechanical modelling, including analytical as well as numerical techniques. The book provides a huge survey and evaluation of relevant publications concerning the subjects raised within the various chapters. But more than this, the authors provide their own contributions to the different subjects which they have developed over recent years. For me it is a special pleasure to recognize that the scientific findings of my previous research groups in this subject are acknowledged. Readers of the book will benefit not only from basic knowledge about SFRPs but they will also extend their knowledge of future developments. In this way, they will find new starting points for their own research activities in this field. I would like to thank the authors for a very interesting book and wish them well for their continuing research in this important field. Last, but not least, I also hope the publisher will have a great success with this new book. Klaus Friedrich Kaiserslautern
 
 Preface
 
 Composites reinforced with discontinuous fibres are classified as short fibre composites. A short fibre reinforced polymer (SFRP) composite usually consists of relatively short, variable length and imperfectly aligned fibres distributed in a continuous polymer matrix. Although short fibres, such as whiskers, have been employed to reinforce metals, the majority of short fibre composites are based on polymer matrices. Short fibre reinforced polymers (SFRPs) have versatile properties and are comparatively inexpensive to make. The concern of rapid consumption of world resources in metals has contributed to great interest in composite materials. Short fibre reinforced polymers constitute a major proportion of composites used in automotive, marine, building, construction, aerospace and household applications, amongst others. The fibres are mostly glass, although carbon, graphite, Kevlar, and natural fibres are also used. Extrusion compounding and injection moulding techniques are conventional methods of manufacturing thermoplastics. When these thermoplastics are filled with chopped strands of short fibres, compounds can also be used with conventional extrusion and injection moulding techniques, producing a range of new materials having properties that are intermediate between parent thermoplastics and their corresponding continuous fibre composites. The shear forces of screws and rams during extrusion compounding and injection moulding often break down the fibres, resulting in a fibre length distribution (FLD). For SFRP composites, fibre length or aspect ratio plays a critical role in determining the composite mechanical and physical properties. Fibre orientation is another crucial microstructural parameter that influences the mechanical behaviour of SFRP composites. The orientation of the short fibres depends on the processing conditions employed and may vary from random to nearly perfectly aligned. In general, there is a fibre orientation distribution (FOD) in the final injection moulded SFRP composite parts. It is hence imperative to include the effects of fibre orientation and fibre aspect ratio on composite mechanical properties. In the last three decades, injection moulded short fibre reinforced polymers (SFRP) have become a very common construction material since these xxi
 
 xxii
 
 Preface
 
 composites are commercially very attractive. Even though they do not have as high a level of stiffness and strength as continuous fibre reinforced counterparts, they have the advantages of low cost, better surface quality; and injection moulding processes also allow intricately shaped parts to be made. To the best of our knowledge, three books (Folkes, 1985; De and White, 1996; Jones, 1998) have been published on short fibre reinforced polymers. Folkes (1985) wrote the first book with a similar title and his book described some of the concepts on which short fibre reinforcements are based and which can be used to develop products having specified properties. De and White (1996) edited a book on short fibre-polymer composites. Research work on various systems that they and other researchers had studied previously was summarized. A special feature of their book is that it includes significant discussions on rubber-matrix fibre composites. The third book, more like a brochure, was edited by Jones in 1998. Components including fillers, additives and polymers that are often used for manufacturing short fibre reinforced plastics were presented. Brief introductions on the selection of raw materials, testing and evaluation of short fibre reinforced polymers were also given. Since about two decades ago, there has been much research and development activity into short fibre reinforced thermoplastics. The present book summarizes the advances and developments in this area, and serves as a key reference for readers who are interested in entering this exciting field. It focuses on the basic science and engineering aspects which govern the mechanical and physical properties, such as modulus, strength, fracture toughness, thermal conductivity and expansion of short fibre reinforced polymers. The book is aimed at design engineers and plastics technologists who are working with SFRP composites and are seeking further insight into their manufacture and material behaviours. It is also hoped that the topics covered will provide technical information and guidance to graduate students, educators and researchers in this field. Finally, Shao-Yun Fu wishes to thank the following: the Leibniz-Institut für Polymerforschung Dresden, e.V., Germany; Nanyang Technological University, Singapore; the Centre for Advanced Materials and Technology, Sydney University, Australia; City University of Hong Kong, Hong Kong SAR, China; and the Technical Institute of Physics and Chemistry, Chinese Academy of Sciences, Beijing, China for the opportunity to work on this subject. Financial support from an Alexander von Humboldt Fellowship, the National Science Foundation of China, the Chinese Academy of Sciences, and the Australian Research Council (ARC) is greatly appreciated. Bernd Lauke also thanks the Leibniz-Institut für Polymerforschung Dresden e.V., Germany for the opportunity to work on this book. In particular, he would like to thank his former colleagues, Professor Bernd
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 xxiii
 
 Schultrich and Professor Wolfgang Pompe, for their long-time cooperation and valuable contributions to this subject. Yiu-Wing Mai acknowledges the continuous financial support of the Australian Research Council for his research projects on fibre composites in the past two decades. He is also grateful to Professor Jian Lu, Hong Kong Polytechnic University, for the time to finalize the book when he was Visiting Chair Professor in the Department of Mechanical Engineering. Shao-Yun Fu Bernd Lauke Yiu-Wing Mai Beijing, Dresden and Sydney
 
 References De S K and White J R (1996), Short fibre-polymer composites, Woodhead, Cambridge. Folkes M J (1985). Short fibre reinforced thermoplastics, John Wiley & Sons, Chichester. Jones R F (1998), Guide to short fibre reinforced plastics, Carl Hanser Verlag, Munich.
 
 1 Introduction to short fibre reinforced polymer composites
 
 1.1
 
 Introduction
 
 In this book, when fibres in a composite are discontinuous and are shorter than a few millimetres, the composite is called ‘short fibre reinforced composite’. That is, short fibre reinforced composites contain discontinuous fibres with a length less than a few millimetres. In most cases, polymers are used as matrices for discontinuous fibre reinforced composites. Short fibre reinforced polymer (SFRP) composites have found extensive applications in automobiles, business machines, durable consumer items, sporting goods and electrical industries, etc., owing to their low cost, easy processing and their superior mechanical properties over the parent polymers. Extrusion compounding and injection moulding processes are frequently employed to make SFRP composites. The use of these conventional fabrication techniques to produce large-scale SFRP composite parts makes manufacturing of these composites efficient and inexpensive compared to manufacturing of continuous-fibre reinforced polymer composites, which are fabricated by time-consuming processes, rendering them unsuitable for high volume production. At present, SFRP composites are only one class within a variety of composite materials with a high growth rate due to their extensive applications and comparatively simple manufacturing techniques.
 
 1.2
 
 Mechanical and physical properties
 
 The mechanical and physical properties of SFRP composites have been the subject of much attention and are influenced to a great degree by the type, amount and morphology of the reinforcing fibres, and the interfacial bonding efficiency between the fibres and polymer matrix. Variables such as fibre content, orientation, aspect ratio and interfacial strength are of prime importance to the final balance of properties exhibited by injectionmoulded polymer composites. The addition of short fibres to thermoplastics 1
 
 2
 
 Engineering of short fibre reinforced polymer composites
 
 Table 1.1 Strength and Young’s modulus of some SFRP composites and matrices respectively* u σM (MPa)
 
 σ uc (MPa)
 
 Materials
 
 Fibre content (%)
 
 Em (GPa)
 
 ABS/SGF
 
 15 vol.
 
 42.8
 
 68.0
 
 2.39
 
 8.33
 
 ABS/SGF
 
 30 wt.
 
 43.4
 
 68.0–84.0
 
 2.24
 
 5.12–6.47
 
 ABS/ PA6(70 : 30)/ SGF PA 6,6/ SEBSg-MA(80:20)/ SGF PA6,6/SGF
 
 30 wt.
 
 43.4
 
 93.0
 
 2.24
 
 8.82
 
 30 wt.
 
 39.0
 
 65.0
 
 0.83
 
 4.07
 
 50 wt.
 
 ∼78.0
 
 ∼250.0
 
 PEEK/SGF
 
 10 wt.
 
 91.4
 
 108.9
 
 3.10
 
 4.70
 
 PEEK/SCF
 
 10 wt.
 
 91.4
 
 135.6
 
 3.10
 
 6.37
 
 PP/SCF
 
 25 vol.
 
 31.6
 
 60.1
 
 1.30
 
 PP/SGF
 
 25 vol.
 
 31.6
 
 51.5
 
 1.30
 
 8.75
 
 PC/SGF
 
 30 wt.
 
 40.3
 
 67.2
 
 1.33
 
 8.74
 
 —
 
 Ec (GPa)
 
 —
 
 14.9
 
 References
 
 Fu and Lauke (1998b) Ozkoc et al. (2005) Ozkoc et al. (2005) Tjong et al. (2002) Thomason (2008) Sarasua et al. (1995) Sarasua et al. (1995) Fu et al. (2000a) Fu et al. (2000a) Ho et al. (1996)
 
 Note: volume fraction (vol.); weight fraction (wt.); short (or discontinuous) glass fibre (SGF); short (or discontinuous) carbon fibre (SCF); acrylonitrile-butadienestyrene (ABS); polypropylene (PP); polycarbonate (PC); polyamide 6,6 (PA6,6); polyamide 6 (PA6); maleated styrene-ethylene butylenes-styrene (SEBS-g-MA).
 
 leads to composites that show significant improvements in mechanical properties, such as strength and elastic stiffness as shown in Table 1.1. However, fracture toughness may be reduced for certain fibre-matrix systems. For example, if a tough thermoplastic matrix like polycarbonate (Din and Hashemi, 1997) or polyamide (Fu et al., 2006) is reinforced by short glass fibres, the strength and elastic stiffness can be improved but the fracture toughness is reduced. Nonetheless, for relatively brittle polymer matrices, this problem may not exist and incorporation of short fibres can
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 increase the fracture toughness. The mechanical and physical properties of short fibre reinforced polymer composites have been shown to depend mainly on the following factors (Lauke et al., 1990; Fu and Lauke, 1996, 1997, 1998a,b; Fu and Mai, 2003): • • • • •
 
 properties of components fibre-matrix interface strength fibre volume fraction fibre orientation distribution (FOD) and fibre length distribution (FLD).
 
 Theoretical interpretations of strength, stiffness and fracture toughness of SFRP composites are given in terms of these factors. In a short fibre reinforced polymer composite, the deformation of the matrix transfers stresses by means of the fibre-matrix interface traction to the embedded fibres. The mechanical properties of a short fibre composite are therefore critically dependent on the efficiency of stress transfer from the matrix to the fibres. Many theories have been developed to predict the stress transfer in short fibre composites (Cox, 1952; Piggott, 1980; Lauke and Schultrich, 1983; Lauke, 1992; Rosen, 1965; Fu et al., 2000b). Since the problem of stress transfer in single short fibre composites is relatively simple, existing theories start with these composites. Because the stress transfer takes place between the only fibre and surrounding matrix, these models do not include the effect of neighbouring fibres on the stress transfer. In real multi-short fibre composites, the neighbouring fibres affect the stress transfer from the matrix to the fibres. Hence, the stress transfer behaviour in multi-short fibre composites is of practical importance for real short fibre composites. The stress transfer is critical to achieving high strength and high fracture toughness, etc., of SFRP composites. When polymeric materials are used in electronic packaging applications, where highly thermally conductive materials are required, polymers are often incorporated with inorganic fillers, like short glass or short carbon fibres, with a high thermal conductivity to fabricate the composites to meet the high thermal conductivity criterion. The effective thermal conductivity of a SFRP composite depends on the thermal conductivities of its components. Besides, the composite thermal conductivity is critically dependent on the FLD and FOD in the SFRP composite. Further, dimensional stability is also important for polymers that are used in areas where temperature varies. Polymers usually have high thermal expansion which can be effectively decreased by adding inorganic short fibres to increase the dimensional stability for applications where temperature often changes. The thermal expansion of SFRP composites also depends on fibre length and fibre orientation distributions.
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 1.3
 
 Organisation of the book
 
 This book is arranged as follows. Because extrusion compounding and injection moulding processes are most often employed to make short fibre reinforced thermoplastic composites, in Chapter 2, a brief introduction of these processes and the influence of the processing parameters on the microstructures (FLD and FOD) and morphology (layered structure, etc) are given. Chapter 3 describes the major factors influencing the mechanical and physical properties of short fibre reinforced thermoplastics polymers. Some of the factors, namely, FOD and FLD, are dependent on processing conditions. Thus, the effect of processing conditions on these factors is discussed. Chapter 4 concerns the stress transfer in short fibre reinforced polymer composites. Chapters 5 and 6, respectively, discuss the dependence of composite tensile strength and Young’s modulus on these major factors. Owing to the partial fibre orientation, short fibre reinforced thermoplastics polymers show anisotropic mechanical properties. Hence, the anisotropies of strength and modulus are also discussed in Chapters 5 and 6. The flexural modulus of SFRP composites, which is highly influenced by the layered structure of SFRP composites or the fibre orientation, is considered in Chapter 7. Chapter 8 covers the thermal properties (e.g., thermal conductivity and linear thermal expansion) of SFRP composites. In Chapter 9, the non-linear stress–strain behaviour and, in Chapter 10, fracture mechanics of SFRP composites are discussed in detail. Fracture toughness of SFRP composites is controlled by fibre-related and matrix-related failure mechanisms, methods for evaluation of fracture toughness are therefore presented in Chapter 10.
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 2 Extrusion compounding and injection moulding
 
 Abstract: This chapter gives a brief introduction of extrusion compounding and injection moulding processes since they are most often used to manufacture short fibre reinforced thermoplastic composites. The influences of various processing parameters including holding pressure, back pressure, screw speed, melt temperature and barrel temperature profile, etc., on the microstructures (fibre length distribution and fibre orientation distribution) and morphology (layered structure, etc.) are discussed. Key words: extrusion compounding, injection moulding, processing parameters, microstructure, morphology.
 
 2.1
 
 Introduction
 
 Short fibre reinforced polymer (SFRP) composites are very attractive because of their versatile properties and mass production. Extrusion compounding and injection moulding are conventional techniques for fast manufacturing of thermoplastics. When thermoplastics are compounded with chopped strands of short fibres, like short glass fibres or short carbon fibres, etc., these compounds can be used in conventional extrusion compounding and injection moulding methods to produce a range of new materials possessing properties that are intermediate between the parent thermoplastics and their corresponding continuous fibre composites. In the past two decades, injection moulded SFRP composites have become a very common construction material because they are commercially very attractive. Though they do not have as high a level of stiffness and strength as their continuous fibre reinforced counterparts, they have the advantages of low cost and better surface quality. In addition, the injection moulding process also allows intricately shaped parts to be easily manufactured. It is well known that some processing steps in the two techniques of extrusion compounding and injection moulding may reduce significantly the fibre length through breakage. For example, Kamal et al. (1986) reported a decrease from 0.71 mm to 0.27 mm during injection moulding of short fibre reinforced thermoplastics. Reduction in fibre length will 6
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 lead to decrease in composite strength, modulus and fracture toughness (Fu and Lauke, 1996, 1997, 1998). In the following sections, an introduction to the extrusion compounding and injection moulding processes is given; and an understanding of the fibre degradation mechanisms which are important to achieve high fibre aspect ratios in SFRP composites is provided.
 
 2.2
 
 Extrusion compounding
 
 2.2.1 Processing of extrusion compounding Before injection moulding of a SFRP, extrusion compounding can be made using an extruder for the corresponding compound containing a few components. Extrusion compounding employs a screw as a transport mechanism due to the ability of the screw geometry to perform all the elementary steps of polymer processing: feeding, pumping, melting, and mixing. Individual extruder screws that have been employed in processing of polymer and SFRP compounding are briefly introduced below. Figure 2.1(a) shows the geometry of a single-flighted extruder screw (White, 1990). The screw fits inside a cylindrical barrel with an internal diameter D. The radial clearance between the crest of the screw flight and the inner barrel surface is δr. The distance between the screw root and the internal barrel surface is H. The axial distance of one full turn of the screw is S. The axial distance between two neighbouring flights is B. The perpendicular distance between two flights along the helical path of the screw is W. The angle of the helix is φ and the width of the flights is e. The quantities defined above are not necessarily constant along the screw. The distance W may increase with increasing altitude of the flight. φ and e may also vary not only with the screw radius from the screw root to the barrel but along the length of the screw. More generally, extruder screws are multi-flighted. Namely, melted compounding will simultaneously travel along two or more parallel flights. A double-flighted extruder screw and a triple-flighted extruder screw are shown in Figs 2.1(b) and 2.1(c), respectively. Screw elements may be forward or backward pumping and are often described as right-handed and left-handed when rotation is in a clockwise direction as shown in Fig. 2.2. The main advantages of screw plasticising include the relatively large quantity of compound material, the homogeneity of the melt and the relative ease of temperature control of the melt compared to plunger equipment of similar size. A good compound melt must have a uniform temperature throughout to ensure uniform quality of the end product. The screw rotates within the barrel in the extruder and the screw is driven by an electric or hydraulic motor. The screw flights are so shaped that the
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 2.1 (a) Single-flighted extruder screw, (b) double-flighted extruder screw, and (c) triple-flighted extruder screw. Adapted from White (1990).
 
 Right-handed
 
 Left-handed
 
 2.2 Forward (right-handed) and backward (left-handed) pumping screws. Adapted from White (1990).
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 compound is forced against the heated inside wall of the cylinder as the screw rotates. The polymer or SFRP compound is then transported towards the other end of the cylinder. We will consider only the area of extrusion technology that is important for injection moulding of SFRP composites. In the extrusion process, the forward pressure is sufficient to drive the melted material through the extrusion die. The extruded material can have various desired shapes such as sheets, flats, films or profiles, etc. After leaving the die, the shaped material is cooled, normally using water, and then cut to length. The polymer material in the compound melts gradually as it travels along the barrel from its feeding end to the other end due to the heat generated by friction between the contacting surfaces of the screw and the barrel and by friction between the compound materials themselves. When the compound material reaches the end of the barrel, the polymer material in the compound should be melted and inorganic fillers such as short glass fibres, short carbon fibres and glass beads, etc., should be well mixed with the polymer matrix. Among the various extrusion technologies, twin screw compounding is a popular method for short fibre reinforced polymers since it is economically attractive. Twin screw extruders are of co-rotating or counter-rotating type with separated, intermeshing or tangential screws. As an example, compounding of short glass fibre (SGF) and glass bead (GB) reinforced polyoxymethylene (POM) composites is described below (Hashemi et al., 1997). First, formulations of composite compounds are determined and mixed. The mixtures are then passed through an extruder (Brabender 330 twin screw extruder) in an attempt to produce a homogeneous dispersion of fibres and beads throughout the POM matrix. The melt temperature is kept constant at 200 °C and the screw speed is set at 4 rpm. As composite compounds emerge from the die exit, the extrudates are passed along a conveyor belt for cooling purposes to allow formation of continuous rods of composite materials. The rods are finally fed through a granulator to make composite pellets for injection moulding. A co-rotating twin screw extruder, Werner Pfleiderer (screw diameter = 40 mm and screw length = 500 mm) with a fully intermeshing screw design as shown in Fig. 2.3 (Ramani et al., 1995), is used in preparing syndiotatic polystyrene (SPS) pellets reinforced by 40% by weight of glass fibres. The glass fibres are added to the melted polymer using a weight loss feeder with a screw to convey the fibres into the barrel and meanwhile vacuum is applied after the mixing section to remove volatiles. The screw configuration after the melting section consists of the mixing section. The mixing section can be altered during the experiments to investigate the effect of screw section design on fibre length degradation. The extrudates are pulled out through an eight strand die, then a water bath and finally pelletised. The pellets will then be used in injection moulding to obtain SFRP parts.
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 2.3 Schematic of a typical twin screw extruder and the extruder barrel. Adapted from Ramani et al. (1995).
 
 Screw sections can be designed in various forms for compounding and three different designs are shown in Fig. 2.4 (Ramani et al., 1995). The three mixing sections are combined with two toothed turbine mixing elements (gear mixing elements, GME) and a left-handed element (LHE) to give different intensities of mixing and residence times in the mixing section. LHE has a very large backup effect on the flow through the screw and increases the residence time in the toothed elements. GME produces primarily distributive mixing that is necessary for mixing discontinuous fibres with high viscosity polymer matrices. Screw design #1 has two right-handed GME and a LHE and would correspond to the longest residence time in the mixing section and produce the highest intensity of mixing among the three screw designs. Screw design #2 has two right-handed GME and the LHE is replaced by a right-handed element of the same pitch, which would reduce the backup effect and produce a lower residence time but keep the same intensity of mixing in the mixing section. Screw design #3 has one right-handed GME and a LHE. Removal of one GME provides a lower intensity of mixing than screw design #2 but retains the high residence time due to the backup effect of the LHE. The screw section geometry has an effect on the final fibre length. The number average fibre lengths for the 40 wt% glass-SPS for three different screw designs (Ramani et al., 1995) are shown in Fig. 2.5. The fibre lengths
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 2.4 Three different mixing sections used. GME: Gear mixing element; LHS: Left-handed screw. Adapted from Ramani et al. (1995).
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 2.5 Number average fibre lengths along the screw for 40 wt% glass-SPS. Adapted from Ramani et al. (1995).
 
 show the deepest decline in the portion before the mixing section; and the fibre bundles are broken and filamentised. The fibre length reduction is larger in the mixing section than in the rest of the screw after the mixing section. Moreover, screw design #1 corresponds to the most severe fibre damage while screw design #3 shows the least fibre degradation.
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 2.2.2 Fibre attrition and retention during compounding When chopped strands of fibres are mixed in the thermoplastic using conventional extrusion technique, the composite pellets produced can be used for injection moulded SFRP parts. One of the deficiencies in producing composite pellets is the length degradation of reinforcing fibres. The fibre length is reduced by an order of magnitude or even more from the original length. The length reduction decreases the reinforcement efficiency of the fibres, most notably affecting the mechanical strength, modulus and fracture toughness. It is necessary to understand the damage mechanisms of fibres during processing in order to maintain longer fibres. The length reduction of fibres during extrusion compounding as a consequence of their incorporation into a resin is well documented. There are three likely major reasons for fibre damage (von Turkovich and Erwin, 1983; Fu et al., 1999): 1. Fibre-fibre interaction – abrasion of fibre surfaces reduces strength by inducing stress concentration, leading to direct or subsequent fracture. Fibre breakage may also occur due to bending stresses caused by fibre overlap. 2. Fibre contact with equipment surfaces – evident due to the wear of compounding equipment. 3. Fibre interaction with polymer matrix – viscous forces imparted by the polymer matrix may cause fibre fracture. A procedure is described below for assessing the extent of fibre damage individually in the compression, melting, and mixing zones along the screw as shown in Fig. 2.6 (von Turkovich and Erwin, 1983). The extrusion process is interrupted with the barrel full of the compound melt containing fibre and resin materials. The melt is allowed to cool down on the screw shaft. The internal threads in the screw tip are used to fit a device by which the screw can be pulled out of the barrel. The composite compound is in the
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 2.6 Location of the screw for analysis of fibre length distribution. Adapted from von Turkovich and Erwin (1983) (Polymer Engineering and Science, Vol. 23, No. 13, 1983, p. 745. Copyright, 1983, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
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 form of a helical ribbon with the thickness varying upon the screw section from which it can be obtained. The compound samples are taken from the compression, melting and mixing zones for analysis. Most fibres in zone 1 of Fig. 2.6 maintain their original length, indicating that during this stage fibre bending by solid polymer powder–fibre interaction and inter-fibre abrasion do not play much of a role in fibre fracture. In zone 2, long fibres still predominate but a significant number of short fibres appear. Examination of the material in the channel section shows that some melting begins to take place. The presence of short fibres is due to the mechanism of fibre fracture responsible for damage in the melting zone. In the melting zone (zones 3 and 4), a rapid reduction of fibre length takes place. In the mixing zone (zones 5 and 6), the fibres and especially longer fibres found in the melting zone are further reduced and length reduction in this area is assumed to take place due to the viscous force of fibres by the polymer in shear flow. Some examples are given below to help readers to understand what factors influence the fibre reduction during extrusion compounding. Fisa (1985) dealt with the mechanical degradation of glass fibres during extrusion compounding with polypropylene. Effects of the parameters, which include resin viscosity and fibre concentration, etc., on fibre length and dispersion, were studied using an automatic particle size analyser. It was noted that the length degradation is most severe during the very first stage of the process, namely when fibre bundles are being filamentised. The resin viscosity also affects the fibre length significantly and a higher resin viscosity generally leads to a lower average fibre length. Fibre length attrition depends on fibre concentration, suggesting that the fibre degradation results from fibre–fibre and fibre–melt interactions. Bader and Bowyer (1973) observed that only 20% of fibres with a diameter of 12 μm in short glass fibre reinforced nylon 66 exceeded the critical length (lc ∼ 270 μm) after extrusion compounding though the initial fibre length was much larger. Experimental work (Lunt and Shortall, 1979, 1980) shows that variation in glass content and processing conditions during extrusion compounding of short glass reinforced nylon 66 can lead to significant differences in the fibre length distribution of the resultant extrudates; and incorporation of glass fibres into an already molten resin as opposed to processing of glass fibre resin dry blends may give better results in fibre retention. In a dilute suspension of short fibres, the fibre–fibre interaction can be ignored. This assumption holds true for a small number of thin and rigid rods in shear flow. However, concentrated suspensions show somewhat different behaviour. In a densely populated flow of fibres, it is very likely that there is fibre–fibre interaction since most commercially interesting suspensions exceed the maximum packing volume fraction of high aspect ratios rods (Milewski, 1974). The maximum volume fraction of randomly oriented
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 2.7 Maximum fibre volume fraction as a function of average fibre aspect ratio. Adapted from von Turkovich and Erwin (1983) and Milewski (1974) (Polymer Engineering and Science, Vol. 23, No. 13, 1983, p. 744. Copyright, 1983, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 fibres is shown in Fig. 2.7 as a function of average fibre aspect ratio in a composite (von Turkovich and Erwin, 1983; Milewski, 1974). Fibres are bent, broken or even aligned when fibre volume fraction exceeds the maximum value. Since processing of fibre compounds in single screw plasticating units inevitably causes fibre fracture, fibre attrition mechanisms are studied and some suggestions are made by Wolf (1994) for prevention of fibre attrition. The reduction of initial fibre length starts before the polymer becomes molten in screw compounding with the incorporation of fibres into a polymer matrix. During compounding in screw machines where a dry blend of chopped fibres and the polymer is extrusion compounded and then granulated, the fibres are usually considerably shortened in the process of coating fibres with polymer. Variation in processing conditions has a considerable effect on the resulting fibre length distributions. Consequently, it becomes possible to substantially minimise the reduction of fibre length by proper selection of processing conditions. It is accepted that pultruded granules containing perfectly wetted fibres offer the most favourable conditions with regard to a well processable compound of large residual fibre lengths. Granule length should thus be increased until the process of feeding is obstructed. To achieve good fibre dispersion and large average fibre lengths, the temperature profile of the barrel and residence time must be set according to the geometry. A gentle conversion and a minimum resi-
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 dence time in the melt are conveyed to preserve fibre bundles to a great extent. Moreover, granule preheating is a helpful measure to reduce the dissipation of conductive heating. As a guideline, the screw length should not exceed 18D (where D is internal diameter) and the melting zone should not be longer than 3D. To ensure high residual fibre length, the stress in the molten material has to be reduced by choice of a slight compression ratio, e.g., 1 : 18 over a length of 10D–12D. The classical route, namely extrusion compounding for preparing fibre filled polymer pellets, has a practical processing limit on the maximum fibre content in the range of 40–45 wt% of fibres. The composite applications for these materials cannot be too demanding. When the stiffness and strength criteria can be met with fibre volume fraction of 0.2 or less, an extrusion compounding technique is applicable. However, this is low compared to ‘high performance’ applications where volume fractions of 0.5 or greater of aligned continuous fibres can be used, usually at the cost of accepting a lower level of processing efficiency. Therefore, long (discontinuous, greater than 1 mm or so) fibre reinforced polymers have received great attention. Long fibre reinforced polymers can be made by wire coating, cross-head extrusion or thermoplastic pultrusion techniques (Hamada et al., 2000; Huang et al., 1999; Karger-Kocsis, 2000; Lee and Jang, 1999, 2000; Lin, 2003; Long et al., 2001; Neves et al., 2002; Thomason, 2002, 2005, 2008; Thomason and Vlug, 1996, 1997; Waschitschek et al., 2002; Zebarjad, 2003). The long fibre reinforced composite pellets for injection moulding can give composites with many significantly enhanced properties in comparison with conventional short fibre compounds (Thomason, 2002, 2005).
 
 2.3
 
 Injection moulding
 
 2.3.1 Processing of injection moulding Although many fabricating processes are available for producing nonreinforced plastic products, injection moulding (IM) is used to produce at least 50% by weight of short fibre reinforced polymers. Moulded parts manufactured by IM have the advantages of economy, vast quantity and no post-moulding finishing operations. IM is principally a mass-production method and the best return is realised when it is so used (Rosato, 1995, 1998). A screw plasticising system is normally used in the injection moulding equipment. The typical reciprocating screw will melt and mix the compound through compression and shear. As the screw moves to the rear of the cylinder, the melt accumulates in front of the screw. When the desired amount of melt is attained for shot, the screw stops rotating and acts as a ram to push the melt into the mould. In a typical plasticising screw extruder, the compound is fed from a hopper into the side of a long heated cylinder
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 2.8 A typical plasticising screw extruder showing zone locations. Adapted from Rees (1994).
 
 or barrel near its end (Fig. 2.8) (Rees, 1994). The typical screw consists of three basic zones: feed, transition (melting) and metering. The first zone is the feed zone where the compound material is fed from the hopper into the heated barrel. The section of the screw in this zone acts like an auger and is designed to be an efficient conveyor for conveying away the compound material from the hopper. The second zone is the transition or compression zone which starts at the end of the feed zone, in which the compound material is melted and homogenised. The section of the screw in this zone is designed to enhance the friction and contact of the compound material with the barrel, which is different from the feed zone. Finally, the third zone is the metering zone. This zone is designed to act as a pump by generating pressure in the homogeneously molten material and to meter accurately by supplying a quantity of molten compound material under pressure, which is consistent for each operation. The design of the screw is important for obtaining the desired mixing and melt properties, output rate and temperature control. One important design factor is the compression ratio defined as the ratio of the screw flight depth in the feed zone to that in the metering zone. Thermoplastics generally require compression ratios between 1.5 to 1 and 4.5 to 1. However, there is no universal screw for all compounds. It is particularly important to choose a screw design for short fibre reinforced polymers so that no excessive attrition of fibres will take place by an overly high compression ratio. In the IM process, the composite compound is first introduced into a heated chamber where the compound melts (technically softens for amorphous or melts for semi-crystalline materials, but the term ‘melt’ is used hereafter for convenience), then the melted compound is injected under pressure into a metal-machined mould cavity. Afterwards, the part solidifies into the intended shape. Finally, the part is ejected from the mould. The three basic mechanical units, including melting and injection unit, mould
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 2.9 Three basic mechanical units of the injection molding process. Adapted from Rosato (1998).
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 2.10 Schematic showing pressure loading on the melted compound going from the injection unit to the mould cavities (right to left). Adapted from Rosato (1998).
 
 and clamping cylinder as shown in Fig. 2.9 (Rosato, 1998), are combined to perform injection moulding. The metal-machined mould may have a single cavity with a sprue that channels the flow of the compound melt from the heating and injection chamber to the mould cavity. The mould may have multiple cavities that are connected to the flow channels (runners) that direct the melt flow from the sprue to the cavities as shown in Fig. 2.10 (Rosato, 1998). Basically, there are two different types of moulds, namely ‘cold runner’ and ‘hot runner’ moulds, as shown in Fig. 2.11 (Rosato, 1998). The cold runner mould requires that the sprue and runners solidify as the part does, then the sprue and runners are removed when the part is ejected. This mould contains water lines that cool both the part and the runner, hence the name ‘cold runner’ mould. When the mould is kept hot around the sprue and runner, and water cooling lines are used around the cavity, only the compound in the cavity solidifies, thus the name ‘hot runner’ mould. It is
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 2.11 Schematic diagrams for the cold and hot runner moulds. Adapted from Rosato (1998).
 
 more difficult but more efficient to operate the hot runner mould than the cold runner mould. In addition to these two basic types of moulds, there are many others that are derived from them, including three plate models, insulated runner moulds, hot manifold moulds and stacked moulds. For details, readers can refer to Rosato (1998). When the compound melt is injected into the mould, both the fibre reinforcements and the polymer molecules disengage from each other and orient themselves parallel to the flow direction of the melt. When highspeed flow occurs through a narrow gate as well as a thin and confined wall section, a high degree of orientation is most pronounced. Otherwise, the degree of orientation will be reduced at least in the centre of the injection moulded part. That may result in the skin–core–skin structure in the final parts as shown in Fig. 2.12 (Xia et al., 1995). Two surface (skin) layers are oriented in the main flow direction while the central (core) layer contains fibres transversely aligned to the main flow direction. The portion of the
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 2.12 Schematic diagram of an injection moulded SFRP along the main flow direction.
 
 melt in contact with the cold mould surface solidifies first with the preferred orientation in the flow direction as it flows into the mould cavity. The SFRP composite with partially aligned fibre orientation shows anisotropic physical and mechanical properties. Namely, the physical and mechanical properties of the SFRP are strongly directionally dependent. To reduce the degree of misalignment of fibres in the SFRP, proper formulations can be selected to contain glass beads or other particulate fillers. The preferred orientation of the fibres in the flow direction increases properties such as strength, elastic modulus, toughness and thermal conductivity, etc., when measured in the flow direction. When fibre orientation is undesirable, increase in the mould temperature and reduction in the filling rate will help. Increase in the gate diameter and the wall thickness of the part will also assist by reducing the shear rate. In some situations, weld lines may be formed. For example, when the flow of the melt is obstructed by any core used in the design of the part, the melt splits as it surrounds the core and reunites on the other side and continues flowing until the cavity is filled, finally the rejoining of the split melt forms a weld line. Multiple gating may also cause the formation of weld lines. Since short fibres tend to be oriented in the direction of resin flow, in the weld line where flow fronts meet, the short fibres are preferentially aligned perpendicular to the major flow direction (normally the loading direction). Hence, the weld lines reduce composite strength, stiffness and toughness and hence should be avoided whenever possible. When weld lines cannot be avoided, the weld line strength may be optimised by increasing injection moulding time during processing. It is particularly difficult to use long discontinuous fibres in injection moulded parts that unavoidably involve weld lines. In contrast, short fibres may be preferable for such design in practical applications. Short glass fibre (SGF) reinforced polyoxymethylene (POM) specimens prepared using injection moulding containing weld lines fracture in a brittle manner at the weld line (Hashemi et al., 1997). The critical influence of the
 
 20
 
 Engineering of short fibre reinforced polymer composites
 
 Table 2.1 Tensile strength of POM and SGF/POM composites Fibre volume fraction
 
 0%
 
 6%
 
 9%
 
 12%
 
 18%
 
 Strength 56.87 ± 0.17 75.00 ± 0.21 82.60 ± 0.13 92.00 ± 0.14 106.60 ± 0.17 without weldline (MPa) Weldline 56.55 ± 0.21 64.01 ± 0.18 66.72 ± 0.25 70.80 ± 0.16 74.90 ± 0.22 strength (MPa) Adapted from Hashemi et al. (1997).
 
 weld line on the tensile strength of SGF/POM composites is illustrated in Table 2.1. The strength values of the composites containing weld lines are considerably lower than those composites containing no weld lines. The main cause of the weakness across the weld line is due to preferential alignment of short fibres along the weld line and thus normal to the applied loading direction. Nonetheless, the weld line strength for these composites is still higher than that of the weld-free POM matrix, indicating that short glass fibres are beneficial as reinforcing fillers even in the presence of weld lines.
 
 2.3.2 Fibre attrition and retention during injection moulding Short fibres and particulate fillers significantly influence moulding characteristics and, in turn, filler dispersion state, fibre orientation and length are affected markedly by processing parameters. The fibrous and particular fillers in the polymer matrix increase apparent viscosity and impede melt flow. This effect increases with increasing filler contents and proper processing of filled polymers requires higher temperatures and pressures accordingly. In some situations, the effects of gating and moulding conditions can be substantial. Moreover, the processing conditions have significant influence on the final fibre length in injection moulded composite parts (Barbosa and Kenny, 1999; Lafranche et al., 2005; Tjong et al., 2003; Ozkoc et al., 2005; Vu-Khanh et al., 1991). Hence, different properties of SFRP composites can be obtained by varying gating geometry, temperature, pressure and time, etc. Attrition of fibres can occur during processing and, in general, low screw speed and low back pressure are desirable to avoid excessive fibre attrition. It is important to choose the right moulding conditions in addition to the right combination of fibres and polymer matrix to obtain high performance SFRP composites.
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 Significant fibre breakage occurs during the injection moulding process; number average fibre length can be reduced by an order or more. Fibres may be damaged at a number of key stages during injection moulding: in the screw pre-plasticisation zone, in passing through the die, in the gate region of the mould, and interim convergences and divergences in the mould itself (Bailey and Kraft, 1987). The mechanical properties of short fibre reinforced polymers depend on the retention of fibre length in the finished part. Consequently, optimisation of the injection moulding process is required to achieve better composite mechanical performance. The injection moulding conditions for long glass fibre reinforced poly(butylene terephthalate)/poly(ethylene terephthalate) blends prepared using a standard Hengel injection moulding press of 70 tons with a general-purpose screw having a compression ratio of 22 : 1 are optimised through controlling the six main moulding variables (Vu-Khanh et al., 1991): peak cavity pressure, holding pressure, back pressure, screw speed, melt temperature and barrel temperature profile. In general, these moulding parameters and their interactions have significant effects on fibre attrition. Table 2.2 shows the results for fibre lengths of SFRP composites prepared under different injection moulding conditions. Besides the effects of the processing parameters, the polymer matrix also has a significant influence on fibre length in the final injection moulded composites such as those found in short glass fibre reinforced polyamide 6,6/polypropylene (PA 6,6/PP) blends toughened by rubber (Fu et al., 2005). The level of glass fibre attrition in long fibre reinforced polypropylene composites is consistently less than that for nylon-based composites (Bailey and Kraft, 1987). Fibre attrition is also studied in short glass fibre reinforced polypropylene/polystyrene (PP/PS = 70/30) blend composites with special attention to long glass fibre reinforcement (Inberg et al., 1999). Specimens are produced in three different ways: by dry blending (direct injection moulding), mild compounding with a single screw extruder, and intensive compounding with a twin screw extruder. Thus, three different series of injection moulded specimens are made. The first is compounded with the twin screw extruder, the second with the angle screw extruder, and the third is dry blended. The single screw compounding conditions are set at 230 °C and a screw speed of 30 rpm (Brabender 30/25D, 3 mm die, screw diameter = 30 mm, with constant screw channel depth). The twin screw compounding conditions are set at 230 °C and 120 rpm (Berstorff, co-rotating, L/D = 33, 3 mm die, and screw diameter = 25 mm). The dry blend series is produced directly using the pre-specified fibre content. For the extrusion compounded materials, extrudates containing 30 wt% are first obtained and are then mixed with the original PP and PS to obtain the 10 and 20 wt% series. The extrudates are chopped into granules of 9 mm. Subsequently, tensile and impact samples are made using injection moulding (Arburg Allrounder
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 Table 2.2 Effects of injection moulding conditions on fibre attrition Peak cavity pressure (GPa)
 
 Holding pressure (GPa)
 
 Back pressure (kPa)
 
 Screw speed (rpm)
 
 Melt temperature (°C)
 
 Barrel temperature profile
 
 Number average fibre length (mm)
 
 14 70 70 14 70 14 70 14 70 14 70 14 14 70 70 14 70 14 70 14 70 70
 
 1 1 7 1 1 7 7 7 7 1 1 7 1 1 1 1 1 7 7 7 7 7
 
 0 0 0 700 700 0 0 700 700 0 0 700 0 0 0 700 700 0 0 700 700 700
 
 50 50 50 100 100 100 100 50 50 100 100 50 100 100 50 50 100 50 100 100 50 100
 
 260 260 260 260 260 260 260 260 260 260 260 290 290 290 290 290 290 290 290 290 290 260
 
 Decreasing Increasing Decreasing Decreasing Increasing Decreasing Increasing Increasing Decreasing Increasing Decreasing Decreasing Decreasing Increasing Decreasing Increasing Decreasing Increasing Decreasing Increasing Increasing Decreasing
 
 1.06 0.85 0.83 0.74 0.89 0.79 0.99 0.79 0.82 0.95 0.81 0.91 1.23 0.97 1.45 0.91 1.12 1.03 1.00 0.89 0.71 0.74
 
 Adapted from Vu-Khanh et al. (1991).
 
 221-55-250, screw diameter = 30 mm). The fibre lengths before and after injection moulding are measured; the results are given in Table 2.3 (Inberg et al., 1999). Before injection moulding, the fibre length depends on the compounding method. Fibre lengths in twin screw granules are much shorter than those in single screw granules, indicating considerable fibre attrition has taken place with twin screw compounding. For the dry blend, the fibre length before injection moulding is as-received 4.5 mm. The injection moulding of the dry blends and the compounds causes further fibre attrition. The fibre reduction worsens as the fibre content increases for the single screw extruded compound and the dry blend. This decreasing trend of fibre length with increasing fibre content is a common phenomenon (Fu et al., 2000, 2001; Thomason, 2005). Moreover, when hybrid composites are produced simultaneously using two types of fibres (e.g. glass and carbon fibres) at a fixed total fibre content, the average fibre length of the rela-
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 Table 2.3 Glass fibre lengths before and after injection moulding Fibre content (wt %)
 
 Number average fibre length lmean (mm)
 
 Weight average fibre length w (mm) l mean
 
 Before injection moulding Single screw granules Twin screw granules
 
 30 30
 
 1.33 0.35
 
 2.52 0.46
 
 After injection moulding Dry blend Dry blend Dry blend Single screw Single screw Single screw Twin screw Twin screw Twin screw
 
 10 20 30 10 20 30 10 20 30
 
 2.21 1.48 1.09 1.11 0.92 0.72 0.35 0.36 0.33
 
 3.43 2.72 2.25 1.96 1.55 1.06 0.46 0.49 0.46
 
 Adapted from Inberg et al. (1999). (Polymer Engineering and Science, Vol. 39, No. 2, 1999, p. 341. Copyright 1999 John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 tively less brittle glass fibre increases as its content increases while a different trend is true for the more brittle carbon fibre (Fu et al., 2001). The order of fibre attrition after injection moulding for these three series is: twin screw extruded compound > single screw extruded compound > dry blend. Therefore, for injection moulded SFRP composites, on the one hand, there is a variable fibre alignment over the composite part; on the other hand, the process of injection moulding filamentises the fibres causing a wide distribution of fibre lengths. This must be kept in mind when developing a mathematical model to predict the composite strength (Templeton, 1990). In the past three decades, the growth in using structural composites has resulted in the need for higher performance SFRP composites. High performance levels can only be achieved from a composite part containing fibres of high aspect ratio and high fibre concentration. However, the demands of mass production are often in conflict with the retention of high aspect ratios and the use of high fibre concentrations (Thomason and Vlug, 1996). This has provided the impetus for the development of techniques to produce long fibre reinforced polymer composites. Although the fibre volume fraction is easy to control, this is not the case for fibre length in a SFRP composite, principally because most thermoplastic composite prepa-
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 ration routes lead to significant uncontrollable degradation of fibre length (Bailey and Kraft, 1987; Fisa, 1985; Franzen et al., 1989; Harmia and Friedrich, 1995; Vu-Khanh et al., 1991; Yu et al., 1994). Thus, it is important to set appropriate targets for the desired fibre concentration and fibre aspect ratio in a composite part. Moreover, fibre length is an important factor in determining fibre concentration at which fibre packing problems manifest themselves (Thomason and Vlug, 1996). Pultrusion is often used for producing long fibre pellets which are then used for making relatively ‘long’ fibre reinforced polymers using injection moulding (Truckenmueller and Fritz, 1992; Wolf, 1994). Here ‘long’ denotes that discontinuous fibres have a length of ∼1 mm or longer. Strictly speaking, composites based on polymers reinforced with these ‘long’ fibres are still SFRP composites. Alternatively, the direct incorporation of continuous fibres (DIF) as a relatively inexpensive method is also used to substitute the relatively expensive pultrusion process to produce long fibre pellets (Truckenmueller, 1993). Nonetheless, good fibre dispersion and high fibre length are often mutually exclusive in DIF injection moulded SFRP composites. Truckenmueller (1993) studied direct processing of continuous fibres in injection moulding machines to improve fibre dispersion with minimum fibre breakage. The schematic of the DIF process (Truckenmueller, 1993) is shown in Fig. 2.13. The roving strands that are normally provided in spools of several kilograms are guided into the specially designed vent of the devolatilising unit and fed into the melt by the
 
 1
 
 2
 
 4
 
 3
 
 2.13 Schematic illustration of the DIF-technology: (1) spools of roving strands, (2) specially designed vent opening, (3) devolatilising unit, and (4) standard injection moulding machine. Adapted from Truckenmueller (1993).
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 shearing motion of the screw. To achieve good fibre dispersion and minimum fibre breakage, mixing elements are introduced to provide good distributive mixing performance. Conversely, the dispersive mixing action should be as low as possible to avoid fibre breakage. Large fibre length is achieved and fibre length distribution in DIF injection moulded discs is close to that in composites based on long fibre pellets (Truckenmueller and Fritz, 1992). In summary, short fibre reinforced polymers are extrusion pre-compounded, resulting in a fibre length distribution even before the injection moulding process takes place. It is well accepted that discontinuous fibre reinforced polymer composites should be moulded with a degree of care to preserve the fibre aspect ratio in the final moulded articles. The use of low back pressure, generous gate and runner dimensions can lead to minimised fibre length reductions (Folkes, 1982; Bailey and Kraft, 1987). Back pressure has a more dramatic effect on the fibre length than does injection speed or injection pressure. A large gate will be associated with lower shearing forces which will damage fibres to a lesser degree. Also, matrix type and fibre content are two important factors on fibre attrition.
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 3 Major factors affecting the performance of short fibre reinforced polymers
 
 Abstract: There are a few major factors that play critical roles in determining the mechanical performance of SFRP composites. These major factors include fibre and matrix properties, fibre–matrix interface characteristics, fibre length distribution, fibre orientation distribution and fibre volume fraction. This chapter describes these major factors. Some of the factors, for example, fibre length distribution (FLD) and fibre orientation distribution (FOD), are dependent on processing conditions. Consequently, measuring methods and definitions of FLD and FOD are given in this chapter. Key words: fibre length distribution, fibre orientation distribution, fibre and matrix properties, interface characteristics, fibre volume fraction.
 
 3.1
 
 Introduction
 
 The disadvantages of pure polymers for structural or semi-structural applications are their relatively low stiffness and strength. The incorporation of high stiffness and high strength short fibres into the polymer matrices is aimed mainly at improving these mechanical properties. An additional advantage is that extrusion compounding and injection moulding techniques that were developed originally for un-reinforced polymers can be adopted to produce short fibre reinforced polymer (SFRP) composites. The extrusion compounding and injection moulding processes are easy, rapid manufacturing techniques that have made possible the fabrication of SFRP products much faster compared with that of continuous fibre composites using time-consuming techniques. SFRP composites are being used increasingly in automobiles, business machines, durable consumer items, sporting goods and electrical industries, etc., owing to their superior mechanical properties over corresponding parent polymers and their low cost and easy processing. To develop high performance SFRP composites, researchers need to know the major factors that play critical roles in determining the mechanical performance of SFRP composites. The major factors include fibre and matrix properties, fibre-matrix interface characteristics, fibre length distribution, fibre orientation distribution and fibre volume fraction. In this chapter an introduction to these major 29
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 factors is given. Discussion of the mechanical and physical properties which depend on these major factors will be given in detail in corresponding sections.
 
 3.2
 
 Modified rule of mixtures
 
 Before discussing these major factors, the modified rule of mixtures for the strength and modulus of SFRP composites is first introduced. This knowledge is helpful to understand why fibre and matrix properties, interface characteristics, fibre length distribution, fibre orientation distribution and fibre volume fraction are the major factors. The strength (σ uc) of SFRP composites can be estimated by assuming that the load is carried mainly by the fibres and matrix at the instance of fracture. This leads to a modified rule of mixtures equation as below:
 
 σ cu = λσ Fu v + σ M vm,
 
 3.1
 
 where v and vm are, respectively, fibre and matrix volume fraction; σ uF and σM are, respectively, ultimate strength of fibre and the stress level of the matrix at failure of the composite. λ is fibre reinforcing coefficient for composite strength and is a function of fibre aspect ratio (the ratio of fibre length over diameter as a measurement of fibre relative length), fibre orientation and fibre–matrix interfacial adhesion. The value of λ is less than 1.0 for SFRP composites and is equal to 1.0 for unidirectional continuous fibre composites. It is obvious that the composite strength is proportional to the strength of the fibre and the stress level of the matrix at failure of the composite. The stress level of the matrix at failure of the composites is proportional to the matrix stiffness and is a product of matrix stiffness and composite failure strain if the matrix is still in the elastic range. The fibre generally plays a dominant role in determining the strength of SFRP composite because the strength of the fibre is often much higher than that of the polymer matrix. Similarly, an expression for the composite modulus can be written as: Ec = χ Ef v + Em vm,
 
 3.2
 
 where χ is fibre reinforcing coefficient for composite modulus and is a function of fibre aspect ratio and fibre orientation; it is not strongly dependent on the interfacial adhesion strength because modulus is a material property at low strain. Ef and Em are, respectively, the modulus of the fibre and the matrix. Equation [3.2] is an approximate expression for the composite modulus. Detailed discussion will be given in Chapter 6 on elastic modulus.
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 Fibres
 
 The fibres usually used to reinforce polymers have diameters of the order of 10 μm. The most commonly used reinforcement is glass fibre. However, to meet various demands from industries on composite strength and modulus, various fibres are applied. Advanced reinforcement materials include but are not limited to glass, carbon, boron, silicon carbide, aramid and polyethylene fibres. A survey of the mechanical and physical properties of some selected reinforcing fibres is summarised in Table 3.1, in which the properties of high carbon steel are also provided for comparison. These data show that carbon, boron, SiC and Kevlar-49 fibres have a much higher Young’s modulus than glass fibres, but their prices are also much higher. Sometimes, hybridisation of two or more different types of fibres is used to reinforce polymers to achieve a balance of properties and cost. A brief introduction of some selected reinforcing fibres is given below. Detailed discussion on these fibres has already been given by Jang (1994) and Weeton et al. (1990). Glass fibres comprise well over ∼90% of the fibres used in SFRP composites as they are inexpensive to produce and possess high strength, high stiffness (relative to parent plastics), low specific gravity, superior chemical resistance and good insulating characteristics. There are also some disadvantages including relatively low modulus, self-abrasiveness, low fatigue resistance and poor adhesion to polymer matrix resins. Several chemicals Table 3.1 Typical physical and mechanical properties of some selected reinforcing fibresa Fibre materials
 
 Specific density (g/cm3)
 
 Fibre diameter (μm)
 
 Young’s modulus (GPa)
 
 Tensile strength (GPa)
 
 Carbon (PAN HM) Carbon (PAN HT) Carbon (PAN A) Carbon (mesophase) Boron SiC (whisker) E-glass S-glass Kevlar-29 Kevlar-49 Polyethylene High carbon steel
 
 1.80 1.7 1.9 2.02 2.6 3.2 2.50–2.54 2.48–2.60 1.44 1.45 0.97 7.8
 
 7–10 7–10 7–10 7–10 130 1–50 10–14 10–14 12 12 12 250
 
 400 200 220 380 400 480 70–72.4 85.5–90 60 130 117 210
 
 2.0–2.8 3.0–3.5 3.2 2.0–2.4 3.4 up to 7.0 1.5–3.5 4.6 2.8 2.8–3.6 2.6 2.8
 
 a
 
 After Agarwal and Broutman (1990), Harris (1986), Jang (1994), Jones (1994) and Pilato and Michno (1994).
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 can be added to silica/sand to prepare for glassmaking; different combinations give rise to different types of glass, including A-glass, C-glass, E-glass and S-glass fibres. A-glass is a high-alkali glass. The important alkalis in A-glass are soda and lime, which make up ∼25% of A-glass by weight. A-glass has very good resistance to chemicals. But, its high alkali content lowers its electrical properties. C-glass (chemical-glass) is a special mixture with extremely high resistance to chemicals. It is intended for use in situations where high chemical resistance is required. E-glass is named for its electrical properties. With low alkali content, it offers much better electrical insulation than A-glass. As a fibre, it has good all-around strength, and it can strongly resist attack by water. S-glass is a high strength glass fibre and its tensile strength can be much higher than that of E-glass fibre. It also holds its strength better at high temperatures and resists fatigue well. Some typical physical and mechanical properties of E-glass and S-glass fibres are given in Table 3.1. High strength and high modulus carbon fibres are manufactured by treating organic fibres (precursors) with heat and tension, leading to a highly ordered carbon structure. The most commonly used precursors are rayon-based filaments, polyacrylonitrile and pitch. Rayon carbon filaments are stretched in a series of steps in an inert atmosphere at ∼2700 °C. Tension at high temperatures causes the graphite layer planes to align with the fibre axis, imparting high strength and high modulus to the fibres. Polyacrylonitrile is a long-chain linear polymer composing of a carbon backbone with attached carbonitrile groups. The conversion of polyacrylonitrile fibres into carbon fibres involves treatment of the fibres in an oxidising atmosphere at temperatures typically in the range of 200–300 °C while under tension to avoid shrinkage. Pitch, a by-product of the coal gasification and petrochemical industries, has long been considered as an attractive, inexpensive precursor for production of carbon fibres. The pitch precursor is melt spun and the spun precursor is extruded through a capillary spinneret and is then drawn and wound onto a rotating bobbin to produce fibres. The fibres are generally carbonised by rapidly heating to a temperature in the range of 1500–2800 °C. A few types of carbon fibres are available in a wide range of modulus and strength. Some typical physical and mechanical properties of representative classes of carbon fibres are listed in Table 3.1 (Harris, 1986; Agarwal and Broutman, 1990; Jang, 1994; Jones, 1994). Aramid fibre is a generic term for aromatic polyamide fibres. As an example, Kevlar® fibres, developed by Du Pont, consist of poly(1,4phenylene-terephthalamide) (Takayanagi et al., 1982). The fibres are produced as Kevlar®-29, Kevlar®-49, the latter having a higher modulus is more commonly used in composite structures. Other types of aramid fibres have also been developed. For details, readers should consult the books by Jang
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 (1994) and Weeton et al. (1990). Some specific physical and mechanical properties of Kevlar-29 and Kevlar-49 fibres are given in Table 3.1. The name ‘boron fibres’ is not strictly accurate because these fibres are actually composites. Boron filament is manufactured by chemical vapour deposition (CVD) and the metal boron is coated on a thin filament of another substance called a substrate. Substrates are usually tungsten (W) or carbon. Boron fibres have been used for many years for polymer matrices. The elastic modulus of boron fibre is extremely high, offering good stiffness to reinforced composites. Some specific physical and mechanical properties of boron fibres are given in Table 3.1. Silicon-carbide filaments are also produced by CVD. β-SiC is obtained by the reaction of silane and hydrogen gases with the carbon filament being the substrate for deposition. SiC fibres have physical and mechanical properties comparable to those of boron fibres. SiC fibre is less expensive than boron fibre when available in production quantities. Typical mechanical and physical properties of SiC and polyethylene fibres are given in Table 3.1.
 
 3.4
 
 Polymer matrices
 
 While the reinforcing fibres play a very important role in determining the stiffness and strength of SFRP composites, the ability of the matrix to support the fibres and transfer the applied stress to the fibres is also very important. Most polymers are relatively high molecular weight materials, in which no further chemical reaction occurs. By taking advantage of the inherent nature of polymer molecules to undergo thermally-induced flow, various shaped SFRP products can be fabricated at elevated temperatures by easy and fast processing techniques, such as extrusion compounding and injection moulding processes. Matrix materials in SFRP composites are extensive, such as polypropylene (PP), polyamides (PA6 and PA6,6), polystyrene (PS), acrylonitrile butadiene styrene (ABS) terpolymer, polyethylene (PE), polybutylene terephthalate (PBT), polycarbonate (PC) and poly (ether ether ketone) (PEEK), etc. The property requirements for matrix materials are different from those for short fibres. Since the fibres must serve as the principal loadbearing members in a composite, they must be of high strength and stiffness. Reinforcement fibres usually have low ductility; but in contrast, polymer matrix materials usually have relatively high ductility. The matrix serves to bind the fibres and protect the rigid and brittle fibres from abrasion and corrosion. The matrix transmits the applied stress in and out of composites and in some cases the matrix carries some (especially transverse) load. The mechanical properties of some selected polymers that are most often used in SFRP composites are given in Table 3.2. It must be recognised that the values given in the table represent only the range of these mechanical
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 Table 3.2 Typical physical and mechanical properties of selected polymer matricesa Materials
 
 Specific density (g/cm3)
 
 Young’s modulus (GPa)
 
 Tensile strength (MPa)
 
 Polypropylene (PP) Nylon 6 Nylon 6,6 Polystyrene (PS) Rubber Poly-2,6-dimethyl-1,4phenylene oxide (PPO) Acrylonitrile butadiene styrene (ABS) Polycarbonate (PC) Polybutylene terephthalate (PBT) Poly ether ether ketone (PEEK) Poly ether sulphone (PES) Polyethylene terephthalate (PET) Poly (phenylene sulfide) (PPS)
 
 0.9 — 1.14 1.05 0.85–0.90 1.07
 
 1.1–1.6 3.0 2.5–3.8 2.37–3.0 0.001 1.65
 
 30–40 80 50–90 40–49.6 — 68.9
 
 —
 
 2.2
 
 45
 
 1.06–1.2 —
 
 2.2 2.6
 
 65 60
 
 1.32
 
 3.1–4.5
 
 90–103
 
 1.37
 
 2.4–2.6
 
 80–84
 
 1.21
 
 2.7–4.0
 
 50–70
 
 —
 
 3.5–4.4
 
 74–80
 
 a
 
 After Berglund (1998), Berthelot (1999), De and White (1996), Tekkanat and Gibala (1991), Jones (1994) and Pilato and Michno (1994).
 
 properties because they depend on testing and environmental conditions, breakdown of molecular chains and chemical reaction during thermal treatment (that is, melting and cooling).
 
 3.5
 
 Interface and interphase
 
 The mechanical properties like strength and toughness, etc., of SFRP composites depend critically on the properties of the interface or interphase between the fibre and matrix. An ‘interface’ is a boundary demarcating distinct phases such as fibre, matrix and coating layer. An ‘interphase’ may be a diffusion zone, a nucleation zone, a chemical reaction zone, a thin layer of fibre coating or any combination of the above. Sizing materials are normally coated on the surface of fibres immediately after forming as protection from mechanical damage. The coating material of the fibres involves different agents. It contains in general a film-forming agent for protection, lubricants for reduction of wear during handling and coupling agents for
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 enhancement of the fibre-matrix interfacial adhesion. For glass reinforcement used in SFRP composites, the sizing usually contains a coupling agent to bridge the fibre surface with the polymer resin matrix used in the SFRP composites. The coating of the fibres leads to an interlayer between the two components. The interface plays a decisive role in stress transfer from polymer matrix to short fibres and controls the mechanical properties of the SFRP composites, thus, sufficiently high stress transfer ability must be guaranteed to achieve high strength of the composite. Therefore, appropriate coupling agents are often used to improve the quality of bonding between fibres and polymer matrix, since the interfacial shear stress τ between them is important to stress transfer. τ can be used to evaluate the critical fibre length, lc, at which the fibre stress at its ends transferred from the matrix reaches the maximum stress, that is, the fibre failure stress: lc = rf ⋅σ Fu τ ,
 
 3.3
 
 where rf is fibre radius. Undoubtedly, the interface or interphase between polymer matrix and short fibres is one key factor to understand composite performance. The effects of the interface on the mechanical properties of SFRP composites are explored in the following chapter. But a detailed study of the mechanisms by which the interface works lies outside the scope of this book. Further discussions of the coating materials and the mechanics of interface and interphase can be found in Jang (1994), Kim and Mai (1998) and Watts (1980).
 
 3.6
 
 Fibre length
 
 3.6.1 Fibre length in SFRP composites Short fibre reinforced polymer (SFRP) composites are often produced by rapid, low-cost extrusion compounding and injection moulding processes. In the course of these processes, the shear stresses exerted by the screw or ram will break the fibres and result finally in a fibre length distribution with an asymmetric character with a tail at the long fibre end. The fibre length is governed by a number of factors including fibre content and processing conditions, etc. (see Fu et al., 1999a and references therein). The viscosity of the matrix affects the final fibre length distribution in the SFRP composite, which in turn controls the composite mechanical properties. A higher matrix viscosity leads to a lower mean fibre length, and thus a lower fibre reinforcing efficiency for the composite strength and modulus. Fibre breakage in processing of reinforced polymers is often caused by fibre–fibre interaction, fibre–matrix interaction and fibre contact with the surfaces of equipment. The fibre damage is related not only to the equip-
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 ment type used and the processing conditions but also to the fibre content and the resin type. It is generally observed that when the fibre content increases, the fibre–fibre interaction will cause more damage to fibre length so that the final mean fibre length decreases with increasing fibre content. That is, the mean fibre length is inversely proportional to fibre content (Fu et al., 2000).
 
 3.6.2 Measurement of fibre length Mechanical properties, such as strength, elastic modulus and fracture toughness, of SFRP composites are critically dependent on the fibre length distribution (FLD). To study the relationships between mechanical properties and FLD, the latter parameter must be measured. The most common method used for fibre length measurement is direct measurement of fibre lengths after resin burnout (Arroyo and Avalos, 1989; Chin et al., 1988; Fu et al., 2002; von Turkovich and Erwin, 1983). Conventional fibre length measurement is simple and rapid. Fibre samples are collected by burning off resin matrix in a muffle furnace or removing resin matrix using solvent extraction. The fibres are cast onto glass slides and dispersed in an aqueous solution like saline/lubricant solution or natural water. The fibre dispersion is then dried, leaving an even fibre distribution on the glass slides. The fibre samples are then used for measurement of fibre length as shown in Fig. 3.1. First, optical photos can be taken for fibre samples. Fibre lengths are then measured using a slide projector (von Turkovich and Erwin, 1983) or with computer software SemAfore 4.0 (Fu et al., 2002). When using a slide projector, the light source projects the image of the fibres onto the digitising tablet as shown in Fig. 3.2. Magnetisation of the fibre image is controlled by adjusting the focal length of the projection. The operator uses a magnetic pen to locate the end-points of each fibre to obtain the fibre length. When using the computer software SemAfore 4.0, the optical micrographs of short fibres stored in a computer are used for
 
 Furnace
 
 Resin burn-off Fibres are dispersed in aqueous solution
 
 Fibre samples deposited on glass slide
 
 3.1 Preparation of fibre sample for fibre length measurement.
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 Fibre image
 
 Projector Digitising tablet Slide location
 
 Computer Fibre length histogram
 
 3.2 Fibre length measurement using a slide projector (von Turkovich and Erwin, 1983). (Polymer Engineering and Science, Vol. 23, No. 13, 1983, p. 745. Copyright, 1983, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 measurement of fibre lengths and fibre length measurements can be easily carried out by semi-automatically locating the two ends of short fibres in the micrographs to evaluate values of fibre lengths. Figure 3.3(a) shows a schematic of the full view of fibres to be photographed and PIC 1–4 therein will be used for measurement of fibre length (Fu et al., 2002). It can be seen that the fibres crossing the edges of the pictures cannot be measured because the parts beyond the picture edges of the crossing fibres are not visible. The crossing fibres usually have longer fibre length than the un-crossing fibres near the edges and as a result the average fibre length would be underestimated since the crossing fibres could not be properly counted. In the photomicrograph technique, fibres are normally cast onto the surface of glass slides or the like and the fibres are then photographed using an optical microscope. Fibre length can be measured using computer software or a scale on photographs of extracted short fibres from the samples. However, the photographs cannot be unlimitedly large as shown in Fig. 3.3(a). So, there will be many fibres intersecting the edges of the pictures as shown in Fig. 3.3(b). To obtain the correct average fibre length, all the fibres within the photographs and across the edges of the photographs have to be considered. The lengths of the fibres within the photographs can be easily measured. Normally, 600–1000 fibres in total are needed for measurement of short fibres. Assume the number of the fibres with a length of l to l + dl is Nwit
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 PIC 1
 
 PIC 2
 
 PIC 3
 
 PIC 4
 
 (a)
 
 (b)
 
 3.3 (a) Schematic showing the full view of the fibres to be photographed and used for measurement of fibre lengths, (b) optical photograph of short fibres in which the length of fibres only within the photograph can be measured. Adapted from Fu et al. (2002).
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 within the photographs, which are simply counted. Then, the number (Nint) of fibres with the same length range intersecting the photographs can be obtained from Fu et al. (2002): N int =
 
 1.2732l ( LA + LB ) N wit , LA LB − 0.6366l ( LA + LB ) + 0.3183l 2
 
 3.4
 
 where LA and LB are the lengths of the two edges of the photographs. When LA, LB >> l, Nint 0,
 
 3.9
 
 where a and b are size and shape parameters, respectively. Therefore, the cumulative distribution function, F(l), is given by combination of eqns [3.7] and [3.9] so that: F ( l ) = 1 − exp ( −al b ) for l > 0.
 
 3.10
 
 From eqn [3.9] the mean fibre length (i.e., the number average fibre length) becomes: ∞
 
 lmean = ∫ lf (l ) dl = a−1 b Γ (1 b + 1) ,
 
 3.11
 
 0
 
 where Γ(x) is the gamma function. To fulfill the normalisation condition of eqn [3.8] the limiting case of lmin close to zero and lmax close to infinity is assumed. The most probable length (mode length), lmod, where the probability density function has a peak value, is obtained by differentiating eqn [3.9] and putting the resultant equation equal to zero, which gives: lmod = [1 a − 1 (ab)] . 1b
 
 3.12
 
 An indirect two-section experimental method is also proposed for estimating the average fibre length in layered composites by using data generated from two parallel, closely spaced sections of a specimen (Zak et al., 2000). The average fibre length is estimated from the ratio of matched fibres appearing in both cross sections to the total number observed in a single cross section. The results obtained by this indirect method are consistent with the most commonly used matrix burnout method. However, it should be noted that this indirect method can only provide the data of average fibre length (Zak et al., 2000). Assume the fibre length (l) varies from zero to lmax in a short fibre reinforced polymer composite. The fibre length lmax can be divided into n intervals and each fibre length interval equals Δl, then, n=
 
 lmax . Δl
 
 3.13
 
 It is obvious that n decreases with increasing Δl. Assume that N fibres are collected in total and the number of fibres with a length within the ith interval (i = 1, 2, . . . n) is Ni as done in measurement of fibre length. The total number of fibres within all the intervals is: n
 
 N = ∑ Ni . i =1
 
 3.14
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 Naturally, N does not depend on Δl. The number fraction relative frequency h(l) of the fibres within the ith interval is defined by: h( l ) =
 
 Ni , N
 
 3.15
 
 where l is the fibre length at the beginning of the ith interval. Equation [3.15] is often used to characterise the fibre length distribution in SFRP composites. But the number fraction of the fibres depends on the size of the fibre length interval Δl and increases with Δl. Hence, the fibre length distribution obtained according to eqn [3.15] is not constant. It is more reasonable to characterise the fibre length distribution (FLD) by the fibre length probability density: f (l ) =
 
 Ni N . Δl
 
 3.16
 
 Equation [3.16] has been shown to describe the FLD well (Fu et al., 2001a). In principle, when Δl is infinitely small, the fibre length probability density could be independent of the fibre length interval Δl. However, this is impractical because very tedious experimental work in measuring fibre length is then required. In practice, the fibre length probability density still depends on the fibre length interval. As an example, Fig. 3.4 shows the fibre length probability density f(l) as a function of fibre length using experimental data
 
 Fibre length probability density (μm–1)
 
 4.5
 
 3.6
 
 2.7 ΔI = 22 – 23 μm 1.8 ΔI = 44 – 45 μm
 
 0.9
 
 0 43
 
 172
 
 301
 
 430
 
 559
 
 688
 
 Fibre length (μm)
 
 3.4 Fibre length probability density versus fibre length for a 30 wt% short glass fibre reinforced polybutylene terepthalate (PBT) composite. Adapted from Fu et al. (2001a).
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 given by Sarasua et al. (1995). It is clear that f(l) depends on the fibre length interval Δl. The FLD curve moves horizontally by an amount about [(Δl)1 − (Δl)2]/2 when the fibre length interval changes from (Δl)1 to (Δl)2, where (Δl)1 = 22–23 μm and (Δl)2 = 44–45 μm (Fu et al., 2001a). In contrast, the cumulative fraction of fibres with a length from 0 to l does not depend on the fibre length interval Δl. The cumulative fraction of fibres is given by: F (l ) =
 
 l
 
 ∑ Ni
 
 3.17
 
 N.
 
 li = 0
 
 The same cumulative fibre length distribution can be obtained by changing the fibre length interval Δl. This is because the cumulative number of fibres with a length less than a certain value is constant for all fibre length intervals and thus does not depend on fibre length interval. The cumulative fibre length distribution can be described with the cumulative distribution function, F(l), expressed by eqn [3.10]. If the values of F(l) at l1 and l2 are known, then a and b can be evaluated from eqns [3.18] and [3.19]: F (l1 ) = 1 − exp ( −al1b )
 
 3.18
 
 F (l2 ) = 1 − exp ( −al ) . b 2
 
 3.19
 
 Combination of eqns [3.18] and [3.19] gives the solutions of a and b as: b=
 
 ln {ln [1 − F (l1 )] ln [1 − F (l2 )]}
 
 a=−
 
 ln (l1 l2 )
 
 ln [1 − F (l1 )] l1b
 
 3.20
 
 3.21
 
 .
 
 Since the cumulative fibre length distribution F(l) does not depend on the fibre length interval, the parameters a and b can be determined according to eqns [3.20] and [3.21]. Alternatively, the parameters a and b can also be obtained from eqns [3.11] and [3.12] provided the mean fibre length (lmean) and mode fibre length (lmod) are given experimentally, in which lmean is obtained in terms of eqn [3.5] while lmod can be obtained from the measured fibre length profile:
 
 (1 − 1 b)1 b (1 b + 1) = lmod b a = (1 − 1 b) lmod
 
 lmean
 
 3.22 3.23
 
 The number average fibre length and the weight average fibre length can be evaluated from the measured fibre lengths and are given by eqns [3.5] and [3.6].
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 Fibre orientation
 
 3.7.1 Fibre orientation in SFRP composites SFRP composites are very attractive because of their ease of fabrication, economy and superior mechanical properties. Conventional injection moulding is often used to make SFRP composites (Bader and Collins, 1983; Bijsterbosch and Gaymans, 1995; Biolzi et al., 1994; Curtis et al., 1978; Denault et al., 1989; Doshi and Charrier, 1989; Friedrich, 1985; Fu and Lauke, 1997b, 1998c,d; Fu et al., 1999b, 2000, 2005, 2006; Hine et al., 1993a; Ho et al., 1996; Joshi et al., 1994). In the final SFRP composites prepared using this technique, the fibres will show certain orientation distribution. Several studies (Bay and Tucker, 1992; Fu et al., 2002; Gupta and Wang, 1993; Silva et al., 2006) revealed that injection-moulded SFRP composites have quite complex fibre orientation distributions which vary both through the thickness and at different positions along the composite mouldings (Barbosa and Kenny, 1999). Mechanical properties of SFRP composites are normally orthotropic due to partial fibre misalignment in moulded parts. The fibre orientation pattern is the dominant structural feature of injection moulded short fibre reinforced polymer composites. The composite is stiffer and stronger in the direction of the major orientation while much weaker in the transverse direction. Fibre orientation can be strongly influenced by processing condition and mould geometry. Fibre orientation is dependent on mould geometry and hence specimen geometry. For large samples like injection moulded plaques, the composite moulding has a typical skin–core–skin structure with two skin layers where the fibres are highly oriented in the flow direction and a core layer where fibres are mainly aligned transversely to the flow direction (Bay and Tucker, 1992; Darlington and McGinley, 1975; Fu et al., 2002; Friedrich, 1998; Solomon et al., 2005; Tjong et al., 2002; Xia et al., 1995). An example is given in Fig. 3.5 for a 45 wt% short-glass-fibre (SGF)/polyethyleneterephthalate (PET) composite (Friedrich, 1998), in which the skin–core–skin structure in the sample cut from an injection moulded plaque is clearly demonstrated. In the centre section away from the surfaces, the fibres are distributed more transversely to the mould flow direction. In contrast, for small specimens with narrow cross sections used for tensile testing, the fibres will be aligned preferentially along the mould flow direction. Figure 3.6 shows SEM micrographs of the fracture surfaces of a short glass fibre (SGF)/polypropylene (PP) composite in three different positions across the specimen thickness from one side to the middle, and to the other side (Fig. 3.6a–c). It can be seen that the short fibres are aligned preferentially along the flow direction in the whole specimen thickness. This observation agrees with previous studies from fractured surfaces (Fu and Lauke, 1998c; Ramsteiner and
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 100 μm
 
 3 S
 
 C
 
 S
 
 B
 
 3.5 SEM micrograph of the layer structure in the 2–3 plane (crosssection) of a 45 wt% SGF/PET composite. ‘C’ and ‘S’ are respectively the core and skin layer size while ‘B’ is the specimen thickness. Adapted from Friedrich (1998).
 
 Theysohn, 1979) and polished surfaces (Takahashi and Choi, 1991) of tensile samples with narrow cross sections. Moreover, when short glass and short carbon reinforced polypropylene composite specimens were injection moulded into dumbbell-shaped tensile bars (Fu et al., 2001b), in which an end gated mould was used according to DIN 53455, the fibres in the tensile bars were preferentially oriented in the flow direction as shown in Fig. 3.7. Here, it should be pointed out that ‘preferentially oriented’ does not mean perfect alignment and there should be a fibre orientation distribution with a small average angle of the fibres with the flow direction. Further, as the specimen thickness increases, fibre orientation also changes. The fibre orientation or orientation distribution can be measured using the image analyser technique discussed below.
 
 3.7.2 Measurement of fibre orientation Fibre orientation can be measured using an image analyser system (Clarke et al., 1990, 1993; Hine et al., 1996; Lee et al., 2003). The system works by imaging directly from a polished and etched section taken from the SFRP composite, in which each fibre image appears as an ellipse. The reflection microscopy of a polished composite section easily lends itself to automation allowing a large number of fibre images to be processed in a short time at the order of 10,000 images in 20 minutes. The analysis method allows three-dimensional (3D) fibre orientation distribution functions to be determined. The two Euler angles (θ φ) which specify the 3D orientation of a fibre can be calculated by the analysis system for every fibre image with no need to make any assumptions about the symmetry of the fibre orientation distribution (e.g. transverse isotropy).
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 Flow direction
 
 (b)
 
 Flow direction
 
 (c)
 
 Flow direction
 
 3.6 SEM micrographs of tensile fracture surfaces of an SGF/PP composite with an 8 vol% glass fibres: (a) one side, (b) middle, (c) another side. Adapted from Fu et al. (2000).
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 (a)
 
 (b)
 
 (c)
 
 (d)
 
 3.7 Orientation of fibres in specimens taken from: (a) the side and (b) the central area of the short carbon fibre (SCF)/PP composite with v(carbon) = 25%, (c) the side and (d) the central area of the hybrid SGF/SCF/PP composite with v(carbon) = 18.75% and v(glass) = 6.25%. Adapted from Fu et al. (2001b).
 
 The spatial position of a fibre can be defined by the two Euler angles θ and φ as shown in Fig. 3.8. θ is defined as the angle that the fibre makes with the injection direction 1 or the normal direction of a plane on which the fibre orientation will be measured. φ is the angle that the fibre makes with the 2-axes when projected onto the 2–3 plane, that is, the one whose normal is parallel to the 1-axis direction. θ is determined by the inverse cosine of the ratio of the semi-minor to semi-major axis of the ellipse, while φ is determined from the orientation of the semi-major axis of the ellipse to the 2-axis. The image analysis system for measuring fibre orientation takes each image frame, and fits an ellipse to every fibre image and then determines θ and φ (Hine et al., 1996). For further details on the use of the image analysis system and a more detailed discussion, please see Clarke et al. (1990, 1993) and Hine et al. (1996).
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 θ = cos–1 (b/a)
 
 (b)
 
 3.8 Definition and determination of the fibre orientation angles θ and φ. Adapted from Hine et al. (1996). (Polymer Composites, Vol. 17, No. 3, 1996, p. 402. Copyright, 1996, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 The measurement of fibre orientation by the image analysis technique requires the preparation of a cross section at a prescribed location in the finished SFRP component. The preparation method depends on the technique, e.g., scanning electron microscopy (SEM) or reflected light microscopy used to image the polished cross section of the specimen. The cost of a light microscope is considerably less than that of a SEM and is thus the preferred choice. The preparation of a specimen for inspection by reflected light microscopy requires high contrast between fibre and matrix. A major increase in contrast can be achieved if the specimen is etched with oxygen ions (Mlekusch et al., 1999). The matrix is roughened resulting in greater light scattering and images with contrast comparable to those obtained by SEM (Mlekusch et al., 1999). It is recognised when a polished section is taken through an SFRP composite the fibres appear as circular or elliptical images. Measurement of the elliptical parameters of these images allows the fibre orientation distributions to be measured. Methods to obtain the elliptical parameters include direct measurements of photographs (Yurgatis, 1987; Fakirov and Fakirova, 1985) and use of commercially developed image analysers (Fischer and Eyerer, 1988; Fischer et al., 1990). A polished composite section must be prepared for image analysis. Figure 3.9 shows a typical sectioned surface whose axes are defined as X, Y′ and Z′ (Hine et al., 1993b). In theory, this section could be made at any angle α to the Z-axis. Although the transverse section (X–Y plane) is taken traditionally, this can cause problems with well-aligned fibres. For well-aligned fibre reinforced composites, it is beneficial to prepare the section at a small angle to the Z-axis, making the majority of the fibre images elliptical with a large ellipticity.
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 3.9 Definition of the section angle (Hine et al., 1993b).
 
 Elliptical fibre images measured on this sectioned plane are defined by the angles θ and φ. θ is the angle the fibre makes with the Z′-axis, while φ is the angle between the projection of the fibre image in the X–Y plane and X-axis.θ = cos−1(b/a), where a and b are major and minor axes of the ellipse, respectively. For a near circular image (θ ≈ 0), a 1% error can lead to an uncertainty of 8° in θ. However, when the section is taken at an angle to the Z-axis for the aligned fibre composite, this makes all the images elliptical. Then, a 1% change in b/a gives a 0.5° error in θ. Therefore, it is recommended that the cross section to be used for measurement of fibre orientation in aligned SFRP composites should be selected at an angle to the Z-axis so that the measuring error can be very small. The above approach uses destructive techniques for determining fibre orientation. As stated above, destructive techniques generally consist of cutting a material sample by a microtome, polishing the surface and analysing the elliptical footprints left by fibres cut by the sectioning plane by means of image analysis software. In contrast, non-destructive techniques consisting of using X-rays are also used to obtain an image projection of the fibres on a plane perpendicular to irradiation direction (Kim et al., 2001; Bernasconi et al., 2008). Using non-destructive techniques, the planar fibre orientation distribution can be obtained, but fibre orientations along the thickness of the sample cannot be captured. To obtain a complete spatial distribution description, computed microtomography (μCT) is required. The X-rays produced by the source hit the sample, which is placed on a rotating table, travel through the structures and are collected on the detector plane located downstream. In this way, a large number of radiographs (projections) of the sample are taken at small angular increments over a 180/360° rotation. From these projections it is possible to reconstruct the
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 internal 3D microstructure of the sample using well-known mathematical algorithms.
 
 3.7.3 Definition and characterisation of fibre orientation distribution (FOD) To describe the fibre orientation distribution (FOD) in a short fibre reinforced polymer composite, a spatial curvilinear coordinate system is adopted as shown in Fig. 3.10. Provided θ is the angle that one end of a fibre makes with the 1-axis, then (π − θ) is the angle at the other end of the fibre with the 1-axis. φ and (π + φ) are the two angles of the projection of the two fibre ends onto the 2–3 plane with the 2-axis, respectively. A two-parameter exponential function is used to describe the fibre orientation distribution g(θ) as follows: g (θ ) = θmax
 
 ∫
 
 sinθ 2 p−1 cosθ 2 q −1
 
 for 0 ≤ θ min ≤ θ ≤ θ max ≤ π 2 ,
 
 3.24
 
 sinθ 2 p−1 cosθ 2 q −1dθ
 
 θmin
 
 where p and q are the shape parameters that can be employed to determine the shape of the distribution curve, and p ≥ 1/2 and q ≥ 1/2. g(θ) dθ is the probability that the fibre orientation is between θ and θ + dθ. Equation [3.24] has been verified to be a suitable probability density function to describe the fibre orientation distribution g(θ) in injection moulded short-fibre reinforced polymer composites (Fu and Lauke, 1996,
 
 1 Fibre
 
 q p-q
 
 3 f p+f
 
 2
 
 3.10 Definition of the fibre orientation angles: θ, π − θ, φ and π + φ.
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 1998,a,b). The mean fibre orientation angle (θmean) can be obtained from eqn [3.24] by:
 
 θ mean =
 
 θ max
 
 ∫
 
 θ min
 
 θ g (θ ) dθ .
 
 3.25
 
 Let the resultant equation after differentiating eqn [3.24] be zero, then we have:
 
 θ mod = arctan
 
 {[(2 p − 1) (2q − 1)] } . 12
 
 3.26
 
 Equation [3.26] represents the most probable fibre orientation angle, namely, mode fibre angle at which the fibre probability density is the highest. When p = q = 1, then θmod = π/4; when p = 1 and q > 1, θmod < π/4; when p > 1 and q = 1, θmod > π/4; when p = 1/2, θmod = 0; when q = 1/2, θmod = π/2; when p = q = 1/2, there will be no θmod and the fibres are randomly distributed in the SFRP composite; the corresponding fibre orientation distribution curves are shown in Fig. 3.11. Moreover, when p = 1/2, large q (e.g. 100 or larger) indicates that fibres are preferentially aligned parallel to the θmod = 0 direction; when q = 1/2, large p (e.g. 100 or larger) means fibres have a major preferential orientation normal to the θmod = 0 direction. So, all the cases of fibre orientation distribution in SFRP composites can be included in eqn [3.24]. The fibre orientation coefficient, fθ, can then be defined below: θ max
 
 fθ = 2
 
 ∫ g (θ ) cos2 θ dθ − 1.
 
 3.27
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 3.11 Fibre orientation distribution curves for (a) p = q = 1; (b) p = 1, q = 2; (c) p = 2, q = 1; (d) p = 1/2, q = 2; (e) p = 2, q = 1/2; (f) p = q = 1/2. Adapted from Fu and Lauke (1996).
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 For fθ = 1, all fibres are aligned parallel to the 1-axis direction. fθ = 0 corresponds to a two-dimensional (2D) random distribution or a symmetric distribution about the direction angle of π/4. For fθ = −1, all fibres lie perpendicular to the 1-axis direction. The cumulative distribution function of fibre orientation (θ) is hence given by: θ
 
 G(θ ) =
 
 θ
 
 ∫ g (θ ) dθ =
 
 θ min
 
 ∫
 
 sin θ 2 p − 1 cos θ 2 q − 1dθ
 
 ∫
 
 sin θ
 
 θ min θ max
 
 . 2 p−1
 
 cos θ
 
 2q −1
 
 3.28
 
 dθ
 
 θ min
 
 G(θ) is the cumulative percentage of the fibres whose orientation varies from θmin to θ. Equation [3.24] is the fibre orientation distribution function for θ in the range of 0 to π/2. Thus, the equivalent to eqn [3.24] in the range of 0 to π can be obtained by replacing cos θ with |cos θ|, where || denotes the absolute value sign since the value of cos θ would be negative when θ is greater than π/2. Similar to the definition of g(θ), we can define an orientation probability density function g(φ) for the fibre orientation angle φ in the range of 0 to 2π by: g (φ ) = φmax
 
 ∫
 
 sin φ
 
 2 s −1
 
 sin φ
 
 2 s −1
 
 cosφ
 
 2 t −1
 
 cosφ
 
 2 t −1
 
 for 0 ≤ φmin ≤ φ ≤ φmax ≤ 2π ,
 
 3.29
 
 dφ
 
 φmin
 
 where s and t are shape parameters that determine the shape of the g(φ) curve. g(φ)dφ is the probability density that the orientation of fibres lies between φ to φ + dφ. The probability function for a pair of orientation angles (θ, φ), also known as the orientation distribution function g(θ, φ), is defined such that the probability of the fibres lying in the infinitesimal ranges of θ to θ + dθ and φ to φ + dφ is given by g(θ, φ)dΨ, where dΨ is the infinitesimal solid angle: dΨ = sin θ dθ dφ.
 
 3.30
 
 The probability density distribution must meet two physical conditions. The first condition is that one end of the fibre is indistinguishable from the other end, so θ and φ must be periodic: g (θ , φ ) = g (π − θ , φ + π ) .
 
 3.31
 
 The second condition is that every fibre must have a pair of orientation angles θ and φ so that the integral over all possible directions or the orientation space must equal unity:
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 θmax
 
 min
 
 min
 
 ∫φ ∫θ
 
 g (θ , φ ) sin (θ ) dθ dφ = 1,
 
 3.32
 
 where 0 ≤ θmin ≤ θ ≤ θmax ≤ π and 0 ≤ φmin ≤ φ ≤ φmax ≤ 2π. Since the probability of finding a fibre in the infinitesimal ranges of angles between θ and θ + dθ and between φ and φ + dφ is either equal to g(θ, φ) dΨ or equal to g(θ)g(φ)dθ dφ, then we have: g (θ , φ ) = g (θ ) g (φ ) sin θ .
 
 3.33
 
 Finally, g(θ, φ) can be derived from g(θ) and g(φ). It can be easily verified that the orientation distribution function g(θ, φ) satisfies its periodic condition (eqn [3.31]) and its normalization condition (eqn [3.32]). Thus, g(θ, φ) is a proper probability density function for a pair of orientation angles (θ, φ). Fibre orientation distribution is also described using the modified Kacir et al. (1975, 1977) exponential function to satisfy the requirement that G(π/2) = 1 (Chin et al., 1988). The modified density and cumulative distribution functions are: g (θ ) =
 
 λ e − λθ 1− e
 
 G(θ ) =
 
 π − λ 2
 
 1 − e − λθ π − λ 2
 
 .
 
 1− e Large λ indicates that fibres have a major preferential alignment. Some 90% of fibres are oriented within 10° of each other at λ greater than 10°. In contrast, as λ decreases, fibre orientation becomes more random. Thus, the variation of the shape parameter λ indicates a change of material type from unidirectional to quasi-isotropic.
 
 3.8
 
 Fibre volume fraction
 
 Consider a SFRP composite with a volume Vc comprising a volume Vf of short fibres and a volume Vm of polymer matrix. The volume fraction v of short fibres is: v=
 
 Vf . Vc
 
 3.34
 
 And the volume fraction of the matrix is: vm =
 
 Vm . Vc
 
 3.35
 
 As Vf + Vm = Vc, then we have v + vm = 1. Since fibre weight fraction is often used in practice, it is necessary to convert the weight fraction to volume fraction by the following equation:
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 where P represents weight and ρ denotes density for fibre (f) and matrix (m). When there are more components in a SFRP composite, the denominator of the above equation is the volume sum of all components. For a two-component SFRP composite, the density ρc of the SFRP composite can be evaluated from: Pc Pf Pm = + , ρc ρ f ρm
 
 3.37
 
 and the composite density is given by:
 
 ρc =
 
 Pc . Pf ρ f + Pm ρm
 
 3.38
 
 It may occur that the density measured experimentally does not agree with that estimated by eqn [3.38]. In the case where the deviation exceeds the experimental errors, it can be attributed to the existence of porosity. The difference between the theoretical density ρct and the experimental density ρce allows the porosity volume fraction vp to be estiamted by: vp =
 
 ρct − ρce . ρct
 
 3.39
 
 The presence of porosity in a SFRP composite may cause a decrease in its mechanical properties. Thus, preparation of high quality SFRP composites is of great importance. Further, there exists a critical fibre volume fraction below which the composite strength cannot be improved by addition of short fibres. For reinforcement, we must have (Piggott, 1980):
 
 V cu > V Mu,
 
 3.40
 
 where σ uM is ultimate tensile strength of matrix. At σ uc = σ uM, there is a critical volume fraction for composite strength. Thus, combination of the above equation and eqn [3.1] gives the critical fibre volume fraction as: vcrit =
 
 σ Mu − σ M ( ε Cu )
 
 λσ Fu − σ M ( ε Cu )
 
 3.41
 
 where σM(ε uc) is matrix stress at composite failure and equals Em · ε uC if the failure streain ε uC is in the elastic range of the matrix. It now becomes possible to evaluate the critical volume fraction for composite strength. For example, for λ = 0.5, σM(ε uC) = 40 MPa, σ uM = 60 MPa and σ uF = 2000 MPa, then vcrit = 2%. Thus, only when the fibre volume fraction is higher than 2%, can the composite strength be improved by incorporation of short fibres.
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 Otherwise, the composite strength cannot be enhanced or even lowered by the addition of short fibres. Eqn [3.41] gives the minimum fibre volume fraction above which inclusion of short fibres can be effective in improving the composite strength. Evans and Gibson (1986) discussed the maximum packing fraction achievable for a random array of short fibres. As the maximum possible packing density is approached, the available free volume for fibres decreases. The point at which maximum packing of fibres is reached is defined as that at which the short fibres, whilst remaining randomly oriented, no longer have any rotational freedom, being constrained by the neighbouring fibres. An expression has been proposed for the maximum packing fraction for randomly oriented short fibres, which is: vmax = kd l,
 
 3.42
 
 where k is a constant with a value of 4 for the three-dimensional random fibre composite. In short fibre reinforced polymer composites where random orientation is imposed during some part of the fabrication process, it is expected that the form of eqn [3.42] provides a fundamental limitation to the amount of short fibre reinforcement which can be added to the polymer matrix. However, eqn [3.42] obviously fails to hold for small aspect ratios of short fibres. A slightly improved expression is given by: vmax =
 
 4d ⎛ 1 ⎞ . l ⎜⎝ 1 + d l ⎟⎠
 
 3.43
 
 The inaccuracy at low aspect ratios is unimportant since most short fibre reinforcements of practical interest have rather high aspect ratios. The mechanical and physical properties of SFRP composites depend strongly on fibre volume fraction. For injection moulded short fibre reinforced polymer composites, the composite performance cannot be simply linearly related to fibre volume fraction as expressed in eqns [3.1] and [3.2] as fibre damage is related to fibre content. In general, fibre–fibre interaction causes more damage to fibre length as the fibre content increases. Hence, final mean fibre length decreases with increasing fibre volume fraction. The mean fibre length lmean as a function of fibre volume fraction v can be described by a fitting exponential function with an offset (Fu et al., 2000): lmean = C1 ⋅ exp(C2 v ) + C3,
 
 3.44
 
 where the absolute value of C1 is magnification of the exponential function [exp(C2v)]. (C1 + C3) is the extrapolated fibre length at v = 0, C2 and C3 are constants for a given fibre–matrix system. Since mean fibre length in practice decreases with increasing fibre content, then C1 < 0 while C2 > 0 and C3 > 0 holds true.
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 4 Stress transfer in short fibre reinforced polymers
 
 Abstract: The knowledge of stress distribution around an embedded fibre within a matrix material is crucial for the understanding of the reinforcing action of fibres in composite materials. This chapter provides the basic analytical expressions for the stresses on the fibre, at the interface and within the matrix. After a review of models, both singleand multi-fibre arrangements are considered. The chapter also includes a discussion of the effect of an interphase between the fibres and matrix on the stress distribution. Finite element calculations are summarised. Key words: interface shear stress, single fibre, multi-fibre arrangement, interphase, finite element analysis.
 
 4.1
 
 Model review
 
 Fibre reinforced composites show their improved properties mainly by tension along the fibre axis. The structure preferred in application is just that which can easily be dealt with theoretically, for the symmetry of stress coincides with the symmetry of geometry. Hence, the largest amount of theoretical and experimental work concerning the mechanical properties of fibre reinforced materials deals with unidirectional tension in the direction of the fibre axis. Thus, here, considerations are first restricted to this loading condition. By doing so we neglect all such effects, which result from fibre curvature or fibre orientation distribution (this effect is discussed in Chapters 3, 5–8 and 10). The fibres are considered to be straight and aligned. The central problem with the load-bearing properties of short fibre composites is the load transfer from the surrounding matrix to the reinforcing fibres. The general picture of stress variation along the fibre axis is sketched in Fig. 4.1(a) for the ideal case of elastic components and bonded interface, where it is assumed that no stress is transmitted over the end face of the fibre. Near the fibre end region, the fibre axial stress will be small, less than or equal to the matrix stress. The higher fibre stiffness has lead to deviations in the mean displacements and caused shear stresses along the interface. Thus, the load is transferred from the surrounding region to the fibre until the fibre stress reaches its ‘equilibrium’ value corresponding to a composite with continuous fibres. The stress distribution in Fig. 4.1(b) is characteristic 59
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 4.1 Tensile and shear stress distribution along the fibre: (a) elastic matrix, and (b) plastic matrix; lc-critical fibre length.
 
 of short fibre composites with an elastic-plastic matrix. The increment of fibre stress is determined by the constant shear stress of the matrix in the plastic state. In any case, a part of the fibres is not fully loaded. This fact is responsible for the reduced reinforcing efficiency of short fibres compared to continuous fibres. The importance of length effects can be estimated by comparison with the ‘critical fibre length’ concept which describes the length necessary to build up a certain stress level in the fibre. The critical stress may be determined by: (a) a certain fraction of the stress of an infinitely − − long fibre (σF = εFEf); (b) the fibre actual stress (σF = ασcEf/E , where E is effective modulus of continuous fibre reinforced composite), and (c) the fibre strength (σF = σ uF). For sufficiently long fibres (l ≥ lc) the fibre strength σ uF would be exceeded and the fibres would fracture, thus reducing their length (may even become shorter than the critical length). The stress field around and along the fibres has been calculated in many studies, especially for the case of perfect bonding and elastic behaviour of the components. Three different approaches corresponding to different levels of approximation are used: 1. analytical transformation to integral equations for the elastic fields along the interface and their numerical evaluation (analytical-numerical methods); 2. approximation of ordinary partial differential equations and their analytical solution (analytical method, shear-lag analysis); and 3. finite element analysis of partial differential equations of elasticity (numerical methods). In the case of analytical-numerical methods the basic equations are partially solved by using Green’s function of the elastic problem in an infinite
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 medium and according to the Fredholm–Gebbia formula, and determination of the stress field can be reduced to the stress distribution along the fibre–matrix interface. Such calculations were performed, e.g., by Tolf (1983) who integrated Navier’s equations. He assumed perfect bonding at the fibre–matrix interface and elastic behaviour of the components. The main objective of a theoretical consideration is the derivation of qualitative or quantitative statements concerning the influence of several parameters (e.g., fibre length and fibre volume fraction), and deformation or failure processes on the general behaviour of composites. This allows suppression of undesirable damage and optimisation of composite parameters. To solve this task, analytical methods are most appropriate. With this approach, the displacement field is modelled by few characteristic displacements. Thus, it is a relatively crude approximation, but it yields analytical results containing all the parameters of interest and allows a lucid discussion. A main advantage of the analytical methods lies in the fact that they reveal how different deformation mechanisms act. Many analytical (such as shear-lag) calculations are based on single-fibre models. Early works have been reviewed, for example, by Holister and Thomas (1966) and Pegoraro et al. (1977). The simplest and most widely used models of this kind, following Cox (1952), start from a characteristic composite element containing one fibre only. It is embedded in a corresponding amount of matrix, which is regarded as showing all the essential properties of the whole composite. Cox (1952) studied an elastic matrix reinforced by elastic fibres with intact interfaces. Kelly and Tyson (1965), however, proposed a model with plastic behaviour around the fibres by assuming constant shear stress along the interface. Another non-elastic aspect was considered by Outwater and Murphy (1969), who studied debonding along the fibre–matrix interface. The shear stress within the debonded zone was described by frictional forces between matrix and fibre surface. This leads formally to the same result of a constant shear stress. Such a statement of a constant shear stress implies that these interfaces carry their maximum shear stress already at low applied loads. However, for polymer composites, this will hold true only for composite loads that nearly achieve the composite strength. Hence, this model is well suited for the case of high loads and hence for strength considerations. In contrast, Cox’s model is more suitable at low loads where interface failure can be neglected. There are many extensions of these models in the literature. The extensions concern the stress transfer across the fibre end faces by Fukuda and Chou (1981) and Clyne (1989); the incorporation of axial matrix loads by Takao (1983); the consideration of more complicated loading conditions like tension non-parallel to the fibre direction by Chou and Sun (1980); and the fibre–fibre interaction which will be discussed in Section 4.4. Takao (1985, 1987) examined the effect of shear resistance at
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 the fibre ends on damage propagation. He used the critical load to calculate a modified shear-lag model. Aspden (1994) presented a method based on a rigorous solution of the equations of elasticity in cylindrical coordinates developed by Filon (1902). Solutions for the stress and strain fields within the fibre are derived for given stress distributions at the surface of the fibre. The application of the finite element (FE) method for stress calculations in SFRP is discussed briefly in Section 4.5. In the next section, an analytical model is given which is general enough to include interface and fracture problems, and simple enough to allow mathematical handling and physical transparency.
 
 4.2
 
 Single-fibre model
 
 The model assumes aligned discontinuous fibres embedded in a matrix loaded in the direction of fibres. At this stage, no restrictions are imposed on the material properties of fibre, matrix and interface. Radial stresses and strains are neglected. The single-fibre models are based on a representative composite element consisting of one fibre (radius rf, length l) embedded in a cylindrical piece of matrix (radius R0) (cf. Fig. 4.2). The two radii determine the volume fraction of fibres: v = (rf/R0)2. Hence, the spatial variation is simplified to a rotation symmetry problem with displacement in the loading direction: u(z, r), where r is the radial coordinate perpendicular to the fibre axis. The basic idea of the model is a further reduction of variables by replacing the displacement field, u(z, r), by the functions uF(z), uM(z), uf(z), um(z), describing the cross-sectional averages (index F, M) and the interface displacements (index f, m) of fibre and matrix, respectively:
 
 εF =
 
 ∂ uF ∂z
 
 εM =
 
 ∂ uM ∂z
 
 γf =
 
 uf − uF hf
 
 γm =
 
 uM − um . hm
 
 4.1
 
 um uF
 
 σc
 
 2rf = d
 
 l z 0
 
 4.2 Characteristic volume element of composite.
 
 2Ro
 
 For shear deformation at the interface, the radial derivative is approximated by the difference quotient, where hf and hm, denote characteristic
 
 σc
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 lengths comparable with rf and R0. Various expressions for hf and hm have been given in the literature. For instance, the estimations (see Schultrich et al., 1978): hm =
 
 rf ⎛ ln ( 1 v ) ⎞ − 1⎟ ⎜ 2 ⎝ 1− v ⎠
 
 for cubic fibre arrangement; and hm =
 
 rf ⎛ 2S ⎞ ln 2 ⎜⎝ 3v ⎟⎠
 
 for a hexagonal fibre package deviating by nearly one order of magnitude (v = 0.5: hm = 0.99rf, hm = 0.19rf, respectively). Here, the approximately derived expressions from an elastic calculation by Schultrich et al. (1978) are used. From the deformation, we obtain the stresses by means of the material laws:
 
 σ F [ε F ], τ F [γ F ], σ M [ε M ], τ m [γ m ], τ [um − uf ],
 
 4.2
 
 with τ as the shear stress at the interface. The condition of force equilibrium for a narrow slice of the fibre yields:
 
 ∂σ F ∂σ M 2 2r 2 v = − τ; = 2 f 2τ = τ. r rf 1 − v ∂z ∂ z R0 − r f
 
 4.3
 
 For loading in fibre direction the external load is transferred completely within the considered composite element; that is, the mean stress averaged over the section is constant:
 
 σ c = vσ F (z) + (1 − v) σ M.
 
 4.4
 
 This rule of mixtures connects the fibre and matrix stresses. Also, assumptions concerning the load transfer across the fibre ends are necessary. In general, it is assumed that the end faces of the fibre are free of stress; that is, applied stress is acting on the matrix only:
 
 σ F ( ± l 2 ) = 0.
 
 4.5
 
 This makes sense because in real composites the fibre end faces are often debonded on account of stress concentrations and not being covered by a coating. In the case of elastic behaviour of matrix and fibre, stresses and deformations are connected by linear material equations:
 
 σ F = Ef ε F
 
 τ f = Gf γ f
 
 σ M = Em ε M
 
 τ m = Gm γ m .
 
 4.6
 
 Because of the continuity of shear stresses at the fibre–matrix interface, τf = τm = τ holds. With this, the shear stress relations can be transformed into:
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 τ=
 
 G G Gf Gm = , (uM − uF − Δu) , h h Gf hm + Gm hf
 
 4.7
 
 where Δu = (um − uf) describes a discontinuity in the displacements due to possible interface sliding and h is a characteristic length of the representative composite element over which shear deformations act. With hf = d/2 = − rf and hm = D/2 (D is fibre-to-fibre distance), G/h is reduced to: G 1 v GmGf = . h rf (1 − v) Gf + vGm
 
 4.8
 
 Equations [4.1] to [4.4] permit the derivation of the basic differential equation for the fibre stress: Ef Em (1 − v) 2 d d2 E 4.9 σ F − η 2σ F + f η 2σ c − η Δu = 0, dz2 dz E E − where E = vEf + (1 − v) Em denotes the elastic modulus for a unidirectional composite with continuous fibres, and the characteristic length 1/η is defined by:
 
 η2 =
 
 G 2E . h rf (1 − v) Em Ef
 
 4.10
 
 This length 1/η is, in any case, comparable to rf, thus agreeing with St Venant’s principle.
 
 4.3
 
 Multi-fibre model
 
 The single-fibre model takes into account the load redistribution only between fibre and matrix. It is obvious, however, that the matrix should be able to transfer load from one fibre to another. Rosen (1965) tried to take into consideration this interaction with the neighbourhood as a lump by putting the composite element into a homogeneous medium having the effective material properties of the composite. However, the formalism presented in (Rosen, 1965) is inconsistent, for it ascribes to the matrix the ability of carrying tensile − load by assuming: E = vEf + (1 − v) Em, but neglects this ability within the composite element. If the material laws of the components are nonlinear, such an embedding in an effective material leads to difficulties, because in that case the effective material law is not uniquely defined, without any additional assumptions. Further, the local stress enhancement from neighbouring fibre ends is not effective in such a crude consideration of the surrounding. This is why Schultrich et al. (1978) and Lauke et al. (1990) preferred to follow the approach proposed by Hedgepeth and van Dyke (1967). To this end, an arrangement of plates embedded in a matrix, as shown in Figs 4.3(a) and 4.3(b), was applied, which may be regarded as a two-dimensional fibrous composite. The deformation field is simplified again by some characteristic
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 4.3 Arrays of fibres: (a) fibre discontinuities irregularly distributed, and (b) regular array of fibres of length l.
 
 displacement functions of fibre and matrix (transverse displacements are not considered). Due to the lack of symmetry we need three such functions for every layer: two for the upper and the lower side labelled by + and −, and one cross-sectional average: uf+, u−f, uF, u+m, um− , uM. The displacement may be discontinuous at the interface. Analogous to eqn [4.1], we obtain for the longitudinal tensile strain, εz = ∂u/∂z and for the shear strains:
 
 γ m+ =
 
 um+ − uM hm
 
 γ f+ =
 
 u+f − uF hf
 
 γ m− = γ f− =
 
 uM − um− hm
 
 uf − u−f . hf
 
 4.11
 
 These deformations are related to stresses via the material laws of fibre, matrix and interface. The condition of equilibrium takes the form:
 
 ∂ τ + − τ −f σF = − f ∂z d
 
 ∂ τ + −τ − σM = − m m , ∂z D
 
 4.12
 
 with d and D denoting the thickness of fibre and matrix, respectively. The total balance of forces and the condition of stress-free fibre ends provide the boundary conditions given by eqns [4.4] and [4.5].
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 In a composite of high modulus ratio and sufficiently long fibres, where the matrix tensile stress can be neglected, this model converges to that of Hedgepeth and van Dyke (1967). That is, σM = 0 leads to:
 
 τ m− = τ m+ = Gm
 
 um+ − um− u+ − uf−1 = Gm f 2 . 2 hm 2 hm
 
 4.13
 
 In the special array of fibres, where all the fibre ends lie in the same plane, there is no load transfer between parallel fibres for reasons of symmetry, and the single-fibre model described above is adequate. Another approximation to analyse the stress transfer for multi-fibre composites was carried out in Fu et al. (2000). The material is treated as a threecylinder composite, where a fibre is located at the centre of a coaxial shell of the matrix which, in turn, is surrounded by a trans-isotropic composite medium. This outer material has the properties of the composite, thus it is a self-consistent approximation. The shear stresses in the radial direction (perpendicular to the loading direction) are approximated by a Lamé form consisting of a term proportional to r−1 and another term proportional to r. This form of solution is obtained by solving the axi-symmetrical elastic problem. Together with all boundary and equilibrium conditions the stress distributions within the fibre and matrix were calculated.
 
 4.4
 
 Local stress distribution
 
 We start with a discussion of the stress distribution within the framework of the single-fibre composites model with a perfectly bonded interface. For sufficiently small applied stresses below a critical limit, σc ≤ σ dc (σ dc is composite stress where debonding starts), ideal bonding is assumed, that is, uf = um, or Δu = 0. The differential eqn [4.9] and boundary conditions eqn [4.5] provide solutions of the well-known hyperbolic-function type:
 
 σF = σc
 
 Ef E
 
 ⎛ cosh(ηz) ⎞ rf ηEc sinh ηz ⎜⎝ 1 − cosh(ηl 2) ⎟⎠ , τ = 2E σ c cosh(ηl 2) .
 
 4.14
 
 − In sufficiently long fibres, the tensile stress has the value of σcEf/E along nearly all of their length, except for a distance 1/η from the ends where it falls to zero. Hence, the shear stress as its derivative (see eqn [4.3]) vanishes nearly everywhere, except for the end regions where it reaches its maximum value of:
 
 τ max =
 
 η rf E ηr σ c f tanh (η l 2 ) ≅ f σ F,max . 2 E 2
 
 4.15
 
 The distribution of fibre tensile and shear stresses is shown in Fig. 4.4 as the dashed curves. To consider the reduced load-bearing capability at the fibre ends, the critical fibre length lc can be introduced. Hence, at this fibre
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 4.4 Stress along the fibre axis, dashed lines representing the singlefibre model: (a) mean axial fibre tensile stress; (b) mean axial matrix tensile stress; and (c) interfacial shear stress.
 
 − length, the fibre stress reaches a fraction α of the fibre stress σcEf/E of a continuous-fibre reinforced composite. Thus from eqn [4.14], we have: 2 ⎛ 1−α ⎞ lc = − ln ⎜ ⎟ η ⎝ 2 ⎠
 
 4.16
 
 Because the fibre tensile stress increases over the length of about 1/η from the fibre end twice that value provides an approximation for the critical fibre length: lc ≈ 2/η. Using eqn [4.10] it is obtained that: 1− v⎤ ⎡ lc d = ⎢((1 − v) Ef (1 + ν m ) + vEm (1 + ν f )) vE ⎥⎦ ⎣
 
 12
 
 .
 
 4.17
 
 Rosen (1965) derived an expression: lc d = 1.15
 
 ( 1 − v1 2 ) ( E v
 
 12
 
 f
 
 Gm )
 
 12
 
 ,
 
 4.18
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 Equation [4.17]
 
 Critical fibre length, Ic/d
 
 10
 
 Equation [4.18] 5
 
 50 Normalised fibre modulus, Ef/Em
 
 100
 
 4.5 Critical fibre length versus fibre modulus.
 
 which provides a lc ≈ E 1/2 dependence. In Fig. 4.5 both solutions are f compared. Equation [4.17] gives a nearly linear increase for Ef/Em < 10. Performing finite element calculations, Termonia (1987b) succeeded in confirming the lc ≈ Ef proportionality in the Ef/Em < 50 range. Another way to introduce a critical fibre length is based on fibre failure (see Chapter 9, Section 9.1.3 later). The effect of fibre interaction can be discussed in a lucid manner by means of a regular version of the multi-fibre model (see Fig. 4.3). Only one additional parameter is needed which describes the overlap of fibre ends. The overlap parameter, a, may assume values between 1/2 and 0; the case a = 0 corresponds to the single-fibre model without load transfer between the fibres. The stress distribution based on exponential functions is similar to that given by eqn [4.14] but more complicated (Schultrich et al., 1978). The stresses represent a superposition of two kinds of exponentials with different decay lengths: ⎛ r h ( 1 − v ) Em Ef ⎞ 1 η′ = ⎜ f ⎟ E ⎝G ⎠
 
 12
 
 12
 
 ⎛rh ⎞ 1 k = ⎜ f Ef ⎟ . ⎝G ⎠
 
 4.19
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 The first describes the stress transfer between the fibre and its matrix environment; the second concerns the effect of neighbouring fibres due to the surrounding matrix. (Comparison with the equivalent expression for 1/η given in eqn [4.10] shows that the fibre radius rf is replaced by the fibre diameter d.) The modification of stress variation along the fibres is illustrated in Fig. 4.4. If the overlap, a, (see Fig. 4.3) is somewhat larger than 1/η′, fibre stress peaks arise due to the discontinuities of neighbouring fibres. If a ≤ 1/η′ no additional stress peaks arise. Then, the results agree with those of the single-fibre model. The fibre overlap, as a typical composite parameter, becomes more important, the more ‘composite-like’ the material is, that is, the more fibre and matrix differ in their properties. Thus, large discrepancies in the results of this more sophisticated model and the simple singlefibre model may arise in cases of high modulus ratio, provided the overlap, a, is not too small. A finite overlap usually exists because of the statistical nature of fibre arrangement and the purpose of effective load transfer between fibres as reinforcing elements. But also in such composites, a situation similar to the simple case (a = 0) may develop during the fracture process when the adjacent fibres break successively under the influence of stress concentration from the previously broken fibre.
 
 4.4.1 Influence of an interphase on stress distribution During manufacture or as a result of special fibre coating, a certain interlayer may exist between fibre and matrix (cf. Chapter 3, Section 3.5). The coating of fibres may lead to an interlayer between the components. The question, however, is whether this coating remains on the fibre surface during processing or is being dispersed within the matrix. Yet, even if the coating does not remain at the fibre surface, the region where fibre and matrix meet shows a complex chemical and physical structure. Hence, the reduction of the boundary layer to an interface will even have an approximate character. The load from the matrix is mainly transferred across the interface. Thus, a sufficient stress transfer ability (though not generally proven, it is most often characterised by the adhesion strength) must be guaranteed to obtain high strength values of the composite. To achieve this aim, coupling agents are used. They improve the bonding quality between different molecular structures of the constituents. Phenomena of adhesion cannot be described by the interaction forces only. The failure behaviour of the adhesive joint is decisively affected by imperfections (flaws) and abnormalities. With these facts, it is necessary to treat the interface as a finite region with a special structure. The concept of an interphase has been quite comprehensively discussed by Theocaris (1987). A model is developed to calculate the thermomechani-
 
 70
 
 Engineering of short fibre reinforced polymer composites
 
 cal behaviour of composites on the basis of a mesophase situated entirely on the side of the polymer matrix. The mesophase material is treated as inhomogeneous, the properties of which depend on the distance from the fibres. A major aspect of the model is the fact that it allows the assessment of adhesion quality of the fibre–matrix interface. Because of special fibre coating a certain interlayer may exist between fibre and matrix. The influence of such an interphase on the stress distribution was considered by several authors (Theocaris and Papanicolau, 1979; Piggott, 1987; Shih and Ebert, 1987) on the basis of shear lag models. The representative volume element consists of three components: fibre, interphase and matrix. If such a model is considered we have only minor changes in the equations derived above. With the assumption that the interphase deformation, εph, is equal to that of the matrix, εM, the continuity conditions of shear stresses at the fibre–interphase and interphase–matrix interfaces provide the following changes:
 
 η → ηph =
 
 ⎡ rf ⎛ v vph ⎞ ⎤ ⎛ G⎞ 2 ⎛ G⎞ E G v , →⎜ ⎟ =⎢ ⎜ + m + ⎥ ⎜ ⎟ rf ⎝ h ⎠ ph vm Em Ef h ⎝ h ⎠ ph ⎣ v ⎝ Gf Gm Gph ⎟⎠ ⎦
 
 Em → Em′ = Em + (vph vm ) Eph
 
 −1
 
 4.20
 
 − with v + vph + vm = 1, vph = (2t/d) (t: interphase thickness), and E = vEf + vmE′m. Consequently, the solution for the stress distribution is still valid but with the above given replacements. − The relation (G/h)ph shows that the change of fibre stress (cf. eqn [4.14]) is negligible if vph is small compared to v (or t < < rf). In polymer composites reinforced with short glass fibres, the silane interphase was determined to be in the range of 1 to 10 nm in thickness. In composites with untreated fibres, this interphase is reduced to an even smaller phase, which is reduced in most models to the fibre–matrix interface. However, Hayes et al. (2001) showed that even a very thin interphase could significantly affect the load transfer between fibre and matrix. The influence of the interphase properties on composite stiffness is given in Chapter 6, Section 6.8. Kroh and Bohse (1986) examined the change of the stress field within the matrix due to the presence of an interlayer. They calculated the fibre and matrix normal stresses on the basis of a hybrid element program by reducing their multi-fibre model to a single-fibre model. Some of their results are shown in Fig. 4.6. Their calculations clearly show that the stress concentration of short fibre composites shifts to the fibre centre with an increasing interlayer modulus (Eph), whereas a decrease of the interlayer thickness results in the opposite behaviour for Eph < Em (see Fig. 4.6).
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 Ei lc, in which the profile of linear stress variation from two fibre ends results from the assumption of a constant interfacial shear stress. The critical fibre length (lc) is defined as the minimum fibre length necessary to build up the axial fibre stress to the ultimate strength of the fibre (σ uF) at the fibre ends: lc = rf σ
 
 u F
 
 τ,
 
 5.1
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 σF σU F
 
 l < lc
 
 l = lc
 
 l > lc
 
 5.1 Variation of fibre axial stress with fibre length.
 
 where τ is interfacial shear stress between fibre and matrix and rf is fibre radius. Critical fibre length is an important factor for strength of SFRP composites and can be determined by measuring the lengths of the longest filaments which protrude from the fracture surface of an injection moulded composite (Fu et al., 2006; Templeton, 1990). By definition, this length is just less than one-half of the critical fibre length because the other part of the fibre is assumed to be still embedded in the polymer matrix. The average length of the longest fibres multiplied by 2 can then be taken as the critical fibre length as an approximation. This method is simple and easy in determining the critical length. The fibre stress at a distance x from the fibre end is given by:
 
 σ F = 2τ x rf .
 
 5.2
 
 The composite strength for a plain short fibre reinforced polymer composite can be evaluated by:
 
 σ cu = vσ F + vmσ M,
 
 5.3
 
 where σ uc is ultimate composite strength; v and vm are volume fraction of fibre and matrix, respectively; σF and σM are mean cross sectional stresses in fibre and matrix at composite failure. The mean axial stress of the fibre in the SFRP composite can be obtained by (Kelly and Tyson, 1965; Mittal and Gupta, 1982; Taya and Arsenault, 1989):
 
 σF =
 
 2 l
 
 l 2
 
 ∫ 0
 
 2τ x dx for l < lc . rf
 
 5.4
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 Then,
 
 σF =
 
 τl l = σ Fu ⋅ 2rf 2lc
 
 σF =
 
 l 2 l 2 2 ⎛ c 2τ x 2τ lc ⎞ x d + dx ⎟ ∫ ∫ ⎜ l ⎝ 0 rf ⎠ lc 2 rf
 
 for l < lc
 
 5.5
 
 and for l ≥ lc .
 
 5.6
 
 Thus, we have:
 
 σ F = σ Fu (1 − lc 2l ) for l ≥ lc .
 
 5.7
 
 When fibres have a uniform length l, the modified rule of mixtures (MROM) for predicting the tensile strength of a SFRP composite is given by:
 
 σ cu = χσ Fu v + σ M vm,
 
 5.8
 
 where χ is fibre length factor for composite strength and can be expressed for l < lc and l ≥ lc as:
 
 F = l ( 2lc )
 
 for l < lc
 
 5.9
 
 F = 1 − lc ( 2l ) for l ≥ lc .
 
 5.10
 
 It is clear that the shorter the critical fibre length, the higher is the fibre length factor and thus the composite strength. If the fibre length is not uniform, eqns [5.9] and [5.10] must be modified. Kelly and Tyson (1965) put forward a model considering the effect of fibres with sub- and super-critical fibre length, namely, shorter and longer than the critical fibre length. This model gives:
 
 V cu =
 
 lc
 
 ∑
 
 li = lmin
 
 lmax
 
 li
 
 ( 2lc ) V Fu vi + ∑ ⎡⎣1 − lc ( 2lj )⎤⎦V Fu vj + V M vm .
 
 5.11
 
 l j = lc
 
 The first and second terms are contributions from fibres with sub-critical length shorter than lc and fibres with super-critical length longer than lc, respectively. If the fibre length changes continuously, there will be a fibre length distribution function, then the fibre efficiency factor for the composite strength is given by Fu and Lauke (1996) as:
 
 χ=
 
 lc
 
 ∫
 
 lmin
 
 ⎡⎣l 2 ( 2lc lmean )⎤⎦ f (l )dl +
 
 lmax
 
 ∫ (l
 
 lc
 
 lmean ) [1 − lc ( 2l )] f (l )dl,
 
 5.12
 
 where lmean is the mean fibre length and f(l) is the fibre length probability density, namely, fibre length distribution function which was defined in Chapter 3. Finally, the composite strength can be evaluated using eqn [5.8].
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 5.2.2 Branched fibres The case of plain fibres has been discussed above for longitudinal strength of aligned SFRP composites. The case of branched fibres and hence the effect of fibre structure on composite strength is discussed below. When a polymer is reinforced by short fibres with branched structures at their two ends as shown in Fig. 5.2, the composite strength can still be evaluated using eqn [5.8]. However, the average stress of the branched fibre is increasesd over that of the corresponding plain fibre at composite failure. It is assumed that the cross-sectional area of the main stem of the branched fibre with a radius rf is equal to the sum of those of the two branches with spherical circumference having the same radius, rb, and the branching points of the fibre are so strong that they cannot fracture before the composite fails. Then, we assume: rf = 2rb .
 
 5.13
 
 If the fibre length is l, then half of the main stem or each branch of the branched fibre is l/4. Further, the relationship between the fibre fracture stress σ uF and the critical length lcb of the branched fibre can be obtained from (Fu et al., 1993):
 
 σ Fu = τ lcb ( 2rf ) + 2τ lcb exp( μϕ ) 2rf ,
 
 5.14
 
 where 2ϕ is the angle between the two branches of the branched fibre as shown in Fig. 5.2. μ is defined hereafter in this chapter as the snubbing friction coefficient between the fibre and matrix at the fibre branching points and has a value between 0 and 1. Due to the snubbing friction effect at fibre branching points, lcb < lc (this can be seen from comparing eqn [5.14] with [5.1]). The average stress of the branched fibre can be evaluated for different fibre lengths. When l < lcb, the average stress σ bF of the branched fibre can be evaluated by:
 
 σ Fb =
 
 l 4 l 2 ⎞ 2⎛ x σ d + σ f 2 dx ⎟ , f1 ∫ ∫ ⎜ l ⎝ 0. ⎠ l 4
 
 5.15
 
 2rb
 
 2rb
 
 2j
 
 2j l/2
 
 2rb
 
 5.2 Schematic drawing of a branched short fibre.
 
 2rb
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 where
 
 σ f 1 = 2 2 xτ exp( μϕ ) rf
 
 5.16
 
 σ f 2 = 2lτ exp( μϕ ) ( 2rf ) + 2( x − l 4 )τ rf .
 
 5.17
 
 Thus, we have
 
 σ Fb =
 
 τl 2rf
 
 1⎤ ⎡ ⎢⎣1.06 exp( μϕ ) + 4 ⎥⎦ .
 
 5.18
 
 It is clear that the average stress (eqn [5.18]) of the branched fibre is greater than that (eqn [5.5]) of the plain fibre. When lcb < l < 2lcb, the average stress σ bF of the branched fibre can be obtained from: 2⎛ σ f 1 dx + l ⎜⎝ ∫0 l 4
 
 σ Fb =
 
 lcb 2
 
 ∫
 
 ⎞ σ Fu dx⎟ . ⎠ 2
 
 l 2
 
 σ f 2 dx +
 
 l 4
 
 ∫
 
 lcb
 
 5.19
 
 For the plain fibre with length l > lc, eqn [5.6] for the average fibre stress can be rewritten as:
 
 σF =
 
 l 2 l 2 ⎞ 2⎛ c σ f 3 dx + ∫ σ Fu dx⎟ , ∫ ⎜ l⎝ 0 ⎠ lc 2
 
 5.20
 
 where
 
 σ f 3 = 2τ x rf .
 
 5.21
 
 Since σf1 (eqn [5.16]) and σf2 (eqn [5.17]) are greater than σf3 (eqn [5.21]) and lcb < lc, then σ bF > σF. When l > 2lcb, the average stress of the branched fibre is given by: l 2 l 2 ⎞ 2 ⎛ cb V Fb = ⎜⎜ ∫ V f 1dx + ∫ V Fu dx ⎟⎟ . l⎝ 0 lcb 2 ⎠
 
 5.22
 
 It can be seen that σ bF (eqn [5.22]) is greater than σF (eqn [5.20]). Since the composite strength is contributed by all the fibres with sub-critical and super-critical lengths in the SFRP composite and is estimated based on eqn [5.8], it is clear that the strength of the composite reinforced with branched short fibres would be greater than that of the SFRP composite with the same matrix reinforced with the corresponding plain fibres. This concept can be extended to bone-shaped short fibres and the corresponding composite strength should also be higher than that of the plain short fibre reinforced composite. The composite strength increase is derived from the effective stress transfer from the matrix to the fibres via mechanical interlocking at the enlarged fibre ends (Zhu et al., 1999; Jiang et al., 2000; Zhu and Beyerlein, 2002).
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 Strength of partially aligned short fibre reinforced polymers (SFRP)
 
 To achieve high stiffness and high strength of SFRP composites in the fibre direction, it is desirable to orient the fibres along the applied load direction. However, it is often difficult to achieve perfect alignment of short fibres in a SFRP composite. Partial alignment of short fibres is typical in injection moulded SFRP composites. It will be shown here that fibre orientation plays a crucial role in determining the composite strength.
 
 5.3.1 Fibre bridging stress When an applied load is exerted on a short fibre reinforced polymer composite, the interfacial shear stress between fibres and matrix will increase with increasing applied load. To estimate the stress required to break the SFRP composite at some random cross section, the average bridging stress of the short fibres across the failure plane needs to be evaluated. The bridging stress of a single short fibre will be first evaluated below. When a fibre intersects the crack plane and the fibre orientates parallel to the applied load, F, or the normal of the crack plane as shown in Fig. 5.3(a), then the bridging stress σF of the fibre across the crack is given by:
 
 σ F = lS 2π rf τ (π rf2 ) = 2lSτ rf
 
 for lS < lc 2
 
 5.23
 
 V F = V Fu
 
 for lS ≥ lc 2,
 
 5.24
 
 Crack ls F
 
 Fibre
 
 F
 
 Matrix (a)
 
 F
 
 F θ
 
 (b)
 
 5.3 Schematic drawing of a fibre across a crack plane. (a) A fibre parallel to the crack plane normal; and (b) a fibre crossing obliquely with the crack plane.
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 where lS is the length of the shorter embedded fibre segment. However, when the fibre crosses obliquely at an angle θ with the crack plane (see Fig. 5.3(b)), the fibre bridging stress σFθ can be given by (Fu et al., 1993):
 
 σ Fθ = 2lS (τ rf )exp( μθ ) for lS < lcθ 2 ,
 
 5.25
 
 where θ is the angle between the fibre and the crack plane normal; μ is the snubbing friction coefficient between fibre and matrix at the crossing point (Fu et al., 1993; Li et al., 1990; Jain and Wetherhold, 1992; Wetherhold and Jain, 1992); lcθ denotes the critical length of the fibre crossing obliquely (θ) with the crack plane. When ls ≥ lcθ/2, the bridging stress of the oblique fibre is (Piggott, 1974, 1994)):
 
 σ Fθ = σ Fuθ
 
 for lS ≥ lcθ 2,
 
 5.26
 
 where σ uFθ is the fracture stress of the oblique fibres, i.e., the inclined fibre tensile strength (Bartos and Duris, 1994). Since the flexural stresses exerted on the oblique fibres during loading of the composite cause an apparent loss of fibre strength, the fracture strength for the oblique fibres is then reduced. The pull-out test of the oblique steel fibres also indicated that the inclined tensile strength of the oblique steel fibres is significantly reduced and decreases with increasing inclination angle (Piggott, 1974, 1994). This is because the flexural stresses in the steel fibres caused an apparent loss of fibre strength when the fibres crossed obliquely at an angle to the crack plane normal. Hence, the introduction of the inclined fibre tensile strength can undoubtedly help predict better strength of the SFRP composites with partially aligned short fibres. If the fibres (e.g., glass fibres or carbon fibres, etc.) are brittle, σ uFθ can be expressed by (Piggott, 1974, 1994):
 
 σ Fuθ = σ Fu [1 − Af tan(θ )],
 
 5.27
 
 where Af is a constant for a given fibre–matrix system and equals 0.083 for the carbon/epoxy system (Piggott, 1994). From eqn [5.27] it is clear that there is a maximum fibre orientation angle for σ uFθ ≥ 0 which is given by:
 
 θ max = arctan(1 Af ) .
 
 5.28
 
 For oblique fibres with θ ≥ θmax: σ uFθ = 0. Consequently, taking into consideration both the snubbing friction and flexural effects, the critical length of the oblique fibres can be derived from eqns [5.25] to [5.27]. That is, lcθ = lc [1 − Af tan(θ )] exp( μθ ) .
 
 5.29
 
 Because of the snubbing friction and flexural effects, lcθ is generally smaller than lc. If the snubbing friction effect is neglected, i.e., μ = 0, then eqn [5.29] becomes:
 
 Strength of short fibre reinforced polymers lcT = lc [1 − Af tan(T )] .
 
 89 5.30
 
 Equation [5.30] is the same as that of Piggott (1994). If the fibre flexural effect is neglected, i.e., Af = 0, eqn [5.29] becomes: lcθ = lc exp( μθ ) .
 
 5.31
 
 Equation [5.31] is the same as that of Wetherhold and Jain (1992). If both the snubbing friction effect and the fibre flexural effect are neglected, i.e. μ = 0 and Af = 0, eqn [5.29] is: lcT = lc .
 
 5.32
 
 This is the same as the critical fibre length of normal plain fibres aligned along the applied loading direction when both the snubbing friction effect and the fibre flexural effect are not considered.
 
 5.3.2 Average fibre stress in an aligned composite It is assumed that all the fibres are uniformly distributed in a SFRP composite and the fibres have the same length l and diameter d, and are perfectly aligned in the direction of the applied load, F. The stress required to break the composite is estimated at some random cross section. The fibre across the crack plane is divided by the crack plane as shown in Fig. 5.3(a) into two segments. The shorter segment length of the fibre across the crack plane ranges from 0 to l/2. When the shorter segment length is less than lc/2, the fibre will debond fully and pull out from the matrix against the shear stress τ at the failure of the SFRP composite. Otherwise, the fibre will break at the crack plane. When the fibre length l is less than lc, the fibre will be pulled out as the length of the shorter segment is less than lc/2. Since the length of the shorter segment in the matrix crossing the crack plane varies from 0 to l/2, its average length across the crack plane is l/4 due to the assumption that the fibres are uniformly distributed in the matrix. Thus, the average bridging stress of the fibres across the crack plane in the aligned SFRP composite is given by:
 
 σ F = ( l 4 ) 2π rfτ (π rf2 ) = lτ d,
 
 5.33
 
 then the average bridging fibre stress is:
 
 V F = V Fu l ( 2lc ) .
 
 5.34
 
 On the contrary, when fibre length l is greater than lc, the shorter fibre segment will be either less than or greater than lc/2. The shorter segment of the fibre will be pulled out if it is less than lc/2. And the shorter segment length will vary from 0 to lc/2. Thus, the average length of the shorter
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 segments of the fibres is lc/4 and the corresponding fraction of the fibres is lc/l. If the shorter segment length is greater than lc/2, then the fibres will not be pulled out but will be broken at composite failure and the fraction of the fibres is (1 − lc/l). Thus, the average bridging stress of the fibres with a length greater than lC is given by:
 
 σ F = ⎡⎣( lc l )( lc 4 ) ⋅ 2π rfτ + ( 1 − lc l )π rf2σ Fu ⎤⎦ (π rf2 ) = σ Fu ( 1 − lc ( 2l ) ).
 
 5.35
 
 For simplicity, the above derivation has neglected the effect of crack diversion for very short embedded segments and the stresses across fibre ends that were considered by Piggott (1994). We now consider a composite with fibres oriented obliquely at an angle θ with the crack plane (see Fig. 5.3(b)). Similar to the above derivation, the average bridging stress of the fibres crossing the crack plane is obtained from:
 
 σ Fθ = ( l 4 ) 2π rfτ exp( μθ ) (π rf2 ) = σ Fu l exp( μθ ) 2lc
 
 for
 
 l ⎞ ⎧l2 ⎫ ⎛ σ Fθ = ⎨ cθ 2π rf τ exp( μθ ) + ⎜ 1 − cθ ⎟ σ Fuθ rf2 ⎬ ⎝ ⎠ l ⎩ 4l ⎭
 
 for l ≥ lcθ .
 
 (π rf2 ) = σ Fuθ ⎛⎜⎝ 1 − l2cθl ⎞⎟⎠
 
 l < lcθ , 5.36
 
 5.37 When θ is equal to zero, lcθ would become lc and eqns [5.36] and [5.37] naturally become the same as eqns [5.34] and [5.35].
 
 5.3.3 Strength of SFRP composite with partial fibre alignment Based on the above discussion it is possible to derive the strength of the SFRP composite with partial fibre alignment (Fu and Lauke, 1996). Consider the case that the fibres are uniformly distributed in the SFRP composite, then the failure strength of any cross section of the SFRP composite can represent the composite strength. Assume the total fibre number is NV in the composite, and Ni is the number of fibres with a length from l to l + dl and the orientation angle from θ to θ + dθ. Moreover, f(l) and g(θ) are, respectively, the fibre length distribution function and the fibre orientation distribution function as defined in Chapter 3. Thus, we have: N i N V = f ( l ) g (θ )dldθ .
 
 5.38
 
 Then, the volume sub-fraction vi of the fibres with a length from l to l + dl and an orientation angle from θ to θ + dθ can be obtained by: vi = v[( N i lπ ) ( N v lmean π )] = v
 
 Ni l , N v lmean
 
 5.39
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 where v is the fibre volume fraction and lmean is the mean fibre length in the SFRP composite. All the fibres with length from lmin to lmax and orientation angle from θmin to θmax and matrix contribute to the tensile strength of the composite:
 
 σ cu =
 
 θmax
 
 lmax
 
 ∑ ∑ σ Fθ vi + σ M vm.
 
 5.40
 
 θ =θmin l =lmin
 
 Combining eqns [5.38]–[5.40] and replacing the summation by the integral gives: θ max lmax
 
 σ cu = v
 
 ∫ ∫ f (l ) g (θ )(l
 
 θ min lmin
 
 lmean )σ Fθ dldθ + σ M vm .
 
 5.41
 
 The strength of the SFRP composite can be obtained by substituting eqns [5.27], [5.29], [5.36] and [5.37] into [5.41]. Thus, we have: ⎡θmaxx lcθ σ cu = v ⎢ ∫ ∫ f ( l ) g (θ )( l lmean )σ Fu ( l ( 2lC ) ) exp( μθ )dldθ ⎣ θmin lmin +
 
 θmax lmax
 
 ∫ ∫ f ( l ) g (θ )( l
 
 θmin lcθ
 
 lmean )σ Fu ( 1 − Af tan(θ ) )
 
 × ( 1 − lc ( 1 − Af tan(θ ) ) 2l exp( μθ ) )dldθ ⎤⎦ + σ M vm.
 
 5.42
 
 Equation [5.42] can be rewritten as the modified rule of mixtures:
 
 σ cu = χ 1 χ 2σ Fu v + σ M vm ,
 
 5.43
 
 where
 
 χ1 χ 2 =
 
 θ max lcθ
 
 ∫ ∫ f (l ) g (θ )(l
 
 θ min lmin θ max lmax
 
 +
 
 lmean ) ( l ( 2lC )) exp( μθ )dldθ
 
 ∫ ∫ f (l ) g (θ )(l
 
 θ min lcθ
 
 lmean ) (1 − Af tan(θ ))
 
 × (1 − lc (1 − Af tan(θ )) ( 2l exp( μθ )))dldθ ,
 
 5.44
 
 where χ1 is fibre orientation factor while χ2 is fibre length factor for the composite strength. In general χ1 and χ2 are not independent of each other since the critical length of an oblique fibre is dependent on the fibre orientation angle. So, the product of χ1χ2 can be used to predict the composite strength. The larger the product value of χ1χ2, the higher is the composite strength. For the special case of θ = 0, χ1 is equal to 1 and this is the case of unidirectionally aligned short fibre composites. Then, the fibre length factor can be obtained as:
 
 F2 =
 
 lc
 
 lmax
 
 lmin
 
 lc
 
 2 ∫ ( l ( 2lc lmean ) ) f ( l )dl + ∫ ( l
 
 lmean ) [1 − lc
 
 ( 2 l ) ] f ( l ) dl .
 
 5.45
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 In SFRP composites, both super-critical and sub-critical fibres of lengths greater than and less than the critical fibre length will contribute to the composite strength. The percentage α of the sub-critical fibres can be evaluated from fibre length density distribution function f(l):
 
 α = 1 − exp( −alcb ) .
 
 5.46
 
 The value of the fibre length factor χ2 can be estimated according to eqn [5.45] if lmin, lmax, lc and f(l) are known. Then, the composite strength can be evaluated using eqn [5.43] for unidirectionally aligned short fibre composites. Assuming lmod = 0.2 mm and the parameter b is given, then we obtain values of the parameter a from eqn [3.12], the mean fibre length lmean from eqn [3.11], and the probability density function f(l) from eqn [3.9], respectively. The percentage α of the fibres with a length less than lc can be evaluated with eqn [5.46]. Moreover, we can assume lmin and lmax to be, respectively, 0 and ∞ mm, and lc 0.2, 0.4 and 0.8 mm, then the calculated results for the percentage α and the fibre length factor χ2 are shown in Figs 5.4 and 5.5, respectively, for the case of unidirectional SFRP composites. Figure 5.4 shows that the percentage α decreases dramatically with increasing mean fibre length at small mean fibre lengths and gradually reaches a plateau level as the mean fibre length increases. In contrast, the percentage α decreases with decreasing critical fibre length at the same
 
 Percentage, α, of fibres with l < lc
 
 120% 100%
 
 a: lc = 0.2 mm b: lc = 0.4 mm c: lc = 0.8 mm
 
 80% 60% 40% c 20%
 
 b a
 
 0% 0
 
 2
 
 4
 
 6
 
 8
 
 10
 
 Mean fibre length, lmean (mm)
 
 5.4 Variation of the percentage, α, of fibres with l < lc as mean fibre length, lmean, varies for the cases of different lc, where lmod = 0.2 mm, lmin = 0 mm and lmax = ∞ mm. Adapted from Fu and Lauke (1996).
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 5.5 Effects of mean fibre length, lmean and critical fibre length, lC, on fibre length factor, χ2, for the case of unidirectional composites, where lmod = 0.2 mm, lmin = 0 mm and lmax = ∞ mm. Adapted from Fu and Lauke (1996).
 
 mean fibre length. Since the super-critical fibres with lengths greater than lc would make a larger contribution to the composite strength than that of sub-critical fibres with lengths less than lc, the value of χ2 increases rapidly with the increase of mean fibre length lmean at small mean fibre lengths and approaches gradually a plateau level at large mean fibre lengths (see Fig. 5.5). Therefore, the tensile strength of unidirectionally aligned short fibre composites increases rapidly as the mean fibre length lmean increases for the case of small mean fibre lengths and approaches a plateau level as lmean increases for the case of large mean fibre lengths. This is consistent with existing experimental results (Thomason and Vlug, 1995). Furthermore, the strength of SFRP increases as the fibre content increases if all other parameters are the same as indicated in eqn [5.43]. An increase in fibre content leads to a reduction in mean fibre length (Thomason, 2007). As a result, the combined effect of increasing fibre content and decreasing mean fibre length brings about an up-and-down tendency of composite strength as fibre content increases (Thomason, 2007). The percentage α of fibres with l < lc is shown in Fig. 5.6 as a function of critical fibre length lc. Smaller critical fibre length corresponds to lower content of sub-critical fibres (see Fig. 5.6) and hence higher value of χ2 (see Fig. 5.7). Thus, a smaller critical fibre length will bring about a higher composite strength. This is consistent with experimental results (Yu et al., 1994) and the concept of critical fibre length has been used to explain the effect of PA6,6 to PP ratio on the strength of injection-moulded rubber-toughened
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 5.6 Percentage α of fibres with l < lC as a function of critical fibre length lC, where lmean = 0.4 mm, lmod = 0.213 mm, lmin = 0 mm and lmax = ∞ mm. Adapted from Fu and Lauke (1996). 1.2
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 5.7 Effect of critical fibre length lc on fibre length factor, χ2, for the case of unidirectional composites, where lmean = 0.4 mm, lmod = 0.213 mm, lmin = 0 mm and lmax = ∞ mm. Adapted from Fu and Lauke (1996).
 
 PA6,6/PP blends reinforced with short glass fibres (SGF) (Fu et al., 2006). Since the critical fibre length lc is inversely propotional to the interfacial adhesion strength τi, i.e., lc = rfσ uF/τi, thus the strength of a SFRP composite increases with increasing interfacial adhesion strength. This has also been verified by experiments (Ozkoc et al., 2004).
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 5.8 Tensile stress–strain curves of SGF reinforced ABS and ABS/PA6 blends. Adapted from Ozkoc et al. (2004).
 
 Table 5.1 Ultimate strength of SGF reinforced ABS-PA6 composites (Ozkoc et al., 2004) Material Neat ABS 30% SGF reinforced 30% SGF reinforced 30% SGF reinforced 30% SGF reinforced
 
 Tensile strength (MPa) ABS (with 0 wt% PA6) (90 wt% ABS + 10 wt% PA6) blend (80 wt% ABS + 20 wt% PA6) blend (70 wt% ABS + 30 wt% PA6) blend
 
 44.0 78.0 85.0 91.0 93.0
 
 ± ± ± ± ±
 
 6.0 2.5 3.0 1.1 1.8
 
 The tensile stress–strain curves for 30 wt% short glass fibre reinforced acrylonitrile-butadiene-styrene (ABS) blended with various amounts of polyamide 6 (PA6) are shown in Fig. 5.8 (Ozkoc et al., 2004). The results for strength are presented in Table 5.1. The composite tensile strength increases with increasing relative ratio of PA6 in the polymer blend matrix. The strength of composites is a direct indicator of the strength of interfacial bonds since the applied stress is more efficiently transferred through the interface (Yue and Cheung, 1992). The result for the tensile strength can be attributed to the increasing extent of acid–base
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 5.9 Variation of percentage, α, of fibres with l < lc as mode fibre length, lmod, varies for different lc (lmean = 0.4 mm, lmin = 0 mm and lmax = ∞ mm). Adapted from Fu and Lauke (1996).
 
 reaction between acidic end group of PA6 chains and aminopropyl functional group of coupling agent used on the glass fibre surface as the amount of PA6 in the matrix increases. A similar observation has also been reported for short glass fibre reinforced polyamide 66 (PA 6,6)/polypropylene (PP) blends (Fu et al., 2006). When the relative PA 6,6 ratio in the blend increases, the fibre–matrix interfacial strength increases, leading to higher composite tensile strength. Assuming lmin, lmax and lmean to be 0, ∞ and 0.4 mm, and lc: 0.2, 0.4 and 0.8 mm, respectively, the calculated percentage α of fibres with sub-critical lengths and the fibre length factor χ2 are shown in Figs 5.9 and 5.10, respectively. Figure 5.9 shows that the content of the fibres with sub-critical fibre length decreases with increasing mode fibre length lmod (as discussed in Chapter 3) for smaller critical fibre length, i.e., lc = 0.2 and 0.4 mm. The content of fibres with sub-critical fibre length increases with increasing mode fibre length lmod for larger critical fibre length, i.e., lc = 0.8 mm. Figure 5.10 illustrates that χ2 decreases with increasing lmod, thus the tensile strength of aligned short fibre composites decreases with mode fibre length. However, the effect of mode fibre length on tensile strength is relatively small compared to the effects of mean fibre length and critical fibre length as shown in Figs 5.5 and 5.7. Especially for the case of lc < lmean, e.g., lc = 0.2 mm < lmean = 0.4 mm, this effect is very small (see Fig. 5.10). Therefore, in practice as an approximation, the effect of mode fibre length can be neglected on the strength of injected moulded SFRP composites for the
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 5.10 Effects of mode fibre length lmod and critical fibre length lc on fibre length factor, χ2, for the case of unidirectional composites (lmean = 0.4 mm, lmin = 0 mm and lmax = ∞ mm). Adapted from Fu and Lauke (1996).
 
 purpose of simplicity while the mean fibre length and critical fibre length (hence interfacial adhesion strength) should be given priority over the mode fibre length in considering the influencing factors for the strength of SFRP composites. Tables 5.2 and 5.3 show the effect of fibre orientation distribution (FOD) on the fibre efficiency factor χ1χ2 for the composite strength, where μ = 0.1, A = 0.4, lmin = 0, lmax = ∞, lmean = 0.4 mm, lmod = 0.213 mm and lc = 0.2 mm. Table 5.2 shows that the value of χ1χ2 and hence the composite strength increases with decreasing mean fibre orientation angle and with increasing fibre orientation coefficient fθ. Table 5.3 shows that for the same fibre orientation coefficient fθ (for definition, see eqn [3.27]), the variance of χ1χ2 with the mean fibre orientation angle is dependent on the sign (positive or negative) of fθ; when fθ > 0, the value of χ1χ2 increases with increasing mean fibre orientation angle; in contrast, when fθ < 0, the value of χ1χ2 decreases with the increase in mean fibre orientation angle. When fθ = 0, there is almost no change in the mean fibre orientation angle and hence the value of χ1χ2. Moreover, no direct relationship is found between the value of χ1χ2 and the most probable fibre orientation angle, θmod. In summary, amongst the influencing factors studied above, the mean fibre orientation angle plays the most important role while the mode fibre orientation angle the least role in determining the strength of injection moulded SFRP composites. The effect of the snubbing friction coefficient μ on χ1χ2 is given in Fig. 5.11, where Af = 0.4, lmin = 0, lmax = ∞, lmean = 0.4 mm, lc = 0.2 mm and
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 Engineering of short fibre reinforced polymer composites Table 5.2 Effect of FOD on the tensile strength of SFRP composites. Adapted from Fu and Lauke, 1996* p
 
 q
 
 θmean
 
 θmod
 
 fθ
 
 χ1χ2
 
 100 16 8 4 2 0.5 0.5 1 1 1 0.5 0.5
 
 0.5 1 1 1 1 0.5 1 4 8 16 10 100
 
 1.514 1.351 1.262 1.141 0.982 0.785 0.571 0.430 0.308 0.220 0.179 0.056
 
 π/2 1.393 1.318 1.209 1.047 no 0.0 0.361 0.253 0.178 0.0 0.0
 
 −0.99 −0.88 −0.78 −0.6 −0.33 0 0.33 0.6 0.78 0.88 0.91 0.99
 
 0 0.013 0.068 0.174 0.308 0.417 0.549 0.652 0.693 0.717 0.726 0.755
 
 * p and q are parameters for fibre orientation distribution as shown in eqn [3.24] of Chapter 3; fθ is fibre orientation coefficient defined in eqn [3.27] of Chapter 3. Table 5.3 Effect of FOD on the tensile strength of SFRP composites. Adapted from Fu and Lauke, 1996 p
 
 q
 
 θmean
 
 θmod
 
 fθ
 
 χ1χ2
 
 0.5 1 2 4 0.5 1 2 4 8 4 2 1
 
 1 2 4 8 0.5 1 2 4 4 2 1 0.5
 
 0.571 0.589 0.601 0.608 0.785 0.785 0.785 0.785 0.962 0.970 0.982 0.999
 
 0.0 0.524 0.580 0.599 no 0.785 0.785 0.785 0.972 0.991 1.047 1.57
 
 0.33 0.33 0.33 0.33 0 0 0 0 −0.33 −0.33 −0.33 −0.33
 
 0.549 0.569 0.588 0.595 0.417 0.416 0.415 0.414 0.351 0.330 0.308 0.290
 
 lmod = 0.213 mm, and p = 0.5 and q = 10 for the fibre orientation distribution function, respectively. It is obvious that the value of χ1χ2 increases slightly with increasing snubbing friction coefficient, suggesting that snubbing friction has only a small effect on the strength of SFRP composites. Figure 5.12 shows the effect of the constant Af on the value of χ1χ2. It is clear that the fibre efficiency factor χ1χ2 decreases with increasing Af. This means that if the fibre flexural effect on the fracture strength of oblique
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 5.11 Effect of snubbing friction coefficient, μ, on fibre efficiency factor χ1χ2 for the composite strength. Adapted from Fu and Lauke (1996).
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 5.12 Effect of the constant Af on fibre efficiency factor χ1χ2 for the composite strength. Adapted from Fu and Lauke (1996).
 
 fibres is small, the composite strength would be high. Otherwise, the composite strength would be relatively low. Hence, the inclined fibre tensile strength is a very useful parameter for the development of high strength misaligned SFRP composites. Theoretical models are developed to explain observed data and predict future results. They are as good as can be verified with published
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 experiments. Equations [5.43] and [5.44] are applied to the experimental results of Templeton (1990). Since the composite strength, the fibre volume fraction and the matrix strength have all been obtained, then the experimental values of (χ1χ2)e can be estimated with eqn [5.43] as shown in Table 5.4. Also, the mean fibre length is given, then with eqn [3.11] the parameter a can be obtained by setting arbitrarily, b = 1.2. This arbitrary value will not result in a large error since different values of b may result in different mode fibre lengths, but as shown in Fig. 5.10, the effect of mode fibre length on the tensile strength of SFRP is very small. The parameter q can be evaluated from eqn [3.27] by setting arbitrarily, p = 1 because the fibre orientation coefficient is given (Templeton, 1990). This arbitrary value may bring about only a small error for a given fibre orientation coefficient as shown in
 
 Table 5.4 Comparison of the theory (eqns [5.43] and [5.44]) (Fu and Lauke, 1996) with experimental results (Templeton, 1990)* ID
 
 Glass Matrix Fibre fibre strength volume strength (MPa) fraction (MPa)
 
 Critical fibre length (mm)
 
 Mean fibre length (mm)
 
 Composite Fibre orientation strength coefficient (MPa) (fθ)
 
 Nylon-1 Nylon-2 Nylon-3 PP-1 PP-2 PP-3 PBT-1 PBT-2 PBT-3
 
 2758 2758 2758 2758 2758 2758 2758 2758 2758
 
 0.5613 0.5994 0.5994 1.4554 1.3995 1.3995 0.6807 0.8407 0.6807
 
 0.8814 1.1862 0.8712 2.4714 2.4841 2.4866 0.9144 0.9931 1.0007
 
 0.4333 0.3461 0.4095 0.2359 0.2029 0.2985 0.3673 0.3407 0.3472
 
 74.6 74.6 74.6 31.1 31.1 31.1 34.2 34.2 34.2
 
 0.176 0.186 0.186 0.100 0.100 0.100 0.181 0.181 0.181
 
 201.5 191.0 195.8 61.5 58.1 75.1 142.0 137.8 140.7
 
 ID
 
 a
 
 b
 
 p
 
 q
 
 μ
 
 A
 
 (χ1χ2)e
 
 (χ1χ2)t
 
 Nylon-1 Nylon-2 Nylon-3 PP-1 PP-2 PP-3 PBT-1 PBT-2 PBT-3
 
 1.0813 0.7571 1.0964 0.3138 0.3118 0.3115 1.0346 0.9370 0.9284
 
 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2 1.2
 
 1 1 1 1 1 1 1 1 1
 
 2.5294 2.0586 2.3870 1.6175 1.5091 1.8510 2.1611 2.0335 2.0637
 
 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
 
 1.2 1.2 1.2 1.7 1.7 1.7 1.3 1.3 1.3
 
 0.2884 0.2539 0.2633 0.1215 0.1090 0.1707 0.2284 0.2199 0.2258
 
 0.2826 0.2550 0.2682 0.1262 0.1197 0.1425 0.2237 0.2082 0.2202
 
 * PP: polypropylene and PBT: polybutylene terephthalate; a, b, p and q are parameters respectively for determining fibre length distribution and fibre orientation distribution, given in Chapter 3.
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 Table 5.3. The snubbing friction coefficient μ can be arbitrarily assumed as 0.1 because μ has only a very small effect on the value of χ1χ2 as indicated in Fig. 5.11. And the constant Af can be adjusted. Consequently, the theoretical values of (χ1χ2)t can be evaluated and the final results are listed in Table 5.4. The comparison shows that the theoretical results agree well with the experimental data, indicating that the theory (eqns [5.43] and [5.44]) can give good predictions of the strength of SFRP composites.
 
 5.4
 
 Anisotropy of tensile strength of short fibre reinforced polymer (SFRP) composites
 
 It is well documented that the mechanical properties, such as tensile strength, of short fibre reinforced polymer (SFRP) composites depend on the fibre length distribution (FLD) and the fibre orientation distribution (FOD) in final composite parts (Chin et al., 1988; Chou and Nomura, 1981; Choy et al., 1992; Fu and Lauke, 1996; Lauke and Fu, 1999; Hine et al., 1995; Xia et al., 1995). Owing to the partial fibre orientation in the final parts, SFRP composites show anisotropy or direction dependence of their mechanical properties. The anisotropy of the strength of SFRP composites will be discussed below.
 
 5.4.1 Bridging stress of fibres To study the direction dependence of the strength of a SFRP composite, it is assumed that a force F is applied in the (Θ, Φ) direction on the SFRP composite (see Fig. 5.13). To estimate the stress in the (Θ, Φ) direction required to break the composite, it is necessary to estimate the average bridging stress of the fibres across the corresponding failure plane. The single fibre bridging case will be first considered as follows. When a fibre intersecting the crack plane orients normally to the crack plane, the bridging stress σF of the fibre across the crack plane can be estimated by eqn [5.23] (Fu and Lauke, 1996). In contrast, when a fibre obliquely crosses the crack plane, the bridging stress σFδ is given by Fu et al. (1993), Jain and Wetherhold (1992) and Li et al. (1990):
 
 σ Fδ = 2lS (τ rf )exp( μδ ) for lS < lcδ 2 ,
 
 5.47
 
 where ls is the embedded length (shown in Fig. 5.3 but θ should be replaced by δ), lcδ denotes the critical fibre length for an obliquely crossed fibre (Li et al., 1990; Fu et al., 1993); δ is the angle between the fibre axial direction (θ, φ) and the crack plane normal or the applied loading direction (Θ, Φ) (see Fig. 5.13), we have: cos δ = cos Θ cos θ + sin Θ sin θ cos(φ − Φ ) .
 
 5.48
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 5.13 Definition of loading direction angles Θ and Φ.
 
 Assume δ ⬉ 90°, then the right-hand side of eqn [5.48] should have an absolute value. If lS is not less than lcδ/2, the bridging stress of the oblique fibre is given by:
 
 σ Fθ = σ Fuδ
 
 for lS ≥ lcδ 2,
 
 5.49
 
 where σ uFδ denotes the fracture stress (namely, inclined tensile strength) of the oblique fibres due to the fibre flexural effect (Bartos and Duris, 1994). Since the flexural stresses for the oblique fibre cause an apparent loss of fibre strength during loading, the fracture strength for the oblique fibre would be reduced (Piggott, 1974, 1994). If the fibres are brittle (e.g., glass or carbon fibres, etc.), σ uFδ can be estimated using eqn [5.27] (Piggott, 1974, 1994). Obviously, there will be a maximum fibre orientation angle for σ uFδ ≥ 0:
 
 δ max = arctan(1 Af ) .
 
 5.50
 
 The above equation is the same as eqn [5.28]. When δ ≥ δmax, σ uFδ = 0. Taking into account the fibre snubbing friction and flexural effects, the expression for the critical length of the oblique fibre is the same as eqn [5.29] by replacing θ with δ.
 
 5.4.2 Average fibre stress in aligned SFRP composites To estimate the stress in the applied loading (Θ, Φ) direction required to break the composite, the average bridging stress of the fibres is evaluated below. Consider an aligned SFRP composite with uniformly distributed short fibres having the same length l, the fibres are aligned perfectly along the (Θ, Φ) direction. When l is less than lc, the average fibre bridging stress is estimated by eqn [5.5]. When l ≥ lc, the average bridging stress of the fibres
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 is expressed by eqn [5.7]. Conversely, for a composite with short fibres that are oriented obliquely at an angle δ with the (Θ, Φ) direction, the average bridging stress of the fibres crossing the crack plane is, respectively, expressed by eqns [5.36] and [5.37] by replacing θ with δ (Fu and Lauke, 1996).
 
 5.4.3 Anisotropy of strength of SFRP composite The anisotropy on the mechanical properties including strength of SFRP composites is dominated by the fibre orientation (Hine et al., 1996). The strength anisotropy of a SFRP composite is the dependence of the composite strength on the applied loading direction (Θ, Φ). Let Nv be the total fibre number in the composite, and Ni the number of fibres with a length from l to l + dl and a pair of orientation angles from θ to θ + dθ and from φ to φ + dφ. Then, we have: N i N v = f ( l ) g (θ ) g (φ )dldθ dφ .
 
 5.51
 
 The volume subfraction vi of the fibres with a length from l to l + dl and a pair of orientation angles from θ to θ + dθ and from φ to φ + dφ can be otained from: vi = v ⎡⎣( N i lπ rf2 ) ( N v lmean π rf2 ) ⎤⎦ = v[( N i l ) ( N v lmean )].
 
 5.52
 
 The composite strength is contributed by all the fibres in the composite. Thus, similar to the derivation of eqn [5.42], the composite strength for loading in the (Θ, Φ) direction is given by:
 
 σ cu ( Θ, Φ ) =
 
 φmax
 
 θmax
 
 lmax
 
 ∑ ∑ ∑ σ Fθφ v + σ M vm,
 
 φ =φmin θ =θmin l =lmin
 
 5.53
 
 where σFθφ = σFδ and θ, φ and δ satisfy eqn [5.48]. Combining eqns [5.51]– [5.53] and replacing the summation by the integral, we have: φmax θmax lmax
 
 σ cu ( Θ, Φ ) = v
 
 ∫ ∫ ∫ f ( l ) g (θ ) g (φ )( l
 
 φmin θmin lmin
 
 lmean )σ Fδ dldθ dφ + σ M vm.
 
 5.54
 
 Thus, the strength of SFRP composite in the (Θ, Φ) direction becomes: ⎡φmax θmax lcδ σ cu ( Θ, Φ ) = v ⎢ ∫ ∫ ∫ f ( l ) g (θ ) g (φ )( l lmean )σ Fu ( l ( 2lc ) ) exp( μδ )dldθ dφ ⎣ φmin θmin lmin +
 
 φmax θmax lmax
 
 ∫ ∫ ∫ f ( l ) g (θ ) g (φ )( l
 
 φmin θmin lcδ
 
 lmean )σ Fu ( 1 − Af tan(δ ) )
 
 × ( 1 − lC ( 1 − Af tan(δ ) ) ( 2l exp( μδ ) ) )dldθ dφ ⎤⎦ + σ M vm.
 
 5.55
 
 Equation [5.55] can be rewritten in the following form:
 
 σ cu ( Θ, Φ ) = χσ Fu v + σ M vm,
 
 5.56
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 where
 
 χ=
 
 φmax θmaxx lcδ
 
 ∫ ∫ ∫ f ( l ) g (θ ) g (φ )( l
 
 φmin θmin lmin φmax θmax lmax
 
 +
 
 lmean ) ( l ( 2lC ) ) exp( μδ )dldθ dφ
 
 ∫ ∫ ∫ f ( l ) g (θ ) g (φ )( l
 
 φmin θmin lcδ
 
 lmean ) ( 1 − Af tan(δ ) )
 
 × ( 1 − lc ( 1 − Af tan(δ ) ) ( 2l exp( μδ ) ) )dldθ dφ .
 
 5.57
 
 The parameter χ is defined as the fibre reinforcing efficiency factor containing both the fibre length and orientation effects for the strength of the SFRP composite in the (Θ, Φ) direction. The larger the value of χ, the higher is the composite strength in the (Θ, Φ) direction. The dependence of the composite strength on the loading direction (Θ, Φ), namely, the anisotropy of the composite strength, can be investigated using eqns [5.56] and [5.57]. In the case of transverse loading (Θ = 90°, Φ = 0°) and the fibres aligned along the θ = 0° direction, the fibre contribution to the composite strength is ignored (namely, σ uFδ = 0) and the failure of the SFRP composite is matrix- and/or interface-controlled. For a unidirectional short fibre composite, the strength anisotropy is obtained from eqns [5.56] and [5.57]. Here, θ = 0, and δ = Θ according to eqn [5.48] and Fig. 5.13. The angle φ is independent of other angles and fibre length, its integration is unity in eqn [5.57]. Hence, the parameter χ for the strength anisotropy σ uc(Θ, Φ) of a unidirectional fibre composite can be derived from eqn [5.57]. That is,
 
 χ=
 
 lcΘ
 
 l
 
 l
 
 ∫ f (l ) ⋅ lmean ⋅ 2lc ⋅ exp(μΘ )dl
 
 lmin lmax
 
 +
 
 l
 
 ⎛
 
 ∫ f (l ) ⋅ lmean ⋅ (1 − Af tan Θ ) ⋅ ⎜⎝ 1 −
 
 lcΘ
 
 lc (1 − Af tan Θ ) ⎞ dl . 2l exp( μΘ ) ⎟⎠
 
 5.58
 
 Equation [5.58] can be further simplified for a unidirectional short fibre composite with a constant length l.
 
 χ =⋅
 
 l ⋅ exp( μΘ ) for l < lc 2lc
 
 5.59
 
 ⎛ lc ( 1 − Af tan Θ ) ⎞ χ = ⋅ ( 1 − Af tan Θ ) ⋅ ⎜ 1 − 5.60 ⎟ for l ≥ lc. 2l exp( μΘ ) ⎠ ⎝ Equations [5.59] and [5.60] are the expressions for the fibre length factor (also the fibre reinforcing efficiency factor since the fibre orientation factor equals 1) for the strength of a unidirectional short fibre composite loaded at the (Θ, Φ) direction and the composite strength can be estimated by: σ uc(Θ, Φ) = χσ uFv + σMvm. When Θ = 0, eqns [5.59] and [5.60] naturally become the same as eqns [5.9] and [5.10], respectively.
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 The following parametric values are used in the calculation: Af = 0.4, μ = 0.1, lc = 0.2 mm, lmean = 3.198 mm (a = 0.15 and b = 1.5) and θmean = 12.95° (p = 0.6 and q = 8). For simplicity and without loss of generality, one important case, namely, the planar fibre orientation distribution (Chin et al., 1988; Xia et al., 1995; Kwok et al., 1997), in which s = 0.5 and t = ∞ for g(φ) (see eqn [3.29]), will be considered. Also, g(θ) is reasonably assumed to be symmetrical about θ = 0°, which is the mould flow direction. Figure 5.14 shows the fibre efficiency factor χ plotted as a function of the direction angle Θ and the mean fibre length. It is clearly seen that χ increases with increasing mean fibre length at small Θ while it is insensitive to (Fig. 5.14(a)) or independent of (Fig. 5.14(b)) the mean fibre length at large Θ (≥70°). Moreover, χ decreases generally with increasing angle Θ at both Φ = 0° and 90° while it becomes insensitive to angle Θ when Θ = ∼70° at
 
 1.2 lmeam = 6.667 mm
 
 1.0
 
 Fibre efficiency factor, χ
 
 Fibre efficiency factor, χ
 
 1.2
 
 0.8 0.6 3.198 1.096 mm 0.466 mm
 
 0.4 0.2
 
 1.0
 
 Θ = 0°
 
 0.8 Θ = 30°
 
 0.6
 
 Θ = 20°
 
 0.4 0.2 0
 
 0 0
 
 15
 
 30
 
 45
 
 60
 
 75
 
 90
 
 105
 
 Angle Θ (degree)
 
 (a) Φ = 0°
 
 0 (c) Φ = 0° 1.2
 
 1.2
 
 1.0
 
 1.0
 
 lmeam = 6.667 mm
 
 Fibre efficiency factor, χ
 
 Fibre efficiency factor, χ
 
 1 2 3 4 5 6 Mean fibre length, lmean (mm)
 
 0.8 0.6 3.198 mm 1.096 mm 0.466 mm
 
 0.4 0.2 0
 
 Θ = 0°
 
 0.8 Θ = 30° 0.6
 
 Θ = 20°
 
 0.4 0.2 0
 
 0 (b) Φ = 90°
 
 15
 
 30
 
 45
 
 60
 
 75
 
 Angle Θ (degree)
 
 90
 
 105
 
 0
 
 1
 
 2
 
 3
 
 4
 
 5
 
 (d) Φ = 90° Mean fibre length, lmean (mm)
 
 5.14 Variation of fibre efficiency factor, χ, for strength of SFRP composites with direction angle Θ for various mean fibre lengths at (a) Φ = 0° and (b) Φ = 90° and with mean fibre length for various Θ at (c) Φ = 0° and (d) Φ = 90°. Adapted from Lauke and Fu (1999).
 
 6
 
 106
 
 Engineering of short fibre reinforced polymer composites
 
 Φ = 90°. Further, from Fig. 5.14(c)–(d) it is obvious that the fibre efficiency factor χ increases dramatically with increasing mean fibre length when it is small while it increases slowly with increasing mean fibre length when it is large at various loading directions. The fibre efficiency factor χ for the composite strength at Φ = 0° and 90° is shown in Fig. 5.15 as a function of the direction angle Θ for various critical fibre lengths. It can be seen that a smaller critical fibre length (or a larger 1.0 lc = 0.2 mm Fibre efficiency factor, χ
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 5.15 Variation of fibre efficiency factor, χ, for composite strength with direction angle Φ for various critical fibre lengths at (a) Φ = 0° and (b) Φ = 90°. Adapted from Lauke and Fu (1999).
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 interfacial adhesion strength, since lc = rfσ uF/τi) generally leads to a higher fibre efficiency factor when Θ is not large ( 100). In addition, the composite flexural modulus for the case of continuous FOD is the highest since it has more fibres of small orientation angle in the skin layers than the other two cases while the flexural modulus for the layered structure case is the lowest as its mean fibre orientation angle (= 25.81°) in the skin layers is assumed less than that (=12.95°) of the uniform case. The effect of mode fibre length and therefore mode fibre aspect ratio on the composite flexural modulus is shown in Fig. 7.12 for the two cases of a large and a small mean fibre length (or mean fibre aspect ratio) (Fu et al., 1999), where the parameters are the same as in Fig. 7.11 except a and b. The composite flexural modulus increases slightly with the increase of mode fibre length or mode fibre aspect ratio when mean fibre length (or mean fibre aspect ratio) is large (see Fig. 7.12(a)). However, when lmean (or lmean/d) is small, the effect of mode fibre length (or mode fibre aspect ratio) on the composite flexural modulus is noticeable (see Fig. 7.12(b)) and the composite flexural modulus increases with increasing mode fibre length (or mode fibre aspect ratio).
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 7.12 Effect of mode fibre length (or mode fibre aspect ratio) on the flexural modulus of SFRP for: (a) a large mean fibre length with a value of 3.198 mm (or a large mean fibre aspect ratio with a value of 319.8); and (b) a small mean fibre length with a value of 0.2 mm (or a small mean fibre aspect ratio with a value of 20). Adapted from Fu et al., 1999.
 
 Xia et al. (1995) proposed a model for prediction of the flexural modulus of SFRP composites in which the composite is treated as a sandwich beam. First, the elastic moduli for the skin and core layers are obtained. Then, the composite flexural modulus is obtained from the composite beam theory. Depending on the fibre orientation in the skin layer, its elastic modulus can be obtained from:
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 lmax
 
 ∫
 
 E11 ( l ) f ( l ) dl.
 
 7.45
 
 lmin
 
 Similarly, based on the fibre orientation in the core layer, the elastic modulus Ecc of the core layer can be obtained using the modified Halpin–Tsai equation and eqn [7.45]. Finally, the flexural modulus of SFRP composites is determined from: EFlex = ( Ecs I s + Ecc I c ) I,
 
 7.46
 
 where Is, Ic and I are, respectively, the moments of inertia of the cross section of the skin layer, the core layer and the injection moulded composite part, and are given by:
 
 (
 
 I s = b hs3 6 + hs ( hc + hs ) 2 2
 
 I c = b ( hs3 12)
 
 )
 
 7.47 7.48
 
 I = b ( h3 12) ,
 
 7.49
 
 where hs and hc are, respectively, thickness of the skin and core layers, and b and h are the width and thickness of the injection moulded composite part. Experimental results of flexural modulus in the 90° (flow direction) and 0° (transverse to resin flow direction) for long fibre reinforced polyamide (PAL) and short fibre reinforced polyamide (PAS) materials and the calculated results using eqn [7.46] are listed in Table 7.1 (Xia et al., 1995). PAL shows about the same flexural modulus values as those of PAS. The theoretical results coincide with the experimental data. This is explained by the fibre orientation in the skin and core layers and fibre orientation is regarded as the most important factor influencing the flexural modulus of moulded composites. Moreover, since the fibres in the surface layers are well oriented along the flow direction, the anisotropy of the flexural modulus occurs in both the moulded PAL and PAS composites. Thus, the transverse composite
 
 Table 7.1 Comparisons of experimental and theoretical results for flexural modulus of SFRP composites; all units in GPa. Adapted from Xia et al., 1995 Material type
 
 PAS PAL
 
 90° direction (main flow direction, MFD)
 
 0° direction (transverse to MFD)
 
 Experiment
 
 Theory
 
 Experiment
 
 Theory
 
 7.533 7.221
 
 7.703 7.713
 
 4.402 4.107
 
 5.041 4.940
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 7.13 Composite flexural modulus vs fibre content. Adapted from Thomason (2005).
 
 modulus is quite different from and much lower than the longitudinal composite flexural modulus. Results for the flexural modulus of injection moulded discontinuous long glass fibre reinforced polypropylene composites are plotted in Fig. 7.13 (Thomason, 2005). It is seen that the composite flexural modulus increases almost linearly with increasing glass fibre content. In general, the composite flexural modulus increases with fibre content and fibre length but decreases with fibre orientation angle. It is shown that the mean fibre length decreases while the fibre orientation angle parallel to the flow direction increases with increasing fibre content (Thomason, 2005). Therefore, the effects of both fibre length and fibre orientation balance each other out as the fibre content increases. Consequently, the composite flexural modulus increases linearly with the increase of fibre content.
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 8 Thermal conductivity and expansion of short fibre reinforced polymer composites
 
 Abstract: Polymers are added with inorganic short fibres such as short glass and short carbon fibres with relatively high thermal conductivity to fabricate composites that can meet high thermal conductivity requirements for applications where highly thermally conductive materials are required. Further, dimensional stability is also important for polymers that are used in areas where temperature changes often occur. In this chapter, theoretical models for the thermal conductivity and thermal expansion of SFRPs are presented and their thermal properties are discussed as a function of the component properties, fibre length distribution and fibre orientation distribution for the cases of unidirectional, misaligned and randomly distributed fibres. Key words: thermal conductivity, thermal expansion, unidirectional, misaligned, random distribution.
 
 8.1
 
 Introduction
 
 Polymer materials are often used as thermal insulators because of their low thermal conductivity. However, when they are used in electronic packaging applications, for example, where highly thermally conductive materials are required, polymers are added with inorganic fillers with high thermal conductivity to fabricate composites that can meet the high thermal conductivity requirement. In designing such filled polymers, the prediction of thermal conductivity of the final composite products is essential. Moreover, dimensional stability is important for polymers that are used in areas where temperature changes would occur. Polymers usually have a relatively high thermal expansion and therefore their thermal expansion should be decreased to increase dimensional stability for such applications in which temperature often changes. Hence, inorganic fillers such as short glass fibres and short carbon fibres are introduced to polymer matrices to significantly reduce thermal expansion. Thermal expansion of short fibre reinforced polymer (SFRP) composites is dependent on fibre length and orientation distributions and its prediction is addressed in this chapter. 184
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 Thermal conductivity
 
 Many reports have been published on the improvement of thermal conductivity of polymers by filling with thermally conductive fillers. The thermal conductivity of composites is known to increase exponentially with increase of filler content. SFRP composites are attractive materials for electronic packaging applications where the combination of reinforcement with high thermal conductivity embedded in a resin matrix with low thermal conductivity is desirable to maintain a low temperature environment for thermally sensitive electronic packaging components. A number of analytical models have been proposed to predict thermal conductivity of short fibre reinforced polymer composites (Halpin, 1984; Nielsen, 1973; Willis, 1977; Normura and Chou, 1980; Chou and Nomura, 1981; Hatta and Taya, 1985; Chen and Wang, 1996). They are, however, focused on either aligned short fibre composites (Halpin, 1984; Normura and Chou, 1980) or completely random short fibre composites (Nielsen, 1973; Willis, 1977) or short fibre composites with fibres of a constant fibre length (Chou and Nomura, 1981; Hatta and Taya, 1985; Chen and Wang, 1996). Fibre length distribution (FLD) always exists in injection moulded SFRP composites. However, all the above models did not consider the effect of FLD on thermal conductivity of SFRP composites. It has been shown that FLD plays an important role in determining the thermal conductivity (Fu and Mai, 2003). Moreover, due to partial fibre alignment, the fibre orientation distribution (FOD) also has a significant effect on the thermal conductivity of SFRP composites. In this chapter, the unidirectional SFRP case is first considered. The thermal conductivity of partially aligned SFRP composites with a FLD and a FOD is next discussed. Finally, the two-dimensional (2D) and threedimensional (3D) random cases are considered.
 
 8.2.1 Thermal conductivity of unidirectional SFRP composites Thermal conductivity is a bulk property, analogous to elastic modulus. It is well accepted that a mathematical analogy exists between thermal conduction and elasticity of fibre composites. Similar to the predictions of the elastic modulus using the laminate analogy approach (LAA) (Fu and Lauke, 1998a) to evaluate the thermal conductivity of SFRP composite in the ‘1’ direction as shown in Fig. 8.1, which depends on the orientation distribution of the angle (θ) that the fibres make with the ‘1’ direction, we need to first evaluate the thermal conductivity of the corresponding unidirectional short fibre composites by assuming all the fibres lie in the 1–2 plane. It has been shown by Choy et al. (1992, 1994), Progelhof et al. (1976), Nielsen (1974), Bigg (1986) and Agari et al. (1991) that the Halpin–Tsai
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 Fibre
 
 θ
 
 3
 
 φ 2
 
 8.1 Definitions of spatial fibre orientation angles θ and φ.
 
 equation can be used to describe the thermal conduction of unidirectional short fibre composites. For a unidirectional lamina, the thermal conductivities parallel (K1) and perpendicular (K2) to the fibre direction are given by (Halpin, 1984): K1 =
 
 1 + 2 ( l d ) μ1 v Km 1 − μ1 v
 
 8.1
 
 K2 =
 
 1 + 2 μ2 v Km, 1 − μ2 v
 
 8.2
 
 where l is fibre length and d is fibre diameter, and v is fibre volume fraction. Km is the thermal conductivity of matrix, and μ1 and μ2 are obtained from:
 
 μ1 =
 
 K f 1 Km − 1 K f 1 K m + 2l d
 
 8.3
 
 μ2 =
 
 K f 2 Km − 1 , K f 2 Km + 2
 
 8.4
 
 where Kf1 and Kf2 are thermal conductivity of the fibre in the direction parallel and transverse to the fibre axis direction, respectively. When the fibres in the lamina are oriented at an angle θ with respect to the 1-axis, the composite thermal conductivities along the 1-axis and 2-axis are given by Choy et al. (1994): K1′ = K1 cos2 θ + K 2 sin 2 θ
 
 8.5
 
 K 2′ = K1 sin θ + K 2 cos θ .
 
 8.6
 
 2
 
 2
 
 The linear flux along a given direction through a lamina of a multidirectional laminate can be obtained by the temperature gradient. The total heat flux through the laminate can be obtained by integrating along it thickness. The thermal conductivity of a laminate can thus be integrated through its thickness since temperative gradient is continuous. By assuming the heat
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 flux through all the laminae, the composite thermal conductivities are determined by (Choy et al., 1992, 1994): 1 1 K1c = ( K1 + K 2 ) + V ( K1 − K 2 ) 8.7 2 2 1 1 K 2c = ( K1 + K 2 ) − V ( K1 − K 2 ) , 8.8 2 2 where V is given by: V=
 
 λ 2 (1 + e − λπ 2 )
 
 (λ 2 + 4) (1 − e − λπ 2 )
 
 ,
 
 8.9
 
 and λ is a parameter characterising the degree of fibre orientation to be given later. On the contrary, it has been shown (Bigg, 1986) that the thermal conductivity of unidirectional SFRP composites can also be predicted accurately by Nielsen’s model (1973): K1 =
 
 1 + 2 (l / d ) ξ1v Km 1 − ξ1ψ v
 
 8.10
 
 K2 =
 
 1 + 0.5ξ 2 v Km, 1 − ξ 2ψ v
 
 8.11
 
 ξ1 =
 
 K f 1 Km − 1 K f 1 K m + 2l d
 
 8.12
 
 ξ2 =
 
 K f 2 Km − 1 K f 2 Km + 0.5
 
 8.13
 
 in which
 
 ⎛ 1− v ⎞ ψ = 1 + ⎜ 2 max ⎟ v, ⎝ vmax ⎠
 
 8.14
 
 where vmax is the maximum fibre fraction possible while still maintaining a continuous matrix phase, and is referred to as the maximum packing fraction. The maximum filler packing volume fraction is dependent on the dispersion state and the filler shape as shown in Table 8.1 (Nielsen, 1974; Okamoto and Ishida, 1999). It is easy to ascertain that the Halpin–Tsai and Nielsen equations give similar predictions. Comparison between these two models for the prediction of the thermal conductivities of SFRP composites is given in Fig. 8.2, where vmax = 0.907 for uniaxial hexagonal alignment (vmax = 0.785 for simple cubic alignment, similar results can be obtained), d = 10 μm, l = 0.5 mm, Kf1 = Kf2 = 10.4 mW cm−1 K−1, and Km = 2.0 mW cm−1 K−1. From Fig. 8.2, it can be seen that the two models give similar (very close) predictions, except there is a small difference in the transverse thermal conductivity. Thus, it is more convenient to use the Halpin–Tsai equation for prediction of thermal conductivity of unidirectional SFRP composites since it does not need the parameter, vmax, which depends on fibre alignment (or packing geometry).
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 Table 8.1 Maximum filler packing fractions (Nielsen, 1974; Okamoto and Ishida, 1999) Shape of fillers
 
 Type of packing
 
 Maximum packing fraction
 
 Spheres Spheres Spheres Spheres Spheres Spheres Rods or fibres Rods or fibres Rods or fibres Rods or fibres
 
 Hexagonal close packed Face centered cubic Body centered cubic Simple cubic Random close packed Random loose packed Uniaxial hexagonal close packed Uniaxial simple cubic Uniaxial random Three-dimensional random
 
 0.741 0.741 0.600 0.524 0.637 0.601 0.907 0.785 0.820 0.520
 
 From Okamoto and Ishida (1999) (Journal of Applied Polymer Science, Vol. 72, No. 13, 1999, p. 1692. Copyright 1999 John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
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 8.2 Predicted thermal conductivity of unidirectional short fibre composites by Halpin–Tsai equation (Halpin, 1984) and Nielsen equation (1974). Adapted from Fu and Mai (2003) (Journal of Applied Polymer Science, Vol. 88, No. 6, 2003, p. 1500. Copyright 2003, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 Nomura and Chou (1980) presented bounds of the effective thermal conductivities for unidirectional short fibre composites based on an approach originally developed by them for the composite effective elastic modulus. For a binary system, the bounds of thermal conductivity are given by the following explicit forms:
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 −1
 
 2 ⎧ ⎫ 1 ⎞ ⎛ 1 vv h(t ) − ⎪ ⎪ m⎜ ⎟ ⎝ K f Km ⎠ v ⎪ v ⎪ + m − ⎨ ⎬ ≤ K1 ≤ vK f + ⎪ K f Km (vm − v) ⎛ 1 − 1 ⎞ h(t ) + v + vm ⎪ ⎜⎝ K K ⎟⎠ ⎪⎩ K f Km ⎪⎭ f m 2 vvm ( K f − Km ) (1 − h(t )) vm Km − , (vm − v) (Kf − Km ) (1 − h(t )) + vKf + vm Km
 
 8.15
 
 where h(t) is: h( t ) =
 
 1/ 2 1/ 2 ⎛ t + ( t 2 − 1)1 / 2 ⎞ ⎤ ⎫⎪ t 2 ⎧⎪ 1 ⎡⎛ t 2 ⎞ ⎛ t 2 − 1⎞ ⎢ 1 − − ln ⎟ ⎥⎬, ⎜ ⎨ ⎜⎝ t 2 ⎟⎠ ⎜⎝ t − ( t 2 − 1)1 / 2 ⎟⎠ ⎥ ⎪ t 2 − 1 ⎪ 2 ⎢⎜⎝ t 2 − 1⎟⎠ ⎣ ⎦⎭ ⎩
 
 8.16
 
 and t is the fibre aspect ratio (l/d). In the case of spherical inclusion, h(t) = 2/3 for t = 1. And for the special case of continuous fibres, h(t) = 1 for t = ∞, eqn [8.15] becomes: K1 = vK f + vm Km.
 
 8.17
 
 8.2.2 Thermal conductivity of misaligned SFRP composites As mentioned above, thermal conductivity is a bulk property analogous to modulus. The elastic modulus of misaligned SFRP composites has been successfully predicted using the laminate analogy approach (LAA) (Fu and Lauke, 1998a). Therefore, here, the LAA is used to derive an expression for the thermal conductivity of SFRP composites including effects of fibre volume fraction, FLD and FOD. In the LAA, the SFRP composites can be simulated as a sequence of a stack of various laminae with different fibre orientations and different fibre lengths. Successive development of the laminated plate model of a three-dimensionally (3D) misaligned SFRP composite is shown in Fig. 8.3. The SFRP composite with a 3D spatial FOD function g(θ,φ) = g(θ)g(φ)/ sinθ having fibre ends in the three visible planes (see Fig. 8.3(a)) is first replaced by a SFRP composite with the same g(θ) but φ = 0, having no fibre ends in the 1–2 plane or no fibres in the out-of-plane direction (represented by the 3-axis) (see Fig. 8.3(b)). Then, according to the FLD, this composite is regarded as a combination of laminates, each comprising fibres having the same fibre length (see Fig. 8.3(c); ‘L(li), i = 1, 2, . . . , n’ denotes the ith laminate containing fibres of the same length li). Each laminate with the same fibre length is then treated as a stacked sequence of laminae; each lamina consists of fibres having the same fibre length and the same fibre orientation (see Fig. 8.3(d), ‘L(li,θj), j = 1, 2, . . . , m’
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 1 θ 3 φ 2 (a) L(l1) L(l2) …
 
 (b) L(ln)
 
 (c)
 
 L(li , θ1 = 0°) L(li , θ2)… L(li , θm = 90°)
 
 (d)
 
 8.3 Simulations of the laminated plate model of a 3D misaligned SFRP composite: (a) real 3D SFRP; (b) supposed SFRP; (c) supposed SFRP is considered as combination of laminates – each laminate has the same fibre length; and (d) each laminate is treated as a stacked sequence of laminae – each lamina has the same fibre length and the same fibre orientation. Adapted from Fu and Mai (2003) (Journal of Applied Polymer Science, Vol. 88, No. 6, 2003, p. 1499. Copyright 2003, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 denotes the jth lamina containing fibres having the same length li and the same angle θj). In a unidirectional lamina, a linear relationship between heat flux and temperature gradient in the directions parallel and perpendicular to the fibre direction (namely, in the local coordinate system) is given by: qi = − K i ∇Ti , i = 1, 2.
 
 8.18
 
 In the global coordinate system, the fibres of the lamina are oriented at an angle θ (θ ≠ 0) relative to the measured direction; the linear relationship between heat flux and temperature gradient is:
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 qi′ = − K i′∇Ti ′, i = 1, 2.
 
 8.19
 
 Let us introduce a transformation tensor Xij defined by: Yi = X ijYj′,
 
 8.20
 
 where Yi and Y′j are the components of a vector Y in the local and global coordinate systems, respectively. Then, we have: X ij−1qi′ = − K i X ij∇Tj′.
 
 8.21
 
 K i′ = X ij−1 K i X ij ,
 
 8.22
 
 So,
 
 where the coordinate transformation tensor Xij is given by: X ij =
 
 {
 
 cos θ − sin θ
 
 }
 
 sin θ . cos θ
 
 8.23
 
 Finally, we obtain: K1′ = K1 cos2 θ + K 2 sin 2 θ .
 
 8.24
 
 The total heat flux along the 1′-axis in the global coordinate system for a multi-laminate then becomes: M
 
 M
 
 k =1
 
 k =1
 
 Q1′ = ∑ q1′ hk = − ∑ K1′ ∇T1′hk,
 
 8.25
 
 where M represents the number of plies in the laminate, k is the serial index of the ply in the laminate, and hk is the thickness fraction of the kth ply. Since the temperature gradient is continuous across the thickness, eqn [8.25] is reduced to: Q1′ = − Kc ∇T1′,
 
 8.26
 
 where the thermal conductivity of the composite laminae is: M
 
 Kc = ∑ K1′hk = k =1
 
 lmax
 
 ∫
 
 Tmax
 
 ∫
 
 K1′ f (l ) g (T )dldT .
 
 8.27
 
 l = lmin T =Tmin
 
 The thermal conductivity of the SFRP composite with a FLD and a FOD can be evaluated using eqn [8.27]. However, if it is used to predict the composite thermal conductivity, no interaction between short fibres with different orientation angles and different fibre lengths can be included. Thus, to consider the effect of fibre interaction on composite thermal conductivity, the fibres with a volume fraction v are divided into two equal halves having the same FLD and FOD. The first half of the fibres is incorporated into the pure polymer matrix. The thermal conductivity can then be evaluated using eqn [8.27]. The filled polymer matrix is considered as the
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 effective matrix for the second half of the fibres. It should be noted that the effective fibre volume fraction is v/(2 − v) and the obtained thermal conductivity is taken as Km for the second half of the fibres. Now, the second half of the fibres is incorporated into this effective matrix. The interaction between short fibres of different orientation angles and different lengths can then be incarnated in a manner such that the second half of the fibres is incorporated into the effective matrix containing the first half of the fibres. Finally, the overall composite thermal conductivity can be predicted using eqn [8.27] and the fibre volume fraction is equal to v/2 for the second half of the fibres. Figure 8.4 shows the effect of mean aspect ratio on the thermal conductivity of short glass and short carbon fibre reinforced poly(phenylene sulfide) (PPS) composites (Choy et al., 1992), where v is fixed at 0.3, θmean = 36° (p = 0.6 and q = 1 for fibre orientation distribution), for short carbon fibres (SCF), d = 7 μm, the thermal conductivities of carbon fibre are: Kf1 = 94 mW cm−1 K−1, Kf2 = 6.7 mW cm−1 K−1 27 and lmean/d varies by changing a (b is fixed at 1.2) and other parameters are the same as in Fig. 8.2. It can be seen that the thermal conductivity of short glass fibre reinforced polymer composites increases very slightly with the increase of mean fibre aspect ratio when it is small (∼10). However, the thermal conductivity of short carbon fibre reinforced polymer composites increases dramati20
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 8.4 Effect of mean fibre aspect ratio on thermal conductivity of SFRP composites. Adapted from Fu and Mai (2003) (Journal of Applied Polymer Science, Vol. 88, No. 6, 2003, p. 1502. Copyright 2003, John Wiley & Sons Inc. Reprinted with permission of John Wiley & Sons Inc.).
 
 Expansion of short fibre reinforced polymer composites
 
 193
 
 cally with increase of mean fibre aspect ratio, especially when the fibre aspect ratio is less ∼100. Moreover, the thermal conductivity of the glass fibre composite is much lower than the thermal conductivity of the carbon fibre composite. This is because the thermal conductivity of carbon fibre is much higher than that of glass fibre in the fibre axis direction (Kf1/Km = 5.2 for glass fibre and Kf1/Km = 47 for carbon fibre), and hence the thermal conductivity of the glass fibre composite will be much lower than that of the carbon fibre composite at a similar fibre content (e.g., by a factor of ∼3.8 at v = 0.3 and fibre aspect ratio = 80). The thermal conductivity of the glass fibre composite is also much less sensitive to the fibre length than the thermal conductivity of the carbon fibre composite. Figure 8.5 shows the effect of mean fibre orientation angle on the thermal conductivity of SFRP composites, where the parameters are the same as in Fig. 8.4 except lmean = 424 μm (a = 2.6 and b = 1.2) and θmean varies by changing p (q is fixed at 1). It is observed that the thermal conductivity of short glass fibre reinforced polymer composites decreases slowly with increase of mean fibre orientation angle. But, the thermal conductivity of short carbon fibre reinforced polymer composites decreases significantly with increasing mean fibre orientation angle θmean. This indicates that the thermal conductivity of the carbon fibre composite is more sensitive to fibre orientation than the thermal conductivity of the glass fibre composite. This is because on one hand, glass fibres are isotropic, and on the other, the thermal
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 8.5 Effect of mean fibre orientation angle on thermal conductivity of SFRP composites. Adapted from Fu and Mai (2003) (Journal of Applied Polymer Science, Vol. 88, No. 6, 2003, p. 1502. Copyright 2003, John Wiley & Sons Inc. Reproduced with permission of John Wiley & Sons Inc.).
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 conductivity of carbon fibre is much higher than that of glass fibres in the fibre axis direction. Also, eqn [8.27] can be used to evaluate the thermal conductivity of the SFRP composite in any given direction (Θ,Φ), but the angle θ must be replaced by the angle δ, where the angle δ is that between the fibre axial direction (θ,φ) and the direction (Θ,Φ), given by (Fu and Lauke, 1998b), see eqn [6.89]: cos δ = cos Θ cos θ + sin Θ sin θ cos (φ − Φ ) .
 
 8.28
 
 Combining eqns [8.27] with [8.28] gives predictions of the anisotropic thermal conductivity of SFRP composites. The above theory is applied to published experimental results as shown in Table 8.2 for the thermal conductivity of short glass fibre and short carbon fibre reinforced poly(phenylene sulfide) (PPS) composites (Choy et al., 1992) and poly(ether ether ketone) (PEEK) composites (Choy et al., 1994). The thermal conductivities of the surface and skin layers were measured separately. The data for the parameters used are as follows: Km = 2.43 mW cm−1 K−1 for PEEK, Km = 2 mW cm−1 K−1 for PPS; Kf1 = Kf2 = 10.4 mW cm−1 K−1 for glass fibre; Kf1 = 94 mW cm−1 K−1 for the carbon fibre used in PPS and Kf1 = 80 mW cm−1 K−1 for the carbon fibre used in PEEK and Kf2 = 6.7 mW cm−1 K−1. An alternative expression for the FOD density function is given by Choy et al. (1992, 1994): g (θ ) = −λ ⋅ exp ( −λθ ) [1 − exp ( −λπ 2 )]
 
 8.29
 
 and values of λ are given in Table 8.2. The average fibre aspect ratios for the four composites of PEEK30cf, PPS30cf, PPS40cf and PPS40gf are, respectively, 17 (a = 55.4 and b = 2), 21 (a = 36.3 and b = 2), 16 (a = 62.7 and Table 8.2 Comparison between theoretical predictions and experimental results (Choy et al., 1992, 1994) for thermal conductivity Kc (mW cm−1 K−1) of four composites Composites Volume λ fraction
 
 Kc Surface layer
 
 Surface Middle Exp. layer layer PEEK30cfa PPS30cfa PPS40cfa PPS40gfa
 
 0.214 0.243 0.335 0.264
 
 3.3 4.1 4.7 5.3
 
 2.4 1.9 2.1 2.9
 
 Middle layer
 
 Theo.b1 Theo.b2
 
 11.6 9.96 15.2 12.50 17.2 15.89 4.08 3.93
 
 11.87 14.96 19.76 3.96
 
 Exp.
 
 Theo.b1 Theo.b2
 
 10.8 9.45 12.4 10.97 15.6 13.92 3.99 3.84
 
 11.16 12.88 16.96 3.89
 
 Notes: a: 30cf, 40cf, and 40gf denote 30 wt% carbon fibre, 40 wt% carbon fibre, and 40 wt% glass fibre, respectively. Theo.b1 and Theo.b2 denote the theoretical values before and after taking into account the effect of fibre interaction, respectively.
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 b = 2), and 17 (a = 27 and b = 2). Clearly, the theoretical results are in good agreement with experimental data when considering the effect of the fibre interaction. When the effect of fibre interaction is not included, the predicted results are lower than the experimental values. Chen and Wang (1996) also studied the effective thermal conductivity of composites containing misoriented short fibres. The thermal conductivity of planar orientation distribution, namely, transversely isotropic distribution of fibres, was considered. A symmetrical angular fibre distribution function around the major alignment direction was assumed and a single parameter of an exponential function was used to describe the fibre orientation distribution in the SFRP composites. Fibre length distribution was not described and constant length was assumed implicitly in SFRP composites. A relatively complicated method based on the idea of Mori–Tanaka’s mean field theory (1973) in conjunction with Eshelby’s equivalent inclusion method (1957) for steady-state heat conduction in a composite including the effects of fibre length and orientation to predict the thermal conductivity of SFRP composites was presented. The theory was also used to examine the thermal conductivity of injection moulded tensile bars of poly(pheylene sulfide) reinforced with 30% and 40% by weight of carbon or glass fibres (Choy et al., 1992). While their reported theoretical values are also close to the experimental data, their analytical expressions are quite complicated and difficult to use for the prediction of injection moulded SFRP composites.
 
 8.2.3 Thermal conductivity of 2D and 3D random SFRP composites For a two-dimensionally (2D) random short fibre composite, g(θ) = 2/π, the expression for the composite thermal conductivity can be obtained from eqns [8.24] and [8.27] for 0 ≤ θ ≤ π/2 as follows: Kc =
 
 lmax ⎞ 1 ⎛ lmax ⎜ ∫ K1 f (l )dl + ∫ K 2 f (l )dl ⎟ . 2 ⎝ l = lmin l = lmin ⎠
 
 8.30
 
 Similarly, for a 3D random short fibre composite, g(θ,φ) = g(θ)g(φ)/sinθ = 1/2π, and g(θ) = sinθ. So, the expression for the composite thermal conductivity can be obtained from eqns [8.24] and [8.27] for 0 ≤ θ ≤ π/2, so that: Kc =
 
 1 lmax 2 lmax K f ( l ) d l + K 2 f (l )dl. 1 3 l = l∫min 3 l = l∫min
 
 8.31
 
 When the fibre length has a constant value, eqns [8.30] and [8.31] can be simplified to: Kc =
 
 1 ( K1 + K2 ) for 2D random case 2
 
 8.32
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 for 3D random case.
 
 8.33
 
 The above equations, [8.32] and [8.33], are employed to predict the thermal conductivity of 2D and 3D random short fibre composites, respectively. The predicted results are, respectively, shown in Figs 8.6(a) and 8.6(b), where the following values of the parameters are used: l/d = 100, Kf1/Km =
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 8.6 Thermal conductivity of (a) 2D and (b) 3D random SFRP composite as a function of v with Kf1/Km = Kf2/Km = 20 and l/d = 100 (Journal of Applied Polymer Science, Vol. 88, No. 6, 2003, p. 1503. Copyright 2003, John Wiley & Sons Inc. Reproduced with permission of John Wiley & Sons Inc.).
 
 Expansion of short fibre reinforced polymer composites
 
 197
 
 Kf2/Km = 20. The predicted results by other theories (Chou and Nomura, 1981; Hatta and Taya, 1985) are also displayed in these two figures. It is seen that when the fibre interaction is taken into account, the predicted values by the present theory, eqns [8.32] and [8.33], lie between those by the bounding model (Chou and Nomura, 1981) and are close to those by the Hatta and Taya model (1985) which also considers the effect of fibre interaction. Although the Hatta and Taya model can give accurate prediction of the thermal conductivity of short fibre composites having a constant fibre length, it is not suitable for the prediction of the thermal conductivity of injection moulded SFRP composites having a FLD. When the fibre interaction is not considered, the predicted values by the present model become lower and are close to the lower values predicted by the bounding model (Chou and Nomura, 1981). The composite thermal conductivity increases dramatically with increasing fibre volume fraction, indicating that the fibre content plays an important role in influencing the thermal conductivity of SFRP composites (see Fig. 8.6). Comparison of the electrical and thermal conductivities of polyethylene composites filled with randomly dispersed and disoriented carbon fibres is made by Agari et al. (1991), in which the fibre aspect ratio changes from 1 to 21.8 (far less than 100). The composites show virtually the same level of electric conductivity as that of the polymer matrix until the filler fraction reaches the percolation threshold where a rapid increase in electric conductivity starts. After this critical volume fraction, the composite electric conductivity gradually approaches a plateau. It is noted that the critical volume fraction decreases dramatically with increasing fibre aspect ratio from 30.1% for powdery particles to 1.6% for short fibres with an aspect ratio of 21.8. Conversely, the thermal conductivity of short carbon fibre reinforced polyethylene composites consistently increases with increasing filler content. In the isotropic composite (namely, short carbon fibres are randomly dispersed and oriented), the longer the fibre length, the larger is the composite thermal conductivity. These observations are consistent with the theoretical results shown in Figs 8.4 and 8.6. Dunn et al. (1991) presented a combined analytical and experimental study to study the effective thermal conductivity of hybrid Kerimid composite materials containing Al2O3 short fibres and Si3N4 whiskers. The analysis utilises the equivalent inclusion approach for steady-state heat conduction (Hatta and Taya, 1986) through which the interaction between various reinforcing phases at finite concentrations is approximately considered by Mori–Tanaka’s (1973) mean field approach. The results show that the composite thermal conductivity increases markedly with increasing fibre volume fraction for 2D and 3D random cases. This observation is consistent with that shown in Fig. 8.6.
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 8.3
 
 Thermal expansion
 
 When a body undergoes a temperature change, there will be a change in its dimensions relative to its original dimensions proportional to the temperature change. The coefficient of thermal expansion is defined as the change in the linear dimension of the body per unit change of temperature. In this section, thermal expansions of SFRP composites are discussed, respectively, for the unidirectional case, the partially misaligned case, and the 2D and 3D random cases.
 
 8.3.1 Thermal expansion of unidirectional SFRP composites For a unidirectional lamina, the linear coefficients (α 01 and α 02) of thermal expansion parallel (1-direction) and transverse (2-direction) to the fibres are given by Schapery (1968):
 
 α 10 =
 
 Ef α f v + Emα m vm Ef v + Em vm
 
 α 20 = (1 + ν f ) α f v + (1 + ν m ) α m vm − α 10 (ν f v + ν m vm ) ,
 
 8.34 8.35
 
 where αf is the thermal expansion coefficient of the fibres, αm the thermal expansion coefficient of the matrix. νf and νm are the Poisson’s ratio of the fibres and the matrix, respectively. Equations [8.34] and [8.35] for α 01 and α 02 are derived using the mechanics of materials approach. Assume only a temperature ΔT is applied, the unidirectional lamina has zero overall load in the unidirectional direction, then we have:
 
 σ F v + σ M vm = 0.
 
 8.36
 
 The stresses in the fibre and matrix (σF and σM) caused by the thermal expansion mismatch between fibre and matrix are:
 
 σ F = Ef (ε F − α f ΔT ),
 
 8.37
 
 σ M = Em (ε M − α m ΔT ) .
 
 8.38
 
 Substitution of the above two equations in eqn [8.36] and realisation of iso-strains in the fibre and the matrix yield:
 
 εF =
 
 α f Ef v + α m Em vm ΔT. Ef v + Em vm
 
 8.39
 
 For free expansion in the longitudinal direction in the composite, the longitudinal strain is:
 
 ε C = α 10 ΔT.
 
 8.40
 
 Since the composite strain is approximately equal to that in the fibre and matrix, combination of the above two equations gives α 01 (eqn [8.34]).
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 Moreover, the fibre stress in the longitudinal direction is:
 
 (σ F )1 = Ef (ε F )1 = Ef ε C1 = Ef (α 10 − α f ) ΔT.
 
 8.41
 
 And the matrix stress in the longitudinal direction is:
 
 (σ M )1 = Em (ε M )1 = Emε C1 = Em (α m − α 10 ) ΔT.
 
 8.42
 
 The strains in the fibre and in the matrix in the transverse direction are, respectively, given by:
 
 (ε F )2 = α f ΔT −
 
 ν f (σ F )1 , Ef
 
 (ε M )2 = α m ΔT −
 
 ν m (σ M )1 . Em
 
 8.43 8.44
 
 The transverse strain in the composite is given by the rule of mixtures as:
 
 (ε C )2 = (ε F )2 v + (ε M )2 vm .
 
 8.45
 
 Substitution of eqns [8.43] and [8.44] in eqn [8.45] gives:
 
 ν f Ef (α 10 − α f ) ΔT ⎤ ⎥v+ Ef ⎢⎣ ⎥⎦ 0 ⎡ ν m Em (α m − α 1 ) ΔT ⎤ ⎢α m ΔT + ⎥ vm. Em ⎢⎣ ⎥⎦ Since (εC)2 = α2ΔT, then we obtain: ⎡
 
 (ε C )2 = ⎢α f ΔT −
 
 α 20 = ⎡⎣α f −ν f (α 10 − α f ) ⎤⎦ v + ⎡⎣α m + ν m (α m − α 10 ) ⎤⎦ vm,
 
 8.46
 
 8.47
 
 and because v12 = vfv + vmvm, in which v + vm = 1, we have:
 
 α 20 = (1 + ν f ) α f v + (1 + ν m ) α m vm − α 10 ν 12 .
 
 8.48
 
 When short fibres of length l are used in the SFRP composite, the effective fibre modulus Ef is reduced in the ratio (Cox, 1952):
 
 λ = 1−
 
 tanh(η l 2 ) , ηl 2
 
 8.49
 
 where η has been defined in Chapter 6. Thus, for SFRP composites, α01 is given by:
 
 α 10 =
 
 λ Efα f v + Emα m ( 1 − v ) . λ Ef v + Em ( 1 − v )
 
 8.50
 
 Assumed that the packing of fibres is hexagonal as shown in Fig. 6.2(b) and the short fibres are uniformly distributed in the SFRP composite, the fibre volume fraction can be obtained as:
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 π rf2 l , 2 3R 02 (l + δ )
 
 8.51
 
 where δ is the fibre end gap. If δ = 0, eqn [8.51] becomes eqn [6.14]. If the fibres in the SFRP composite are oriented at an angle θ relative to the 1-direction as shown in Fig. 8.1, the thermal expansion coefficients in the 1-direction and in the 2-direction, respectively, become:
 
 α 1 = α 10 cos2 θ + α 20 sin 2 θ
 
 8.52
 
 α 2 = α 10 sin 2 θ + α 20 cos2 θ
 
 8.53
 
 8.3.2 Thermal expansion of misaligned SFRP composites Short fibre reinforced polymer (SFRP) composites are developed to fill the mechanical property gap between continuous fibre laminates and unreinforced polymers. SFRP composites are frequently fabricated using conventional techniques for making plastic materials such as extrusion compounding and injection moulding (Fu and Lauke, 1997a, 1998c,d; Fu et al., 1999c; Ulrych et al., 1993; Takahashi and Choi, 1991; Gupta et al., 1989; Xia et al., 1995; Chin et al., 1988; Hine et al., 1995). During processing, considerable shear-induced fibre breakage results in a fibre length distribution (FLD), and progressive and continuous changes in fibre orientation lead to a fibre orientation distribution (FOD) in final injection moulded composite parts. The FLD and the FOD affect both the mechanical and the thermal properties of SFRP composites. The mechanical properties of SFRP composites have been extensively studied by taking into account the effects of FLD and FOD (Fu and Lauke, 1996, 1997b, 1998a,b; Fu et al., 1999a; Lauke and Fu, 1999) and discussed in other chapters of this book. In the following, the effects of FLD and FOD on the thermal expansion of misaligned SFRP composites are addressed. The FLD and the FOD can be modelled by proper probability density functions (Fu and Lauke, 1996, 1997b, 1998a,b; Fu et al., 1999b; Lauke and Fu, 1999); see also Chapter 3. The thermal expansion coefficients of a SFRP composite with an FLD and an FOD are derived as functions of FLD, FOD, fibre volume fraction and elastic properties of the fibres and the matrix based on Schapery’s theory (1968). For the general case, i.e., when there are FLD, f(l) and FOD, g(θ) in the composite, the thermal expansion coefficients are obtained from:
 
 α1 =
 
 π 2 lmax
 
 0 2 0 2 ∫ ∫ (α 1 cos θ + α 2 sin θ ) f ( l ) g (θ ) dldθ
 
 8.54
 
 θ = 0 l = lmin
 
 α2 =
 
 π 2 lmax
 
 0 2 0 2 ∫ ∫ (α 1 sin θ + α 2 cos θ ) f ( l ) g (θ ) dldθ .
 
 θ = 0 lmin
 
 8.55
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 The following values of the parameters, except otherwise specified, are used for all the figures in this section: d = 10 μm, θmean = 12.95° (p = 0.6 and q = 8), Ef = 72 GPa, Em = 2 GPa, νf = 0.25, νm = 0.4, v = 30%, αf = 0.54 ppm/°C and αm = 50 ppm/°C. A hexagonal packing of fibres and a uniform fibre distribution are assumed in the SFRP composites. The effect of FLD on the thermal expansion coefficients of SFRP composites is shown in Figs 8.7 and 8.8, respectively, for the cases of fibre aspect ratio larger and less than 100. Figure 8.7 reveals that the thermal expansion coefficients are nearly independent of the mean fibre aspect ratio for the case of lmean/d > 100. Figure 8.8 shows α1 increases
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 8.8 Effects of FLD on thermal expansion coefficients (α1 and α2) of SFRP composites, where a = 0.15 and various b.
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 8.9 Effects of FOD on thermal expansion coefficients (α1 and α2) of SFRP composites, where p = 0.6 and various q.
 
 with decreasing lmean/d when lmean/d is very small ( ∼40. Further, α2 is almost insensitive to mean fibre aspect ratio except when lmean/d < ∼25, α2 increases slowly with the increase of lmean/d. The insensitivity of the transverse expansion on mean fibre aspect ratio was also reported for oriented short fibre composites by Halpin (1969). The effect of the FOD on the thermal expansion coefficients is shown in Fig. 8.9. It can be seen that the influence of the mean fibre orientation angle on the thermal expansion coefficients is significant. The thermal expansion α1 increases dramatically while α2 decreases significantly as the mean fibre orientation angle increases. That is, when the fibres in the composites are misaligned and deviate from the measuring direction, the fibres give less constraint to the thermal expansion of the SFRP composites in the ‘1’ direction but they provide more constraint to the composite thermal expansion in the transverse direction ‘2’. The effect of fibre volume fraction on the thermal expansion coefficients is shown in Fig. 8.10. It shows that fibre volume fraction has a significant influence on the thermal expansion coefficients. As the fibre volume fraction increases, both α1 and α2 decrease. This is because the fibres have a much lower thermal expansion coefficient than the matrix. Thus, it is an effective way to incorporate a sufficient amount of short fibres into a polymeric matrix to reduce thermal expansion. In summary, the effects of FLD, FOD and fibre volume fraction on the thermal expansion coefficients of SFRP composites are discussed in detail. It is shown that FLD has a relatively small influence on the thermal expan-
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 8.10 Effects of fibre volume fraction on thermal expansion coefficients (α1 and α2) of SFRP composites.
 
 sion coefficients while FOD and fibre volume fraction have significant effects on the thermal expansion coefficients.
 
 8.3.3 Thermal expansion of 2D and 3D random SFRP composites The addition of short fibres to a polymer matrix will reduce the coefficient of thermal expansion (CTE). If the fibre orientation is truly random, the CTE will be the same in all directions in the 2D planar space or the 3D spatial space. Halpin and Pagano (1969) have proposed the following equation for the case of a 2D random fibre orientation:
 
 αC =
 
 0 0 α 10 + α 20 ( E11 − E22 ) (α 1 − α 2 ) + , 2 2 [ E11 + ( 1 + 2ν 12 ) E22 ]
 
 8.56
 
 where α 01 and α 02 are longitudinal and transverse thermal expansion coefficients, respectively, of a unidirectional fibre composite and are given by eqns [8.34] and [8.35]. E11 and E22 are the longitudinal and transverse elastic modulus, respectively, of a unidirectional SFRP composite that was given in Chapter 6. Further, for a 2D random short fibre composite, g(θ) = 2/π, the composite thermal expansion coefficients can be obtained from eqns [8.54] and [8.55] by integration of θ for 0 ≤ θ ≤ π/2. Similarly, for a 3D random short fibre composite, g(θ,φ) = g(θ)g(φ)/sinθ = 1/2π, and g(θ) = sinθ. So, the composite thermal coefficients can also be obtained from eqns [8.54] and [8.55] by integration of θ for 0 ≤ θ ≤ π/2.
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 9 Non-linear stress–strain behaviour
 
 Abstract: Composites show deviations of the stress–strain curve from a straight line with increasing load. Localised failure mechanisms are responsible for the decrease of load-bearing capability leading to reductions of stiffness. In this chapter, fibre–matrix debonding and subsequent sliding as well as matrix plasticity are considered and their influence on composite stiffness is discussed. A viscoelastic, plastic or viscoplastic interface causes energy dissipation during cyclic loading. This energy loss is coupled with damping of the excited oscillations. Another remarkable effect is the strain rate dependence of the polymer matrix, which is described in this chapter. The behaviour is modelled and compared to published experimental results. Key words: fibre–matrix debonding, sliding, viscoplastic interface, damping, energy loss, viscoelastic matrix.
 
 9.1
 
 Introduction
 
 For calculation of the effective thermomechanical properties and the full macroscopic stress–strain relation of heterogeneous materials, a variety of techniques have been developed. Which kind of modelling should be used depends mainly on the objective target, that is, whether it is the effective macroscopic thermomechanical behaviour or internal stresses in the components which are of interest. Kreher and Pompe (1989) provided a comprehensive survey of the calculation of internal stresses in heterogeneous solids. In the micromechanical approaches different length scales must be considered. On the macroscopic level, the composite shows effective properties. These properties are caused by the geometry, the interactions and the mechanical properties of the different components. In short fibre reinforced polymer (SFRP) composites only the fibres, interphases and matrix materials are distinct phases, where the matrix is the continuous phase which contains the others. On condition that the composite does not have large gradients of stresses, strains or structure, a so-called localisation can be performed for the local stresses σ(x→) and deformations ε(x→) by:
 
 σ ( xi ) = A( xi ) σ
 
 and ε ( xi ) = B( xi ) ε
 
 where and are the mean macroscopic composite stress and strain, respectively. The local fields within the components may depend on the location xi. 206
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 Another relation is obtained by expressing the macroscopic behaviour by the local behaviour; this provides the so-called homogenisation relation, which is:
 
 σ = ∫ σ ( xi ) dV V
 
 and
 
 ε = ∫ ε ( xi ) dV . V
 
 It is an important task to find the local stresses so as to understand the composite behaviour. Especially, for interpretation of failure processes, it is necessary to know the local situation, since stress concentrates around the inclusions. However, considering the complex structure of most composite materials, it is hard to determine the functions, A(xi) and B(xi). A basic survey of the different approaches that have been applied to fibre (and particle) reinforced composites was published by Böhm (1998). He discussed modelling of effective thermomechanical properties in the framework of the following techniques: • • • •
 
 mean field and related approaches, periodic micro-field approaches or unit cell methods, embedded cell approaches, and multi-scale models.
 
 These techniques are capable of classifying a huge amount of publications concerning the general stress–strain response of composite materials. However, if plastic deformation of components also plays a role, other approaches have been developed that may not fit into this framework, such as empirical or semi-empirical models, see for example Dvorak and Bahei-el-Din (1987). The mean field approach assumes the local stress and strain within the components are constants, i.e. A(xi) = A and B(xi) = B. The often-used ‘rules of mixtures’ accounts for this type of approximation. They have been applied successfully to evaluate the thermomechanical properties of SFRP composites in the linear range, and the approach described in Chapter 6 is based on this kind of assumption. Unit cell methods are especially appropriate for evaluation of local non-linearities, such as plasticity of one component or the interaction of a component with a crack. Embedded cell methods or self-consistent methods use the fictive knowledge of the macroscopic material law within which the cell is embedded; subsequent averaging about the embedded cell provides the boundary conditions (self-consistently) for the macroscopic law. Multi-scale models use the hierarchical structure of some composites that consist of a special kind of sub-composite for which one of the above averaging techniques is applicable, i.e., a former component is now replaced, for example, by a unit cell or embedded cell.
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 For short fibre reinforced composites one of the first applied theories for elliptical inclusions was developed by Eshelby (1957), the so-called equivalent inclusion approach, which is one of the mean field approaches. This approach has the advantage that the geometry of the reinforcing component is taken into account. In the elastic case, as for the calculation of modulus in Chapter 6, and in the following section we use the unit cell method, where a representative unit cell replaces the composite. The first aim is to describe the local variations of stress and strain within the fibres and matrix and the interphase. Then, with the subsequent application of the homogenisation equation, the macroscopic behaviour is calculated.
 
 9.2
 
 Macroscopic stress–strain relationship
 
 In previous chapters composites with linear elastic components and ideal bonding at the fibre–matrix interface were considered. This necessarily provides linear relations between composite stress and strain. However, for higher loads the stress–strain curve will deviate more and more from a straight line due to the initiation of failure mechanisms (see Fig. 9.1). In the early stage damage may be restricted to local redistribution of stress concentrations. With increasing external load, the cracks cannot be stabi-
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 9.1 Stress–strain curves for short glass fibre reinforced polyethylene composites. Adapted from Lauke (1992).
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 Debonding along the neighbouring interface
 
 9.2 Failure mechanisms responsible for stiffness reduction.
 
 lised and the accumulation of localised failure turns to macroscopic fracture (see Chapters 5 and 10). In the present discussion of deformation behaviour we are interested only in the stage of stable structural weakening leading to a successively decreasing stiffness of the composite. Several failure mechanisms have been proposed in the literature, which are summarised in Fig. 9.2: • • • •
 
 interfacial debonding (Outwater and Murphy, 1969; Piggott, 1980; Lauke and Schultrich, 1983); interfacial cracking within the matrix (Sato et al., 1982); crack growth into the matrix (Curtis et al., 1978; Taya and Chou, 1982; Takao et al., 1982); fibre breakage (Steif, 1984); and plastic instability of the matrix (Kelly and Tyson, 1965; Agarwal et al., 1974; Pompe and Schultrich, 1974).
 
 In general, these mechanisms may act in combination in a loaded composite. In this chapter, the fibre–matrix debonding and subsequent sliding and matrix plasticity are discussed in more detail. But at first the elastic case without damage is concisely given below.
 
 9.2.1 Perfectly bonded fibre–matrix interface Most studies on the macroscopic stress–strain relations of short fibre reinforced polymers are concerned with the deformation behaviour at small stresses, for example, stresses below critical values as debonding limits or stresses, which are able to cause matrix plasticity. This case of strictly linear
 
 210
 
 Engineering of short fibre reinforced polymer composites
 
 stress–strain relation corresponds to the problem of effective elastic modulus of SFRP composites (see Chapter 6). Therefore, the theory of heterogeneous elastic materials can be applied with success. General rules of the effective elastic constants can be derived, see for example Kreher and Pompe (1989), independent of the special composite structure. The existence of upper and lower bounds allows model evaluation. The macroscopic deformation behaviour for such weakly loaded composites with elastic components and ideal bonding was considered in Chapter 6. Here, only the elastic stiffness along the fibre axis on the basis of the shear-lag model, described in Chapter 4, is given. In the subsequent section these considerations are extended to higher loadings where failure mechanisms or matrix plasticity is initiated. Due to the load-carrying efficiency of short fibres, the effective modulus is reduced compared to those composites with continuous fibres. Within the framework of the single-fibre model discussed in Chapter 4, the macroscopic deformation can be derived by assuming that the elongation of the composite is equal to that of the matrix, averaged over the cross section and along the fibre:
 
 εc = εM =
 
 1 l 2
 
 l 2
 
 ∫
 
 dzε M (z) =
 
 0
 
 1 Em l 2
 
 ⎛ σc
 
 l 2
 
 v
 
 ⎞
 
 ∫ dz ⎜⎝ 1 − v − 1 − v σ F ⎟⎠ .
 
 9.1
 
 0
 
 Inserting the rule of mixtures, eqn [4.4] together with relations [4.6], the stress–strain relation becomes linear as given below:
 
 ε c (σ c ) = σ c Ec0
 
 with Ec0 Em =
 
 1− v , 2 ⎛ ⎞ Ef 1 − v ⎜ 1 − tanh(l 2) ⎟ ⎝ ηl ⎠E
 
 9.2
 
 where ε was given in eqn [4.10]. In the limiting case of Em → 0, the shearlag model by Cox (1952), where fibres carry tensile stresses only, is obtained. The influence of the surrounding region can be considered with selfconsistent methods by embedding the components in an effective medium. Notwithstanding the higher complexity of such a calculation, a relative simple expression for E0c, was derived by Halpin and Tsai (1967): Ec0 Em =
 
 1 + 2(l d ) η1v 1 − η1v
 
 ⎛E ⎞ with η1 = ⎜ f − 1⎟ ⎝ Em ⎠
 
 (Ef
 
 Em + 2 (l d )) .
 
 9.3
 
 Self-consistent methods of another kind were developed by Hill (1965), which have been adopted and applied, for example by Chou et al. (1980), to analyse the stiffness of short fibre reinforced composites. In this, the short fibres were treated as ellipsoidal inclusions. Bounds for elastic moduli were given by Nomura and Chou (1984) by using variational principles. With low fibre volume fractions the self-consistent model yields elastic moduli close to the lower bound, and the bounds narrow for increasing aspect ratio; for
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 example, the influence of the arrangement of the oriented fibres vanishes for long fibres. For more discussions of stiffness as a function of fibre volume fraction and geometry, and the elastic properties of the constituents under low applied strain, see Chapter 6.
 
 9.2.2 Interface debonding and sliding In this section, the implications of the failure processes on the deformation resistance are demonstrated in more detail for debonding at the fibre– matrix interface and the subsequent sliding of fibres against the matrix material. When the applied load reaches the critical value, σ dc, debonding starts at the interface. At this critical stress the shear stress attains the adhesion shear strength, τd. It follows from the shear stress distribution, eqn [4.14]:
 
 σ cd =
 
 2τ d E 2τ E coth(η l 2) ≈ d rfη Ef rfη Ef
 
 η l l 2 , 10.110b
 
 For ductile matrix fracture: Gc =
 
 (
 
 2γ m0 , y ( 1 − v ) ( 1 + εM )
 
 1 − 2 β Ec ηd (σ cd ) + ηs (σ cs ) + ηm (σ M, y ) 2
 
 2
 
 2
 
 for Gc σ ≤ l 2 ,
 
 )
 
 −
 
 vτ p l α (Gc ) 2dσ cd
 
 10.111a
 
 d c
 
 vτ p l 2 8d Gc = 1 − 2 β Ec (ηd (σ cd )2 + ηs (σ cs )2 + ηm (σ M, y )2 ) 2γ m, y ( 1 − v ) ( 1 + εM ) +
 
 10.111b
 
 for Gc σ cd > l 2.
 
 For the case Gc/σ dc ≤ l/2 these equations are transcendental. To substantiate this general model the theoretical result is compared with experimental data for a particular case. Experimental studies were conducted on a short glass fibre filled polyethylene compounded in a twin-screw extruder and test specimens were then prepared by injection moulding. Impact fracture toughness was determined by an instrumented Charpy-impact device by Grellmann (1985), which provides the loaddeflection curve during impact loading necessary to obtain fracture toughness values. The critical energy release rate based on the J-integral (JBL)
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 proposed by Begley and Landes (1972) was used for characterisation of the material. The following material parameters are employed for the calculations: Ef = 70 GPa, νf = 0.3, l/d = 20, ε uF = 0.01, μ = 0.3, σ Tn = 30 MPa, τ′ = 0; Em = 500 MPa, νm = 0.4, σm.y = 55 MPa, τd = a′σm,y/2 (a′ = 0.4); τp = 0.8τd. The debonding energy γ IId is approximated by the fracture mechanics relation for mode II loading, according to eqn [10.13]: 2γ dII = KII2 Ec ≅ (τ d ld 1 2 ) Ec 2
 
 10.112
 
 and this provides for the debonding energy:
 
 γ dII ≈
 
 τ d2 ld . 2 Ec
 
 10.113
 
 Fracture toughness, Gc, JBL (kJ/m–2)
 
 The composite modulus, Ec is taken from experimental results. For β two values were used: β = 1/18 and β = 1/24. The experimental and theoretical results are compared in Fig. 10.50. It becomes clear that the model is indeed suitable for predicting the energy release rate of this kind of materials. The maximum in Gc is mainly connected with the influence of the energies and critical stresses in the denominator of eqn [10.110] and especially with the dependence of the characteristic lengths (ld, ls) on fibre concentration. The debonding and sliding lengths decrease with increasing fibre volume fraction at certain applied load because the local stresses in the matrix are decreasing. Thus, debonding and sliding will be shifted to the fibre end
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 10.50 Experimental and theoretical results of dynamic fracture toughness as a function of fibre volume fraction (short glass fibre reinforced polyethylene).
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 10.51 Qualitative behaviour of energy release rate for ductile matrix fracture conditions: I, undisturbed macroscopic yielding of the matrix; II, fibres restrict the macroscopic yielding, energy dissipation by fibre–matrix interaction; III, small-scale damage, plastic deformation energy dominates the energy dissipation process.
 
 region. An increase in Gc for higher v can be achieved by increasing the pull-out stress, τp, by introducing residual stresses, for example. The qualitative behaviour of Gc for a static test with a plastic matrix is proposed in Fig. 10.51. It is assumed that there are different regions of crack resistance which depend on v and matrix ductility. For very low fibre concentrations in the range (I), a damage zone near the crack tip cannot be formed because of the stress relaxation in the ductile matrix. Therefore, Gc for low fibre volume fractions is determined by the crack resistance of the matrix, (1 − v)2γm,y (according to eqn [10.57]) and the interaction of the crack with single fibres that may break, wfi = v2γ fi: Gc = (1 − v)2γ m, y + v2γ fi
 
 for lower fibre volume fractions.
 
 10.114
 
 Because the first term prevails over the second term for brittle fibre fracture, the fracture toughness decreases with increasing v. For high fibre volume fractions, however, the dense packing of the structural elements in connection with restricted matrix ductility causes the formation of a damage zone as discussed above. Thus, in this region (III) our model (eqn [10.111]) becomes applicable. Also, in this region the plastic deformation of the matrix is expected to be dominant. Thus, Gc decreases with v, because the matrix energy contribution, wm, decreases with increasing v.
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 For a matrix with intermediate ductility, it is assumed that there exists a region (II) where the increase of fibre–matrix interaction by debonding and sliding prevails over the decrease in wm with increasing fibre concentrations.
 
 10.10.5 Calculation of crack-resistance (R) curve To characterise the crack resistance of fibre reinforced composites, in particular short fibre reinforced thermoplastics, different concepts have been used in the above sections – the work of fracture, the critical stress intensity factor (Kc), and the critical energy release rate (Gc). The first parameter describes the energy necessary for driving the crack through the whole sample while the last two parameters characterise the stage of crack initiation. Experimental studies of crack growth kinetics in these materials have, however, shown that a substantial amount of slow crack growth occurs before crack instability. Therefore, a single parameter such as Kc or Gc is not fully appropriate to characterise the total fracture behaviour. For this reason the R-curve concept is used to describe the failure process. Experimental studies by Karger-Kocsis (1989), Friedrich et al. (1988, 1991), and Grellmann and Seidler (1992) on crack growth kinetics in SFRPs showed that a so-called R-curve (crack-resistance curve) characterises the crack propagation behaviour. A typical crack-resistance curve is shown in Fig. 10.52 for bulk PET and a glass fibre reinforced PET. It reveals that the matrix absorbs a much higher amount of energy necessary for stable crack growth than the composite. Assuming the existence of such an R-curve, a model is proposed to calculate this function on a micromechanical basis. In Section 10.4 the micromechanical failure mechanisms of SFRPs were studied. As has already been pointed out for calculation of the fracture toughness due to crack initiation, two dominating processes in the crack tip vicinity have to be distinguished. Immediately in front of the notch the creation of a new fracture surface is connected with the consumption of specific energy, qpz, in the process zone. A substantial part of the elastic energy is dissipated in a larger dissipative zone near the crack tip. Failure is spread over a certain region and is not limited to the crack path. Microstructural changes induced by the propagating crack yield an additional crack resistance. These processes are concentrated in the so-called dissipation zone. Starting with an initial crack of length c0, both of these zones are formed when the crack propagates a certain length, Δc (see Fig. 10.49). The corresponding energy dissipation mechanisms have been derived in Section 10.10.3. Considering all the equations, it becomes clear that only the pull-out energy of eqn [10.101] is still dependent on the pull-out length
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 10.52 Crack resistance curve of toughened and fibre reinforced PET composites. Adapted from Lauke and Friedrich (1992).
 
 and this geometrical value is connected to the crack growth value, Δc. This fact provides the basis for calculation of the R-curve as the change of crack resistance with increasing crack length. For this evaluation the restricted pull-out energy of eqn [10.101] is used; that is: Δ Δ = n0W po = wpo
 
 2vτ p l 2 ⎛ Δ 3 Δ 2 Δ 2 ⎞ − + with Δ ≤ 1 2 , d ⎜⎝ 6 3 4 ⎟⎠
 
 10.115
 
 where Δ is now normalised by the fibre length l. In this section and in the following all characteristic lengths, such as initial crack length, c0, crack growth, Δc, critical crack growth, Δc˜, fibre pull-out length, Δ and sample width T, are normalised by fibre length l. The restriction Δ ≤ 1/2 relates to the fact that the maximum possible pull-out length is given by half the fibre length. For a pull-out length Δ ≥ 1/2, the mean pull-out energy in the crack region remains limited to the constant value given in eqn [10.107]. The pull-out length Δ during loading of a specimen is given by the corresponding crack opening displacement sc. In Section 10.5, the relation
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 between crack opening displacement and energy release rate was used, now the relation between crack opening displacement and crack growth is required. It is provided by the basic relations of fracture mechanics given in eqns [10.3] and [10.6]. Combining these yields:
 
 (σ cd ) Δc = σ cd Δc = ε Δc, K2 Δ = sc = d c ≅ d σ c Ec σ cd Ec Ec 2
 
 10.116
 
 where εd can be considered a failure strain needed for debonding at the fibre–matrix interface and where instead of the plastic yield strength of a material, the critical stress for debonding initiation σ dc is used and the crack length is replaced by the change of crack length Δ = c − c0, because all fracture mechanics parameters of eqn [10.116] are also valid for their changes. Consequently, the pull-out energy for a moving crack is given by: 2vτ p l 2 ⎛ ( ε d Δc ) ( ε d Δc ) ( ε d Δc ) ⎞ − + ⎜ ⎟ for Δ ≤ 1 2 d ⎜⎝ 6 3 4 ⎟⎠
 
 10.117a
 
 vτ p l 2 8d
 
 10.117b
 
 3
 
 Δ Δ = n0W po = wpo
 
 2
 
 and Δ wpo =
 
 for Δ ≥ 1 2.
 
 Inserting this energy term and the matrix contributions (given in eqs [10.52] and [10.97]) into the general eqn [10.91] under consideration of eqn [10.108] provides finally the crack-resistance curve for brittle matrix fracture (R-curve) as: R( Δc ) =
 
 wm0 1 − 2 β Ec ∑ ηi (σ ci )
 
 for Δc ≤ Δc*,
 
 i
 
 2
 
 ⎡ ⎛ ( ε d Δc )3 ( ε d Δc )2 ( ε d Δc ) ⎞ ⎤ − + ⎢1 + Γ ⎜ ⎟⎥ ⎜ 6 3 4 ⎟⎠ ⎥⎦ ⎢⎣ ⎝
 
 10.118
 
 2vτ p l 2 , i = s means sliding, i = d means debonding. Because the dwm0 maximum possible normalised pull-out length is limited to Δ = 1/2, the corresponding limit for crack growth follows from eqn [10.115] as Δc* = 1/(2εd). For crack growth higher than this value, the crack resistance becomes constant so that: with Γ =
 
 R( Δc ) = R0 =
 
 wm0 [1 + Γ 16] for Δc ≥ Δc*. 1 − 2 β Ec ∑ηi (σ ci)2
 
 10.119
 
 i
 
 Figure 10.53 shows the general variation of crack resistance as a function of crack growth. If the considerations are extended to the problem of fracture toughness, the model provides also the critical crack growth at the
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 Δc* Crack growth, Δc
 
 10.53 General behaviour of crack resistance (R) as a function of crack growth (Δc), where Δc* indicates the point where the pull-out energy has reached the maximum and constant value.
 
 instability point and the critical energy release rate. Considerations concerning this matter will be presented in the next section. For the case where the matrix fails predominately in a ductile manner, this can be discussed in a similar way and was shown by Lauke and Friedrich (1992); readers are referred to this paper for details. A similar approach to calculate the R-curve was published by Qiao and Kong (2004); however, they considered energy dissipations only within the process zone, which are caused mainly by matrix fracture and fibre pull-out. Rigorous fracture mechanics modelling of R-curves for cementbased fibre composites in which fibre pull-out in the crack-wake zone is the predominant mechanism has been given by Cotterell and Mai (1996) in their research monograph. Based on the fibre bridging (pull-out) law, the effects of specimen size, geometry and loading configuration on R-curves are obtained. The same methods of analysis apply to SFRP composites with brittle matrices and mainly fibre debond and pull-out mechanisms.
 
 10.11 Relation between fracture toughness and the work of fracture As in the previous section, in all equations herein, all the characteristic lengths such as initial crack length, c0, characteristic crack length, c0′ , crack growth, Δc, critical crack growth, Δc˜, fibre pull-out length, Δ, and sample width, T, are normalised by fibre length l. In the previous two sections, the fracture toughness for crack initiation and the crack-resistance curve where calculated, respectively. To determine the fracture toughness, Gc, the criterion of critical crack opening displacement at the point of instability was used (eqn [10.104]). And for the calcula-
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 tion of the R-curve the relation between the pull-out length Δ and the changed crack length Δc is crucial (see eqn [10.116]). Now the consideration shall be extended to explain the development of a critical crack from sub-critical crack growth. Since Gc can be understood as a restricted work of fracture for limited crack growth, we show below the conceptual connection and the difference of Gc compared to the work of fracture, w. Further, the fracture toughness at crack instability is derived distinct from the fracture toughness for crack initiation as provided by eqns [10.110] and [10.111], which fulfils only the necessary condition: Gc = R. But to decide if the crack becomes unstable, the second condition of eqn [10.24] must be considered. The crack propagation resistance is generally a function of the crack growth, Δc = c − c0. Increasing loading brings about an increase in Δc which finally reaches the critical value, Δc˜, necessary for crack instability. The point of crack instability is characterised by the two conditions [10.24]. In terms of crack growth, Δc, they can be written as: G( Δc ) = R( Δc ) and
 
 dG dR = dΔc dΔc
 
 for Δc = Δc.
 
 10.120
 
 The Δc˜ value is determined by the point of tangency of G(Δc) to R(Δc) as shown in Fig. 10.4. It follows that the critical energy release rate for crack instability is given by: G( Δc ) = Gc = R( Δc )
 
 10.121
 
 together with the above derived relations R(Δc), eqns [10.118] and [10.119]. From eqns [10.120] and [10.121], we also obtain the relation: dG R( Δc ) dR ≅ = dΔc c0 + Δc dΔc
 
 at Δc = Δc.
 
 10.122
 
 Solving this equation provides Δc˜. To simplify the numerical calculation, the cubic term in R(Δc) is neglected because εd represents a small value. The approximation is especially good for small Δc. By doing so, Δc˜ can be obtained by: 3 3c ⎤ ⎡ Δc = ⎢c02 − 2 + 0 ⎥ − c0 Γε d 4 ε d ⎦ ⎣ =0
 
 for
 
 c0 ≥ c0′
 
 10.123a
 
 for
 
 c0 ≤ c0′ ,
 
 10.123b
 
 which is a function of initial crack length, c0. The characteristic crack length, c0′, is obtained from eqn [10.122] for Δc˜ = 0 to be: c0′ = 4/Γεd and it considers the fact that composites with c0 ≤ c0′ show no stable crack growth prior to unstable crack growth when the load is increased to σ c2 = R(Δc˜ = 0)Ec/c0. Γ is already defined in eqn [10.118].
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 Inserting Δc˜ into eqn [10.117] provides the fracture toughness Gc for unstable crack growth. Unlike this, the Gc derived in the foregoing section and given in eqns [10.110] and [10.111] characterises the initiation of crack growth. The main differences between the two approaches lie in the assumptions concerning the restricted pull-out length Δ as given in eqns [10.105] and [10.116], respectively; and the criterion of crack growth [10.24]: on the one hand, only the left equation and, on the other hand, both relations have been used, respectively. A major difference between Gc results for crack initiation and unstable crack propagation is that the latter depends on the initial crack length, c0. To calculate the relation between fracture toughness and the work of fracture only large propagated crack lengths are considered, that is, Δcmax >> Δc* = 1/2εd. This has the advantage of simplifying the integration of eqn [10.23], but is not a loss of basic understanding. Under this condition the work of fracture, given in [10.23], can be approximated by: w ≅ R0 ,
 
 10.124
 
 where R0 is from eqn [10.119]. Finally, the relation between fracture toughness and the work of fracture is obtained by combining [10.118] and [10.124] to give: ⎛ (ε d Δc )3 (ε d Δc )2 (ε d Δc ) ⎞ 1 + Γ⎜ − + 3 4 ⎟⎠ ⎝ 6 Gc = 1 + Γ 16 w
 
 for
 
 Δc ≤ Δc* = 1 2ε d
 
 10.125a
 
 for
 
 Δc ≥ Δc* = 1 2ε d.
 
 10.125b
 
 and Gc =1 w
 
 We now discuss the dependence of this ratio on the material parameters involved in Γ and εd. The ratio of Gc/w as a function of Γ for constant εd at different initial crack lengths is shown in Fig. 10.54. Two regions of different crack propagation modes can be distinguished. For low Γ values the characteristic crack length, c0′ = 4/Γεd, may result in c0 < c0′ . In this case Gc is equal to R at Δc˜ = 0 for the first time, but with a slope dG/dc > dR/dΔc that results in immediate unstable crack propagation. With increasing Γ the point c0 = c0′ is reached where stable crack growth starts. The curves reveal, especially for small c0 that two parameters are necessary to characterise the failure behaviour, namely the fracture toughness, Gc, for crack instability or strength and the work of fracture, w, as the energy necessary to drive the crack through the whole sample.
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 10.54 Ratio between fracture toughness for unstable crack propagation Gc(Δc˜) and work of fracture, w, as a function of the 2vτ pl 2 parameter Γ = , which is proportional to the ratio of pull-out 0 dw m energy and matrix fracture energy for different initial crack lengths c0 (c0 is normalised by the fibre length l) and εd = 0.01.
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 10.55 Ratio between fracture toughness for unstable crack propagation Gc(Δc˜) and work of fracture, w, as a function of εd, the failure strain for debonding at the fibre–matrix interface, for different initial crack lengths c0 (c0 is normalised by the fibre length l) and Γ = 10,100.
 
 Figure 10.55 shows the variation of Gc/w with εd. It becomes clear that for high εd the work of fracture becomes nearly equal to the fracture toughness, independent of c0 and Γ. Summarising the results, it can be concluded that for the interpretation of toughness of short fibre reinforced composites the conditions for the
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 applicability of the work of fracture concept instead of fracture toughness must be clearly distinguished. For a wide range of the characteristic parameters c0, Γ = 2vτpl2/dw0m, and εd = σ dc/Ec, the work of fracture value is much higher than the fracture toughness counterpart.
 
 10.12 Essential work of fracture criterion The essential work of fracture (EWF) concept was introduced in Section 10.2.2. A simple experimental method was developed using a deepedge-notched tension (DENT) geometry in which separation of the total work of fracture (Wf) into two components: (a) specific essential work (we) in the inner process zone, and (b) non-specific essential work (βηp) in the outer plastic zone is relatively simple. Details of the methodology, required testing conditions and data analysis are given by Wu and Mai (1996); and a European Structural Integrity Society (ESIS) Test Protocol on Essential Work of Fracture, Version 5 (October 1997) has since been established. In short fibre reinforced polymers, the basic EWF concept can still be applied. But in this case, the essential work of a SFRP, as shown in Fig. 10.56, is that required to debond, slide and pull out the fibres, and subsequently to break any matrix bridges on the crack plane inside the process zone. All other dissipative processes are involved outside the process zone. When all the essential (We) and non-essential (Wp) works of fracture are contained in the ligament L of the DENT specimen, as shown in Fig. 10.57, eqn [10.17]
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 10.56 Schematic of typical failure mechanisms in SFRP and process zone near crack tip. Adapted from Wong and Mai (1999).
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 10.57 DENT specimen geometry for EWF test.
 
 holds. By performing a series of fracture experiments with different L, the total fracture work (Wf) can be measured under the load-deflection curve. Plotting the specific total fracture work, Wf/(LB), against the ligament length L, a least squares straight line can be obtained with the intercept on the y-axis as the specific essential fracture work we. Mouzakis et al. (1998) and Wong and Mai (1999) were among the first investigators to apply the EWF technique to characterise the fracture behaviour of SFRPs. Experiments were carried out on polypropylene/glass bead/elastomer hybrids by Mouzakis et al. and they found the specific essential work to increase with elastomer content. EWF was particularly useful as crack growth was difficult to identify. The system studied by Wong and Mai was a PA6,6/PP (75/25 weight ratio) blend containing SEBS (20 wt%) grafted with different amounts of maleated anhydride (MA). Two major results are observed. First, the skin-core structure of the injection moulded samples is reflected by the W/BL vs L plots at very short liga-
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 10.58 Schematic showing fibre orientation in DENT and Izod impact specimens. Adapted from Tjong et al. (2002b).
 
 ments, particularly for those hybrids with severe skin-core effect induced fibre distribution. Second, there is a good straight line correlation between we and JIc for crack initiation for all the hybrids. Later, Tjong et al. (2002a,b) conducted more intensive EWF studies on short glass fibre reinforced (a) polyamide (PA)6,6/SEBS-g-MA, and (b) PP/ SEBS using DENT specimens machined from injection moulded plaques, as shown in Fig. 10.58. Izod impact fracture experiments were also done. In the PA6,6/SEBS-g-MA (80/20) blends, it is shown that adding short glass fibres of different amounts (5–30 wt%) improves the specific essential fracture work we (see Fig. 10.59) but the failure mechanisms are different. Matrix yielding, especially near fibre ends, fibre debonding and pull-out predominate in hybrids with 5, 10 and 15 wt% fibres. Only fibre debonding and pull-out are seen in hybrids with 20 and 30 wt% glass fibres since matrix plasticity is constrained. Unlike the EWF tests at relatively low rates, under impact loading, however, the Izod notched strength of these hybrids is not sensitive to glass fibre content. In the short glass fibre/PP/SEBS hybrids, MA was either grafted to PP and/or to SEBS. It is shown that, either way, the resultant hybrids exhibit much lower essential fracture work we (∼7.8 kJ/m2) compared to the we (∼29 kJ/m2) of short glass fibre/PP/SEBS hybrids with no compatibiliser of MA. These results confirm that too strong an interfacial bond between glass fibre and PP can impair the fracture toughness of the SFRP blends. To date, theoretical studies on the EWF of SFRP composites are few and far between. For example, issues on skin and core effects, fibre length and orientation distributions, etc., must be studied in depth. In the last few years, the application of the EWF concept to a range of polymer nanocomposites with layered and particulate nano-sized fillers has been critically examined
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 10.59 Specific total fracture work (wf) vs ligament length L for (a) PA6,6/SEBS-g-MA (80/20) blend, (b) SGF10, (c) SGF20 and (d) SGF30 hybrid composites. In SGF10, SGF20 and SGF30, matrix is PA/ SEBS-g-MA blend, SGF stands for short glass fibres and 10, 20 and 30 represent wt% of fibre. Adapted from Tjong et al. (2002b).
 
 by several groups of researchers (Costa et al., 2006; Satapathy et al., 2007; Yoo et al. 2007; Vu et al., 2008; Tjong and Ruan, 2008; Ganss et al., 2008; Bureau et al., 2006). There is much room for further rigorous research with EWF applied to this emerging class of nanomaterials.
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